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Abstract

This work aims to evaluate double integrals involving generalized hypergeometric func-
tions. The integration of generalized hypergeometric functions, which extends the clas-
sical Gauss hypergeometric function ,F; plays a crucial role in various areas of mathe-
matical analysis. We explore both definite and indefinite double integrals, highlighting
special cases where the results can be expressed in simple form. These integrals offer
valuable insights into the structure and properties of the hypergeometric function, with

potential implications for various areas of mathematical analysis..
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1 Introduction and Preliminaries:

Double integrals with generalized hypergeometric functions play an important role in math-
ematics, physics, and engineering. This is the extension of the concept of single integral to
higher dimension, helping to analyze complex systems with multiple variables [7],[9]. When
generalized hypergeometric functions, denoted as ,F'y, are involved, these integrals become
powerful tools for solving advanced mathematical problems. Generalized hypergeometric

functions are special functions with wide-ranging applications. Their unique properties,
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such as convergence, transformation, and summation rules, make them useful in evaluating
complex integral expressions [2], [5]. Incorporating them into double integrals allows for
the discovery of new identities, closed-form solutions, and connections with other special
functions [2].

This paper explores double integrals involving generalized hypergeometric functions. The
main goals are to establish new double integral results, analyze convergence conditions, and
highlight their special cases which are applicable in various areas of mathematical analysis.

Gamma function:

The gamma function of n is denote by I'(n) and is defined by [1]
I'(n) = / e " 1dt, Re(n) > 0
0

where I'(n + 1) =nl'(n) ,T'(n+1) =nl, &T'(1/2) = /7

I'(2) MN(—z+n+1)
= (=P == " 1.1
I'(z—n) (=1) I'(—z+1) (1.1)
Beta function: Beta function of m and n is denoted by B(m,n) and is defined by [I]
' L'(m)I'(n)
B = m=l] _ gyt B = =" 1.2
(m, ) /0 w1 =) o Reim) > 0. Re(n) > 0 & Blm,n) = 570 (12

Pochhammer Symbol: Pochhammer Symbol was introduced by the German math-
ematician Leo Pochhammer (1841-1920). Pochhammer symbol is defined by [1,[2]

=TT+ k=1 0, =~

k=1

, (=1, (1), =n! (1.3)

where n is a non- negative integer.

Gauss’s Hypergeometric Function: In 1812, Gauss systematically studied the
series [2]

a.fx a(a—l—l)ﬂ(ﬁ—i—l):ﬁ

v 1! y(y+1) 2!

The ordinary hypergeometric series is another name for this series (1.4), which is frequently

(1.4)

referred to as the Gauss’s series or function. It can be regarded as an extension of the

geometric series

l+z+a®4+2°4 .. (1.5)
a? 187
The series (1.4) is denoted by o F} [«, 8;7; x| or o F} ;x| that is
v
a? 187 oo

(@)n(B)n 2"
F Y = — 1.6
o nz:o (V) n! (16)
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where a and 8 are numerator parameters, while ~ is the denominator parameter. For
v#0,—1,—-2,-3,... and « or § is a negative integer, the series (1.6) will terminate. The
Gauss’s hypergeometric series (1.6) is [2]
i. convergent if |z| < 1, diverges is |z| > 1,
ii. convergent if R(y —a — () > 0 when z =1,
iii. divergent if R(y —a — ) <0 when z =1,
iv. convergent absolutely if R(y —a — ) > 0 when z = —1,
v. convergent but not absolutely if —1 < R(y —a — ) < 0 when z = —1,
vi. divergent if R(y — a — ) < —1 when x = —1.
The natural generalization of the Gauss’s hypergeometric function 9 F} is called the gener-

alized hypergeometric function ,F, and is defined by [2], [3], [4]

The generalized hypergeometric function (1.7) is [2]
i. convergent for all finite z if p < ¢,
ii. convergent for |z| < 1if p =g+ 1,
iii. divergent for |z| > 1if p =¢q+1,
iv. divergent for x Z0if p > g+ 1,
v. absolutely convergent on |z| > 1if p=¢+ 1 and Re(zgzl Bi — > ;) >0.

2 Classical Summation Theorems and Some fundamental Dou-

ble Integrals:

a. Classical Summation Theorems:

Classical summation theorems, like Gauss’s for the hypergeometric series oF}, Watson’s,
Dixon’s and Whipple’s for the series 3F5, are important role in the theory of hypergeometric
series. These theorems are presented in this section to ensure that the paper remain self-
contained. Here, we provide a brief of the classical summation theorems for the series o f7,
3F5, as mentioned below [2], [4], [11];

i. Gauss’s Summation Theorem: For R(y —a — ) >0 and v #0,—-1,—-2,-3,...

- L | _rora -a—s) o)

Ly —a)I'(y = B)
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ii. Watson’s Summation Theorem: For negative integer a

a By
o F) 1 _TELO+ LG +5+ 900 —§ - 5+3)
arpr o | TEFITEHINO -5+ )00 -5+ 3)
2 ’

iii. Dixon’s Summation Theorem: The well-poised 3F> with unit argument,

@, B, v
VD) i1
l+a—-p8, 1+a—7v
P(1+$)T(1+a— (1 +a— )1+ F-1)
TA+a)l(1+%-BT1+%—y)l(1+a—5-7)

iv. Whipple’s Summation Theorem: When a4+ 8 =1 and §; + do = 2y + 1,

a, B, v

5. 6 (§ + 505 + Pz + 05+ 3)

b. Some fundamental and applicable important double integrals:[5], [6];

[e'e) oo 1
/ / $2p71y2q*16*(12+y2)d:1; dy = EF(P)F(Q)
o Jo

F(b—i—n) 1 > btm—
b, = _ sgbtn—1,
O = =T r<b>/o ce e

1 1
/ / 2y (1 = ) (1 — )P (1 — ay) P dy
0 0

_ (@ DN
Na+ B T'(c+1)

3 Main Results

(2.4)

In this section, a notable double integral of the generalized hypergeometric function is

computed in terms of the gamma function, along with some remarkable special cases.

Theorem 3.1:[9], [10]
For 0 < p,q <1/4,

b, q

o0 oo 2 2
/ / w Py lem ) oy ;=
0 0 p+q+1
2

[V

dx dy

@M‘ 8
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_IT(T(G ~pTEPT(E — 20)0(HH)0E — F — ) (3.1)
T TG TG+ G - Prd -z 9)
Proof:
Let left hand side of (3.1) be denoted by I.
N P 4
Let I :/ / m_pr4p_le_(x2+y2) X o ;—Z—i dz dy
o Jo

0 o0 & n .2n
_ / / x72py4p712ef(552+y2) Z (p)n(Q)n(_l) de dy
0 0

v (erngl )nn' y2n

Interchanging the order of integration and summation, we get

G (P)n(@n(=1)" [ [ 2(—p+1/2+n)—1, 2(2p—n)—1 _—(22+y?)
I:ZWO Ox P y“\p e Ydz dy

n=0

Using (2.5) and then (1.1), we obtain

L P, g, 3-p
I= 1“5 —p)I'(2p) x 3% i1
P'Hg]-‘rl’ 1— 2p

Using Watson’s theorem (2.2), we obtain the required result

Theorem 3.2 (Laplace’s Integral):
The following double integral formula hold true [5]
i. For Re(a), Re(B) > 0,

00 00 - «, ﬁ
/ / 1ol lem () By cxts | dtds =T(a)(B) o 1 X (3.2)
o Jo
Y Y
ii. For Re(y —a—f) >0
® [ g0 g | _ D@L(Br()( —a - p)
/0 /0 t* P e 5 By ts | dtds = (7 — o)l (7 = B) (3.3)
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iii.

o [o.¢] a
/ / 1540 ) its dt ds
0 0
Oé+2/3+1 ’27
_TETATOIOI (0 + DT+ 5~ § —5)
PO T(ET (v + 3 - 9T(+ 5 - %)
iv.
o oo "}/
/ / to‘_lsﬁ_le_(s'”)ng its | dt ds
0 0

l+4a—-08 ,1+a—v
PG +1)rl+a-Brl+a—-yrad+5—-6-7)
FI+a)l1+§ -1+ -—yI1+a—-p5-7)

v. fa+8=1,01+d0h=2v+1

oo [e.e] ,.Y
/ / to1gh-lo=(s+t), [, its | dt ds
oo 01,02

['(01)T(d2)

= 2177 (a)T(B)

o o 0 J
PSP (5P)P(52)

Proof (i):
Let left-hand side of (3.2) be denoted by I.

o o0
Let I:/ / 1ol lem (A By ;ats | dt ds
o Jo
~y

[e.9]
= /OO /OO o Lgflem(s+t) Z iCE x”t’:s”dt ds
0o Jo =0 (Vn !

Interchanging the sign of integration and the summation, we obtain

_ T I T I B O
I_F(ﬂ)/o e 't nzo[r(ﬁ)/o e 5Pt ds](wn -t

Using (2.6), we obtain

/ / 1ot By cxts | dt ds =T'(a)(B) 2 Fy
0 0
¥ ¥

84

(3.4)



G.B.Basnet, N.P. Pahari, R.P. Paudel Double Integrals Involving Generalized...

Proof (ii):
Putting z = 1 in (3.3) and let L.H.S be I, we obtain

Using Gauss’s summation theorem (2.1), we obtain the required result.

Similarly, to prove(iii), putting x=1 and using Watson’s theorem (2.2).
For (iv), putting x=1 and using Dixon’s theorem (2.3).

For (v), putting x=1 and using Whipple’s theorem (2.4).

Theorem 3.3:
For § € Z,Re(a), Re(B), Re(y),Re(y +d + 1) > 0,n = 0,1,2,3,..., the following double
integral formulas hold true [7] [§], [10]

1 1
Z/ / ‘r’}’*ly“ﬂrafl(l _ x)afl(l _ y)ﬁfl(l _ xy)'y+6fa7ﬁ+1x
0 Jo

—2n, a+2n, 2y+46+1

3F5 cxy | dr dy
atl 2y
_ @Iy +0+1) (Hn(§ =7+ 3)n (3.7)
Lla+p8) Ty+6+1) (y+ a2+ '

3l 1l—ay | dedy = (3.8)
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1 1
zzz/ / x7+5y7+5+°‘(1 —z) 71— y)ﬁfl(l — xy)"’fafﬁx

—2n, a+2n, 2v+d6+«
VD) 1 -y | dody
g
_T@U@B) TL(+38+1) (3)n(§ =7+ 3)n (3.9)
Pla+p) TRy+0+1) (y+3)n(§+3)n

1 1
iv. / / gL — ) (1 — )P (1 - wy) TP

—2n—1, a+2n+1, 2v4+5+1
3k cxy | dedy = (3.10)

=R 27

Proof 3.3(i): Let left-hand side of (i) be denoted by I. Then

I—/ / 7~ 1 ’y—i—a 1 1 i‘)a_l(l _y)ﬁ—l(l _xy)7+5—a—ﬁ+lx

—2n, a+2n, 2v+0+1
;xy | dxdy

1 r1
/0 /0 Ify—ly’y—i-a—l(l _ x)a_l(l _ y)ﬂ—l(l _ xy)'y-&-é—a—,é’—f—lx

> (=2 2 2 1),, z"y"
Z n)n a+1n) (2y+d+1), 2"y dz dy
(“F)n (27)n n!

0

Interchanging the order of integration and summation signs, we obtain

_ - (_Qn)n (a+2n)n (27+5+1 Y= 1'yan 1 xa—l _ .\B-1
S [ [t

0
(1 _ xy)'y+6—a—5+1dx dy

Using (2.7), we obtain

—2n, a+2n, v
;- @I Ty +o+1) o 1
Pla+f) Ty+o+1) 5 |
¢ » 2y

2
Using Watson’s theorem (2.2) and gamma function (1.1), we obtain the required result.

Similarly, we can prove remaining (ii), (iii) and (iv).
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3.1 Special cases:

In this section, we introduce several significant special cases of our main integrals from

above mentioned theorems, as described in the following corollaries;

Corollary (3.1.1):If we put « = 8 = 3,7 = 2 in (3.3), then we obtain the following

result
—(s+t) o
/ / 0F1 ;tS dtds =4
2

Corollary (3.1.2):If we put & = 8 = v = 3 in (3.4), then we obtain the following

—(s+t) 2 5/2
/ / ——1k , ts dtds:r4(3)
1,1 :

)

result

Corollary (3.1.3):If we put a = 8 =01 = 6 = 5,7 = 1 in (3.6), then we obtain the

following result

?

—(s+t) T
/ / s —1F , sts dtds:E

Y

D[ +—
N

Corollary (3.1.4): If we put a =2, = =+ =0 =1 in (3.7), then we obtain the

following result

—2n, 242n, 4

1 1
1
1-— F: : drdy = —— 11
/O/Oy( zy) X 3k oy | dedy = 35 (3.11)

3
2

)

Corollary (3.1.5): If we put @ =2, = =7 =6 =1 in (3.9), then we obtain the

following result

—2n, 242n, 4

ey 1
PR F o derdy = ———= 3.12
/0 /0 (1—ay) 27 , oy | drdy =g e (B12)

(oY)

Corollary (3.1.6): If weputa=1,a=p=~v= %, d =1in (3.7), then we obtain the

following result
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1_ 3/2 ’
/ / my X gFy ;Y
\/x 1—2)(1—y)

Corollary (3.1.7): If weputa=1,a=0=~= %,5 =1in

following result

// Ja-a)( 3/22(1—3;y)x3F2

—2n, 1+4+2n, 5/2

1 1

Corollary (3.1.8): If weputa=3,a=0=~= %,5 =1in

following result

—2n, 3+2n, 5

1 1
/O/waasux)(ly)(lxy)m&

p 3

Corollary (3.1.9): If weputa=3,a=08=~ = %,5 =1in

following result

—2n, 3+42n, 11/2

// 224 /(1 —x)(1 — y)
(1 —zy)3/2
2 .3

4 Conclusion

(3.13)

(3.9), then we obtain the

(3.14)

(3.7), then we obtain the

5m2 (2n)! 12
cpy | dody =
Y = 1024 (nl) [22”(71—1—1)}
(3.15)

(3.9), then we obtain the

This study introduces three new theorems that offer finite and infinite double integral repre-

sentation of the generalized hypergeometric functions, broadening its theoretical framework

and potential uses. Theorem complemented by corollaries, showcasing applications of these

results. These contributions not only deepen the understanding of hypergeometric func-

tion but also create opportunities for their application in areas like mathematical Physics

and engineering. This research provides both theoretical advancements and practical tools,

paving the way for future research in this domain.
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