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Abstract

One of the generalizations of Metric space is a Menger space which was introduced in 1942 by
Menger who used distribution functions also called probabilistic distance instead of non-
negative real numbers as values of the metric. In this paper, we obtain a unique common fixed
point for four pairwise weakly compatible self-mappings which use the conditions of E.A.
property and also satisfy certain sufficient conditions in setting of Menger space.

Keywords: Menger space, Probabilistic distance, Probabilistic metric space, Distribution
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1.0 Introduction

There have been a number of generalizations of metric space. One such generalization is Menger
space, introduced in 1942 by Menger (1942), who used distribution functions instead of non-
negative real numbers as values of the metric. Schweizer and Sklar (1983) studied this concept,
and the important development of Menger space theory was due to Sehgal and Bharucha-Reid
(1972).

Sessa (1982) introduced weakly commuting maps in metric spaces. Jungck (1976) enlarged this
concept to compatible maps. The notion of compatible maps in Menger spaces was introduced
by Mishra (1991). Singh and Jain (2005) generalized the results of Mishra (1991) using the
concept of weak compatibility and compatibility of pairs of self-maps. In 2002, Aamri and
Moutawakil (2002) introduced E.A. property for two self-mappings in metric space. In 2010,
Manro and Bhatia (2010) used E.A. property in intuitionistic fuzzy metric space to obtain a fixed
point for four self-mappings. Inspired by the result of Manro and Bhatia (2010), we apply E.A.
property under contractive conditions to obtain a unique common fixed point for four weakly
compatible self-mappings in Menger space.

2.0 Preliminaries
Definition 1: A binary operation*: [0,1] X [0,1] = [0,1] is a continuous t-norm if * is
satisfying the following conditions:

(a) = is commutative and associative;
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(b) = is continuous;
(c) a*s1 =a forallae[0,1];
(d) a=b=c*=d whenever a=c and b=d and a, b, ¢, d [0,1].

Examples of t —norms are a*b = max {a + b — 1,0} and a*b = min {a, b}.
Definition 2: A distribution function is a function F:[—oco,00] — [0,1] which is left continuous
on R, non-decreasing and F(—o) = 0, F (o) = 1.

We will denote A by the family of all distribution functions on [—o0, 00]. H is a special element
of A defined by

H®= {10 ll]{E i 8'-

If X is a nonempty set, F: X X X—A is called a probabilistic distance on X and F(x, y) is usually
denoted by Fy,,.

Definition 3: The ordered pair (X, F) is called a probabilistic metric space (shortly PM-space) if

X 1s a non-empty set and F is a probabilistic distance satisfying the following conditions: for all
x,y,z€X and t,s>0 (Sehgal & Bharucha-Reid, 1972):

) ny(t) =1=x=y;

(ii) ny (0) = 0;

(i)  Fey = Ey;

(iv) F,@) =1; Ey(s) =1=F,(t+s)=1.

The ordered triple (X, F,*) is called Menger space if (X, F) is a PM-space, * is at —norm

and the following condition is also satisfied: for all x, y, zeX and t, s>=0;

(V) Byt +5)Z E, (1) * Ey(s).
Proposition 1: Let (X, d) be a metric space, then the metric d induces a distribution function F
defined by Fxy(t) =H(t—d(x,y)) for all x,yeX and t > 0. If t —norm * is a*bh =
min {a, b} for all a,b £[0,1], then (X, F,#) is a Menger space. Further, (X, F,*) is a complete
Menger space if (X, d) is complete (Sehgal & Bharucha-Reid, 1972).

Definition 4: For a Menger space (X, F,*) with = being a continuous t-norm (Schweizer &
Sklar, 1983),

(a) A sequence {x,} in X is said to converge to a point x in X (written x,, = x) iff for every
€>0 and 4 € (0,1), there exists a positive integer ng = ny(e, 4) such that . (&) >

1 —Aforalln = n,.

(b) A sequence {x,} in X is said to be Cauchy if for every e>0 and A €(0, 1), there exists a
positive integer ny = ny(g, A) such that Frpxnin (e)>1—Aforalln 2nyandp > 0.

(c) A Menger space in which every Cauchy sequence is convergent is said to be complete.
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Definition 5: Self maps A and B of a Menger space (X, F, *) are said to be weakly compatible
(or coincidently commuting) if they commute at their coincidence points, i.e. if Ax = Bx for
some x € X then ABx = BAx.

Definition 6: Self maps A and B of a Menger space (X, F,*) are said to be compatible if

Fypx,Bax,(t) > 1 for allt > 0, whenever {x,} is a sequence in X such that Ax,, Bx,, - x for
some x in X as n = oo (Mishra, 1991).

Definition 7: Self maps A and B of a Menger space (X, F,*) are called semi compatible if
Fupx,px(t) = 1 for allt > 0, whenever {x,} is a sequence in X such that Ax,, Bx, - x for

some x in X.

Lemma 1: Let {x,} be a sequence in a Menger space (X, F, *) with continuous t-norm * and ¢t *
t > t. If there exists a constant k €(0,1) such that i, . (kt)=F . (¢t) for all >0 and n =
1,2 ..., then {x,} is a Cauchy sequence in X (Singh & Jain, 2005).

Lemma 2: Let (X, F, *) be a Menger space. If there exists k £(0, 1) such that Fy,, (kt) = Fy,,(t)
for all x,y eX and t > 0, then x = y (Singh & Jain, 2005).

Definition 8: Let A and B be two self maps of a metric space(X, d), we say that A and B satisfy
E.A. property, if there exists a sequence {x,} in X such that Ax,,, Bx,, = x, for some x, € X as
n— oo (Aamri & Moutawakil, 2002).

Example 1: Let X = [0, 00). Let F,, (t)=——

t+x—y|

forallt > 0.

Define A,B: X = [0,00) by Ax =§ and Bx = Z?x for all x € X. Then lim Ax, = lim Bx,, =0,

n—-oco n—oo

1
where x,, = —

3.0 Main Results

In this result, we are proving a theorem to obtain a unique common fixed point for four weakly
compatible self-mappings using E.A. property.

Theorem 1: Let A, B, T and S be self-mappings of a Menger space (X, F,*) with t xt > t such
that

(1) Foreachx #yinXandt >0, Fyyp,(t) =
max {Fsyry (t), Faxsx (t), Fpyry (), Fpysx (), Faxry (t)},
(i) (A4,S) and (B, T) are weakly compatible,
(ii1) (A,S) or (B, T) satisties E.A. property,
(iv) A(X) c T(X) and B(X) < S(X),
If any of the ranges of 4, B, T and S is complete subspace of X, then 4, B,T and S have a unique
common fixed point in X.

Proof: Suppose that (B,T) satisfies the E.A. property, then there exists a sequence {x,} in

X such that lim Bx,, = lim Tx, = x, for some x, € X.
n—-oo

n—-oo

27



Weak compatibility and E.A. property for a common fixed point theorem in Menger space

Since B(X) < S(X), there exists a sequence {y, } in X such that Bx,, = Sy,,.
Hence TILI_ILIO Syn =x,.
Now, we will show that AI_I)IC}O Ay, =x,.
By Condition (i) of the theorem
Fuy,5x, (6) = max {Fsy, 72, (), Fay,sy, (), Fpx, 12, (8), Foxy5, (8), Fay, 7, ()3,
Letting limitn — oo; we get
,{EEOFAyann (t) = max {F 5, (t), Fay,x (), Feoxey (0, Feoxy (8), Fay, x, (03,
=max {1, Fyy, »,(t), 1,1, Fyy, o, (£)}=1
~ lim Ay, = lim Bx,, = x,.
n-0o n—oo
Suppose that S(X) is a complete subspace of X, then x, = Su for some u € X. Subsequently we
have lim Ay, = lim Bx, = lim Tx, = lim Sy, =x, = Su.
n-oo n-oo n—oo n—oo
Now, we shall show that Au = Su.
By (1), we have
Fpupx, (t) = max {Fsyrx, (t), Fausu (), Fax,rx, (), Fpx, 50 (), Faurx, ()},
Taking limit n — oo; we get
Fausu (£) = max {Feysy (), Fausu (6), Fsusu (£), Fsusu (£), Fausu (0},

= max {1, Fpy5,(t),1, 1, Fpy5,, (£)}=1
= Au = Su.

Case I: As the pair of mappings (4, S) is weakly compatible, so ASu = SAu and then AAu =
ASu = SAu = SSu.

Since A(X) < T(X), there exists v € X such that Au = Tv.

Now we shall show that Tv = Bv.

FAqu (t) = max {FSuTv (t)a FAuSu (t): FBvTv (t): FBvSu (t): FAuTv(t)}a
Faupy(t) = max {Fryry, (t), Fryry (), Fury (t), Fayry (8), Frory (£)3,

=max {1,, 1, Fgyry (t), Fpyry (t), 1}=1
= Au = Bv.
~ Tv = Bv.

Hence, we have Au = Su = Tv = Bv.
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Case II: As the pair of mappings (B, T) is weakly compatible, so BTv = TBv and hence BBv =
BTv=TBv =TTv.

Finally, we show that Au is common fixed point of A, B, T and S.

Putting x = u and y = Au in (1), we get

Fpruanu(t) = Faaupv(t)
> max {Fsayury (t), Faausau (), Fpury (), Fapsan (), Faaury ()},
= max {Fyauau (), Fasuaau (), Fpory(t), Fayanu (£), Faayau ()},

= max { Faauau(t), 1,1, Faunnu (), Fauan (6)}=1

= AAu = Au.

s Au = AAu = SAu.

Hence Au is the common fixed point of A and S.

Similarly, we can prove that Bv is the common fixed point of B and T i.e. BBv = TBv = Bv.
Since Au = Bv, therefore BAu = TAu = Au.

Hence, Au is the common fixed point of A, B, T and S.

The cases in which A(X) or B(X) is a complete subspace of X are similar to the cases in which
T(X) or S(X), respectively is complete subspace of X, since A(X) < T(X) and

B(X) c S(X).
Uniqueness: Let u and v be two common fixed point of 4, B, T and S, then
Fup(t) = Fpupy (t)
= max {Fyry (t), Fausu(t), Fpory (), Fpysu (), Faury (£},
=max{1,1,1,1,1} =1
which implies u = v.
Therefore A, B, T and S have a unique common fixed point.

Hence completes the proof.

Corollary 1: Let A, B and S be self-mappings of a Menger space (X, F,*) with t xt >t such
that

(1) Foreachx # yin X and t>0 Fyyp, () =
max {FSxSy (t), FAxSx (t): FBySy (t): FBny (t): FAxSy(t)}>
(i) (4,S) and (B, S) are weakly compatible,
(ii1) (4,5) or (B, S) satisfies E.A. property,
(iv) A(X) € S(X) and B(X) c S(X),
If any of the ranges of A, B and S is complete subspace of X, then 4,B and S have a unique
common fixed point in X.
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