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Abstract

This research article presents two common fixed theorems in complete Menger space in
two pairs of self-mappings by using altering distance function in the context of com-
patible mappings of type (P) and compatible mappings of type (K). Article discusses
the topological properties of Menger spaces and mappings between these spaces. This
result generalizes the result of Khan et al. [I8], and extends the results of [8], and [9]
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1 Introduction

In real life measurement, assigning a fixed number to the distance between two points is
very idealized thinking. In such a situation, we usually refer to the average value of several
measurements to the distance of two points in space. This notion introduces the concept of
statistical metric space, thereafter referred to as probabilistic metric space, to Karl Menger’s

[19] consciousness in 1942.

Menger introduced probabilistic metric space as a generalization of metric space by
replacing metric function d : R x R — R* with distribution function F,, : R — [0, 1],
and then for any number z, the value F), ,(x) was interpreted as the probability that the
distance between p and ¢ is less than z. For more details, refer to [12] 14} (15, 22, 24 25],
[28, 29] and [31].
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In 1991, S. N. Mishra [20] generalized the concept of G. Jungck’s [I7] compatible
mapping in Menger space. Continuing this, B. Singh and S. Jain [26] gave the notion of
weak compatibility in Menger space, and then various authors worked on this space, for
references: [1, 2, 3], [4, B ©], [16], [23], and [30].

In 1984, M. S. Khan et al. [I§] introduced the altering distance function, which makes

changes in the distance between two points in space. Some works in this line of research
are noted in [4], [11] 10], [I3], and [21].

In this paper, using the concept of altering distance function, we prove common fixed
point results in complete Menger space, which generalizes and extends the results of [I§],
[8], and [9].

2 Preliminaries

I start by reviewing a few fundamental definitions in a sequel, which will be required in

Menger space.

Definition 2.1. [4] A mapping F' : R — R" is said to be distribution function if it is a
non-decreasing function, left continuous with inf{F(z) : x € R} = 0 and sup{F(z) : = €
R} =1..

Here, we denote the set of all distribution functions by €2, while H denotes the specific
distribution function defined by:

0, ifx <0,
H(z) =
1, ifz>0.

Definition 2.2. [4] A probabilistic metric space (pm-space) is an ordered pair (X, F') where
X is any non-empty abstract set of elements, F' : X x X —  is distribution function

defined by (p, q) — Fp 4, where Q = {F}, , : p,q € X}, F}, , satisfies the following conditions:
P1: F(p,q,z) =1 for every x > 0 if and only if p = q.
P2: F(p,q,0) =0 for every p,q € X.
P3: F(p,q,z) = F(q,p,x) for every p,q € X.
P4: F(p,q,z+y) =11if and only if F(p,r,z) =1 and F(r,q,y) =1 for all 2,y > 0.
F(p,q,x) is also denoted by F) ,(x) to represent the value of F), , at x € R.

Definition 2.3. [7] A mapping ¢ : [0,1] x [0, 1] — [0, 1] is called a triangular norm (t-norm)

if it satisfies the following conditions:
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T1: ¢(0,0) = 0 and t(a,1) = a for all a € [0, 1];
T2: t(a,b) = t(b,a) for all a,b € [0,1];

T3: t(a,b) < t(c,d),if a < cand b < d; and
T4: t(t(a,b),c) = t(a,t(b,c)).

Definition 2.4. [4] A Menger space is a triplet (X, F,t), where X is a nonempty set, F' is
a function defined on X x X to the set of distribution functions, and ¢ is a triangular norm

such that followings are satisfied:

Pl: F(p,q,z) =1 for every > 0 if and only if p = q.

P2: F(p,q,0)=0.

P3: F(p,q,x) = F(q,p, x).

P4: F(p,q,x+y) > t(F(p,r,x),F(r,q,y)), for all z,y > 0 and p,q,r € X.

Definition 2.5. [5] A mapping S : X — X in Menger space (X, F| t) is said to be continuous
at a point p € X if for every e > 0 and A\ > 0, there exists €; > 0 and A\; > 0 such that:

F(p,q,e1) >1 =X = F(Sp,Sq,e) >1— A\
Definition 2.6. [5] Let (X, F,t) be a Menger space and ¢ be a continuous t-norm. Then,

(a) A sequence {y,} in X is said to converge to a point y in X if and only if, for every
e > 0 and A > 0, there exists an integer N = N(e, A) such that F, ,(e) > 1 — A for

all n > N. In this case, we write:
lim y, = y.
n—oo
(b) A sequence {y,} in X is said to be a Cauchy sequence if, for every ¢ > 0 and A > 0,
there exists an integer N = N (e, A) such that F, , (e) >1— X for all m,n > N.

(¢) A Menger space (X, Ft) is said to be complete if every Cauchy sequence in X con-

verges to a point in X.

Definition 2.7. [7] Common fixed point of self-mapping functions S, 7 : X — X is a point
x e X if:

Example 2.8. Let S,T : R — R be functions such that S(x) = %2 and T'(z) = 2z — 4.

Then = = 4 is a common fixed point of S and 7.

107



The Nepali Math. Sc. Report Year: 2024, Volume: 41, No:2

Definition 2.9. [20] Two mappings S,7 : X — X are said to be compatible mappings in
Menger space (X, F,t) if:

lim F(STx,,TSt,,z)=1 Vx>0,

n—o0

whenever the sequence {z,} in X satisfies lim Sz, = lim Tz, =y for some y € X.

Definition 2.10. [I8] A function v : RT — R™ is called an altering distance function if

the following properties are satisfied:

(i) % is continuous.
(ii) v is non-decreasing.
(iii) ¢ (t) = 0 if and only if ¢ = 0.
(iv) ¢(t) > Mt*, for every t > 0, where M > 0 and p > 0 are constants.

We denote by ¥ the set of all altering distance functions. It is also called a control function.

2.1 Variants of Compatible Mappings in Menger Space

Definition 2.11. [8] Two mappings S,7 : X — X are said to be compatible mappings of
type (P) in Menger space (X, F\t) if:

lim F(SSxy, TTxy,z) =1 Yz >0,

n—o0
whenever {z,} is a sequence in X such that lim, o Sz, = lim, o Tz, = y for some

yeX.

Example 2.12. Let (X,d) be a metric space where X = [0,00) with the usual metric
d(z,y) = |z —y|, and t(a,b) = ab. Defining the distribution function as:

—Lt _ ift>0,
Fry(t) = T
0, if t = 0.

Let (X, F,t) be a Menger space. Define mappings S,7 : X — X by:

5, forxze€[0,1), 1, forxz€]0,1),
S(z) = and T(z) = .

xz, forx € [l,00), 2, forxz e [l,00).

Take the sequence {z,} in X where z, = 1+ %, n € N. Then (S,T) are compatible
mappings of type (P) in the Menger space, but (S,7) are not compatible mappings.
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Theorem 2.13. [7/ Let (X, F,t) be a Menger space with the continuous t-norm t, and let
S: X — X. Then S is continuous at a point y € X if and only if for every sequence {y,} in
X converging to a point y, the sequence {Syn} converges to the point Sy, i.e., if {yn} =y
then {Syn} — Sy.

Proposition 2.1. [§] In a Menger space (X, F,t), if t(k,k) > k for all k& € [0, 1], then
t(a,b) = min{a, b} for all a,b € [0,1].
Proposition 2.2. [8] Let (X, F,t) be a Menger space such that the t-norm ¢ is continuous

and t(z,x) > x for all x € [0,1], and let S,T : X — X be mappings. If S and T are
compatible mappings of type (P) and Sk = Tk for some k € X, then

SSk=STk =TSk =TTk.

Proposition 2.3. [8] Let (X, F,t) be a Menger space such that the t-norm ¢ is continuous
and t(x,x) > x for all z € [0,1], and let S,T : X — X be mappings. Let S and T be
compatible mappings of type (P) and

lim Sz, = lim Tx, =y for some y € X.
n—oo n—oo

Then:
(i) limy oo TTxy, = Sy if S is continuous at y.
(ii) limy—o0 SSx, = Ty if T is continuous at y.
(iii) STy =TSy and Sy =Ty if S and T are continuous at y.

Definition 2.14. [9] Two self-mappings S,T : X — X are said to be compatible mappings
of type (K) in a Menger space (X, F\t) if:

lim F(SSz,,Tz,t)=1 and lim F(TTz,,Sz,t)=1, Vt>0,
n—0o0

n—oo

whenever {z,} is a sequence in X such that lim, o Sz, = lim, o Tx, = z for some
z € X.

Example 2.15. Let (X, d) be a metric space where X = [0, 2], and (X, F,t) be a Menger
space with:
¢
F(x’y’t) _ m, fOI' t> 0,
0, for t =0,

for all z,y € X, and ¢t > 0. Define S and T as:

2, foer[O,l]\{%},
S(xz) =10, for x = %,

Q_Tx, for x € (1,2],
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and:
0, forxze[0,1]\ {%},
2

, forxz=1

T(z) = 5

5, forz e (1,2].

Take {z,} in X, where z, = 1+ %, n € N. Then S and T are compatible mappings of type
(K) but neither compatible mappings of type (P) nor type (A).

We need the following lemmas for the establishment of main results in the Menger

space.

Lemma 2.16. [26] Let (X, F.,t) be a Menger space. If there exists k € (0,1) such that for
all p,q € X, F(p,q, kx)>F(p,q,t) then p = q.

Lemma 2.17. [27] Let {k,} be a sequence in Menger space (X, F,t), where t is continuous
t—norm and t(x,x)>x for all x € [0,1]. If there exists a constant k € [0,1] such that
limp—oo Fkn,kn+1,kx)>F(k,—1,ky,x), for allz >0 andn € N, then {k,} is a Cauchy

sequence in X .

3 Main Theorems

Theorem 3.1. Let (X, F,t) be a complete Menger space with t(x,y) = min{x,y} for all
x,y €10,1], and let Q, R, S,T : X — X be mappings such that:

(8.1.1) Q(X) C T(X) and R(X) C S(X),

(3.1.2) the pairs (Q,S) and (R,T) are compatible mappings of type (P),

(3.1.3) one of Q,S, R, T is continuous,

(8.1.4) there exists a constant k € (0,1) such that:
F(Qzx, Ry, kz) > Yp{min{F(Sz, Qz, 2), F(Ty, Ry, z), F(Ty, Qz,rz), F(Sz, Ry, (2—r)z), F(Sx, Ty, z) } }
forallz,y € X, r€(0,2), and z > 0, where ¢ : [0,1] — [0, 1] satisfies:

e 1 is continuous and non-decreasing on [0, 1],

e Y(n) >n foralln € [0,1].

noting that if ¢ € ¥, class of all mappings ¢ : [0,1] — [0, 1] then ¥(0) =0, (1) =1,
Y(n) > n, for all n € [0,1].

Then, Q, R, S, T have a unique common fixed point in X.
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Proof. Consider ug € X. Since Q(X) C T(X), so there exists a point u; € X such that
Qup = Tu; = vg. Again, since R(X) C S(X), for u1, we may choose ug € X such that
Ru; = Sug = v1. Repeating this process, we inductively construct sequences {u, } and {v,}
in X such that:

Quan = Tuspt1 = Von, Ruopt1 = Suopo = v2p41, n=0,1,2,...

By substituting x = ugy,, y = ugnt1, r = 1 —p with p € (0,1) in (3.1.4), we obtain:

F(Q“va Ru2n+17 kZ) 2 Q;Z){mln{F(SUQna QUQTH Z)a F(TU2n+1, RUQn+1, Z)a
F(Tuany1, Quan, (1 —p)z), F(Suzn, Rugny1, (14 p)2), F(Suzn, Tuzni1,2)}}

F(van, van+1, k2)> p{min{ F (vap—1, van, 2), F (von, Vant1, 2), F(von, Von, (1-p)2), F(van—1, van+1, (1+
p)z), F(’U2n—17 V2n, Z)}}

> p{min{ F(van—1,von, 2), F (von, van+1, 2), F(Van—1,von+1, (1 + p)2), F(van—1,von, 2) } }
> p{min{ F'(vap—1, von, 2), F(van, Vont1, 2), F (Van—1,Von, 2), F (von, vant1, 02), F (Von—1,v2n,2)} }
> {min{ F(von—_1, von, 2), F(van, von+1, 2), F (Von, vont1,02) } }
Simplifying further as p — 1 gives:
F(vap, vant1, kz)> p{min{ F(van—1,von, 2), F (von, van+1, 2), F(van, Von+1, 2) } }
> {min{ F'(vop—1, von, 2), F(van, von+1,2) } }
or, F(vop, von+1, kz)> V{F(vap—_1,v2n, 2)} > F(van—1,v2n, 2), by property of 9
Thus:

F(van, vant1, kz) > F(van—1,v2n, 2).

Similarly, we derive:

F(vap+1, vant2, kz) > F(vap, vant1, 2).

Therefore, for every n € N,
F(Una Un+1, kZ) > F(Un—h Uns Z).

By Lemma 2.20, {v,} is a Cauchy sequence in X. Since (X, F|t) is complete, {v,,} converges
to a point ¢ € X. Consequently, the sub-sequences {Quay, }, { Rugnt1}, {Suan}, {Tugnt1} of
{vn} also converge to q.

Now, suppose that T' is continuous. Then, since R and T are compatible mappings of type
(P), then by proposition 2.16, RR.,, . ,,TRy,,,, — Tz as n — oo. Putting = ug, and
y = Ry,,., in relation (3.1.4), we get
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F Su2n7 QUZna 2)7
TRugp+1, RRuap11, 2),

£
(
F(Quan, RRu2py1,kz) > 1 min | F(T Rugpt1, Quan, 72),
(
7

'11

F(Sugy, RRusp 41, (2 - T)Z),
F Suzn, TRU2n+17 Z)

Taking n — oo, we have

!

(F(q,q.2),
F(Tq,Tq,z),

F(q,Tq,kz) > qmin | F(Tq,q,72),
F(q,Tq,(2—1)z),
| F(q.Tq, 2)

Letting r = 1 — p with p € (0, 1), then

F(TQ7Q> (1 _p)z)a
F(q,Tq,kz) >+ { min | F(q,Tq, (2 — (1 —p))=),
F(q,Tq,z)

F(Tq7 q, (1 - p)Z)v
F(q,Tq,kz) > { min | F(q,Tq, (1 + p)z),
F(q,Tq,z)

F(Tq,q,(1=p+1+p)z),

> 1) { min
F(q,Tq,z)

> ¢ {min [F(Tq,q,22), F(q,Tq, 2)]} .

> ¢Ymin{F(q,Tq,2)}.
Therefore,
F(q,Tq,kz) > ¢Y{F(q,Tq,z2)}.
F(q,Tq,kz) > F(q,Tq,z), by property of 1.
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which implies ¢ = T'q¢ by Lemma 2.19
Similarly, replacing x by us, and y by ¢ in relation (3.1.4), we have

FSUQ'IL?QUQTH )7
Tq, Ry, z),

(
(
(Tq, Qrz),
(
(

>

F(Quan, Rq,kz) > 1 < min

o

Suon, Rq, (2 —r)z),
FSUQn,Tq,

Taking n — oo, we get

ﬁj

(¢:4,2),

(q Rgq, z),
F(q,Rq,kz) > ¢ { min | F(q,q,72),

(

(

!

F(q,Rq, (2 —1)2),
F(q,q,2)

L 4

> ) {min {F(q, Rq,2),F(q,Rq, (2 — (1 —p))z2) } } )

> 1) {min [F(q,Rq,Z),F(q, Rg, (1+p)2) }} '

> o) {min [F(q, Rq,2), F(q,q,2), F(q, R, pz) ” -
asp— 1
> ) {min [F(q, Rq,z),F(q, Rg, 2) } } :
so that F(q, Rq, kz) > ¥{F(q, Rq, 2)}

Or,
F(q, Rq,kz) > F(q, Rq, z), by property of 9.

which implies ¢ = Rq by Lemma 2.19.
Since, R(X) C S(X), so there exist a point w in X such that Rq = Sw = q.

By using relation (3.1.4) with x = w,y = ¢, we have

; - -

F(Sw, Qu, z),

(Tq, Rq, 2),

F(Qu,q,kz) = ¢ ¢ min | F(Tq,Qq,r2),
(

(

!

F(Sw, Rq, (2 —1)z2),
F(Sw,Tq,z)

113



The Nepali Math. Sc. Report Year: 2024, Volume: 41, No:2

F( , Qu, z)
F(Tq,q )

> ¢ min | F(g, Qu, (1 —p)2),
F(Sw,q,(1+4p)z),
| F(q,Tg;2)

“ij

(F(q,Qu, ),
(Tq,q,2),
> ¢ { min | F(Qw,q, (1 - p)z),
(
(q

!

F(Sw,q,(1+p)z),
i

,Tq, 2)

F(q7 Qwaz)a
Z w min F(q7q7 Z)7
F(Qw,Sw,(1—p+1+p)z)

> ¢ {min [F(q, Qu, 2), F(Qw, ¢, 22)]} .
Therefore,
F(Quw,q,kz) > Y {F(q,Qw, 2)} .
Or,
F(Quw,q,kz) > F(q,Qu, z), by property of 9.

which implies Qw = g by Lemma 2.19.
Again, since @) and S are compatible mappings of type (P) and Quw = Sw = ¢, by

proposition 2.15, we have for every € > 0
1 =F(QQuw,SSw,€) > F(Quw, Sw,¢).

Hence Quw = QQw = SSw = Sw.
Finally, by relation (3.1.4) with x = g,y = Rq = ¢, we have

; - -

F(Sq,Qq, 2),
(Tq,q,2),
F(Qq, q,kz) = F(Qq, Rq, kz) > ¢ { min | F(Tq,Qq,72),
(
(

!

F SQ7 q, (2 - 7")2’),
F(Sq,Tq,z2)
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F(Qq,Qq, 2),

|

(
(4,4, 2),
> ¢ qmin | F(g, Qq,rz),
F(Qq,q,(2 —1)2),
| F(Qq.4,2)

F(Qq,q,7z),
Z w min F(Qa QQa (2 - T)Z)?
| | F(Qq,q, 2)

> ¢ {min [F(Qq,Qq,rz + (2 —7)z), F(Qq, q, 2)]} -
> ¢ {min [F(Qq, q, 2)]} .

> Y {F(Qq,q,2)}-

Or,
F(Qq,q,kz) > F(Qq,q, z), by property of .

Thus, Qq = q, by Lemma 2.19.

Hence,

That is, ¢ is a common fixed point of the given mappings @, R, S, and T

Uniqueness: Suppose z; is another point in X such that
= QZl = Rzl = Szl = Tzl.

Then, putting x = g and y = z1,7 = 1 in (3.1.4), we get

(
F(Qq,Rz1,kz) = F(q,21,kz) > ¢ { min E
(

F(g,21,k2) = ¢ {min [F(g, 21, 2), F(q, ¢, 2)]} -
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Or,
F(q7 Zl,k’Z) > ¢{F(Qa 21,2)}-

F(q,z1,kz) > F(q,7,%), by property of ¢.

Thus, ¢ = 21, by Lemma 2.19.

Hence,
q=Qq=Rq=Sq=Tq,

and ¢ is the unique common fixed point for @, R, S, and T in X.
This completes the proof. ]

Theorem 3.2. Let (X, F,t) be a complete Menger space with continuous t(x,y) = min{x, y}
for all z,y € [0,1], and let Q,R,S,T : X — X be four self-mappings such that:

(i) Q(X) CT(X) and R(X) C S(X),
(ii) the pairs (Q,S) and (R,T) are compatible mappings of type (K),
(i1i) S and T are continuous,

(iv) there exists a constant k € (0,1) such that for every e € (0,1), there exists 0 € (0, €]
such that:

e—0< F(x,y,t) <e = F(Qu,Ry,kt) > e and F(Qz,Ry,kt)> F(x,y,t),
where:
F(x,y,t) > Y{min{F(Sz,Ty,t), F(Qx, Sx,t), F(Ry,Ty,t), F(Qx,Ty,t)}}
forallz,y € X, and t > 0, where ¢ : [0,1] — [0, 1] satisfies:

e 1 is continuous and non-decreasing on [0, 1],

e (n) >n for alln € [0,1].

noting that if 1» € W, class of all mappings ¢ : [0,1] — [0,1] then ¥(0) =0, (1) =1,
P(n) > n, for alln € [0,1].

Then, Q, R, S, T have a unique common fixed point in X.

Proof. Consider zp € X. From condition (i), we have Q(X) C T(X) and R(X) C S(X).
Thus, there exists a point 1 € X such that Qzg = T'z1. Similarly, for 1 € X, there exists
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x9 € X such that Rx; = Szy and so on. Inductively, we construct a sequence {y,} in X
such that:

Yon—1 = Qron—2 = Txon_1, Yoo = Rron_1 = Swa,, foralln=1,23,...

Substituting = = x9, and y = x2,4+1 in condition (iv), we get:
F(Yont1, Yyan+2, kt) = F(Qxan, Rroni1, kt)
> Y{min{ F'(Swan, Tron+1,t), F(Qr2n, ST2n, 1), F(Ron41, TT2n41,1), F(QT2n, TT2n41,1)}}

> Y{min{ F(yon, Yon+1,t), F(Y2n+1, Y2n, t), F (Yon+2, Yon+1, 1), F(Yon+1, Yon+1,t) } }
> P{min{ F(y2n, Yon+1,t), F (Yon+1, Yons2,t) }

or, F(Yant1,Yont2, kt)> V{F (yon, yon+1,t)} > F(Y2n, Y2n+1,t), by property of 1

Thus for every n € N,
F(yn, ynt1,kt) 2 F(Yn—1,yn, 1).

By Lemma 2.20, {y, } is a Cauchy sequence in X. Since (X, F,t) is complete, {y,} converges
to a point z € X. Consequently, the subsequences {Qzan—2}, { Rron—1}, {Sxon}, {Tx2n—1}

also converge to z.

Since S and T are continuous, and (Q,.S) and (R,T') are compatible mappings of type
(K), we deduce:

QQxop_o — Sz and SSzo, — Qz, RRxo,_1—Tz and TTxo,_1— Rz.

And from condition (iv), we get

F(QQ$2n727 RRxo, 1, /{Zt) >
Y{min{ F(SQxan—2, T Rron—1,t), F(QQx2n—2, SQT2n—2,t), F(RRxon—1, T Rxon1,t),
F(QQIE%L*Z, TRxon_ 1, t)}}

As n — oo, and by using (1), we have
F(Sz,Tz kt) > p{min{F(Sz,Tz,t), F(Sz,Sz,t), F(Tz,Tz,t), F(Sz,Tz,t)}}

or, F(Sz,Tz kt) > (F(Sz,Tz,t)) > F(Sz,Tz,t), by the properties of v
From lemma 2.19, we get Sz =Tz (2)
Again, from condition (iv), we have
F(Qz, RRxoy_1,kt) >
Y{min{F(Sz,TRxon—1,t), F(Qz,Sz,t), F(Rz, T Rxop_1,t), F(Qz, T Rxon_1,t)}}

Again taking n — oo, and using (1) and (2), we get

F(Qz, Tz kt) > Y{min{F(Sz,Sz,t), F(Qz,Tz,t), F(Tz,Tz,t), F(Qz,Tz,t)}}
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or, F(Qz, Tz, kt) > Y(F(Qz,Tz,t)) > F(Qz,Tz,t), by the properties of 1
From lemma 2.19, we get Qz =Tz .(3)
From (2) and (3), we get
F(Qz, Rz, kt) > Y{min{ F(Sz,Tz,t), F(Qz, Sz,t), F(Rz,Tz,t), F(Qz,Tz,1t)}}
or,
F(Qz, Re,kt) > p{min{F(Qz, Q2. 1), F(Q2 Q2 1), F(Rz, Q2 1), F(Q2 Q2 1))}

or, F(Qz, Rz, kt) > ¢(F(Qz, Rz,t)) > F(Qz, Rz,t), by the properties of v

From lemma 2.19, we get Qz = Rz .(4)
From (2), (3), and (4) we get
Sz=Qz=Tz= Rz .(5)

Now, we have to show that Qz = z

From condition (iv), we have

F(Qz, Rxop—1,kt) >

Y{min{F(Sz,Twan-1,t), F(Qz,Sz,t), F(Rran—1,Txom—1,t), F(Qz,Txon—1,t)} }

taking n — oo, and using (2) and (3), we get

F(Qz, z,kt) > Y{min{F(Sz, z,t), F(Qz,Sz,t), F(z,2,1), F(Qz,z,1)}}

or,
F(Qz, 2, kt) = ¢{min{F(Qz, 2,1), F(Qz,Qz,1), F(z,2,1), F(Qz,z,t)}}
or, F(Qz,z,kt) > Y(F(Qz,2,t)) > F(Qz, z,t), by the properties of ¥

From lemma 2.19, we get Qz = z.

Hence, from (5), we get

z=Qz=Rz=Tz= Sz, and z is a common fixed point of @, R, S, T.

Uniqueness: Suppose w # z is another common fixed point of @, R, S, T. Then, Quw =
Rw = Sw=Tw = w.

Therefore, from condition (iv)

F(z,w,kt) =

F(Qz, Rw, kt) > {p{min{ F(Sz,Tw,t), F(Qz,Sz,t), F(Rw,Tw,t), F(Qz,Tw,t)}}

or,
F(zw, kt) > b{minF(z, w, ), F(z, 2,8), F(w,w,1), F(z,w,1)}}

or, F(z,w,kt) > ¢Y(F(z,w,t)) > F(z,w,t), by the properties of
From lemma 2.19, we get z = w.

Hence, z = Qz= Rz =Tz = Sz, and z is unique in X. This completes the proof. O
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4 Conclusion

In this paper, we have explored the concept of Menger spaces and their applications in
proving fixed point theorems. We generalized and extended the results of several previous
studies, including those by Khan et al. [?] and others [?], [?]. Specifically, we introduced
and applied the notion of compatible mappings of types (P) and (K) to derive new fixed

point theorems in complete Menger spaces.

These results contribute to the understanding of the topological properties of Menger
spaces and provide a framework for future research in metric fixed point theory and its

applications in probabilistic spaces.
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