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Abstract

Five theorems on the identification of a convex sequence of signals via the absolute sum
of elements of trigonometric series are established in this study. Several well-known
results are specific cases of these theorems. When the function has bounded variation,

it also addresses several special circumstances of fuzzy numbers.
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1 Introduction

Let £(z) be a function that is Lebesgue integrable over (—m, ), and has a period of 27,
then

o0

a .
£(z) = ?0 + Z(ozgcosgz + Bgsingz)
g=1

= Vy(2) (1.1)
g=0
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Defination:
oo

We consider an infinite series Zagug which is convergent in (0 < wu < 1) , where
9=0

l(u) = Zagug (1.2)
g=0

oo
If the Abel limit lim, ,;_ol(u) exists finitely, then the infinite series Zag is known as

g=0
summable by Abel method.

oo
Example 1.1. The divergent series Z:(—l)g_1 g has the Abel sum i.

g=1

Proof. Since

g:
_d z B 22
Cdz \14+2)  (1+2)?2

put z = 1 then we obtain the sum equals i. O

oo
Example 1.2. The Abel’s sum » (—=1)9 =1—-141—1+4...=1.
g=0

Proof.

Since it is alternating series. So it is convergent.

We can apply Abel’s theorem to the function

Put z = 0, then £(0) = log(1 +0) = 0 and £(1) = log2 O
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Defination: If equation (1.2) is of bounded variation in (0,1) then the Abel limit will

[e.e]
necessarily exists then the infinite series Zag is known as absolutely summable (A) and is

g=0
denoted by | A | .

Known Results:
Numerous studies have been written about the absolute summability factors of infinite series
and Fourier series (refer to [1]-[5], [8-10], [12-14], [16-21]).

We consider a function x(z) which is defined as following way.

o) = S =2 21 g0) w3

Among them authors [6], [15], [11] and [7] respectively proved the following theorems.

Theorem 1.3. If

Aﬂandﬂzd@ (1.4)

[e.e]
as z — 0 then the infinite series E @ is convergent.
g9
g=1

Theorem 1.4. If
JNECIE T (1.5)

as z — 0 holds betterly, then f: %dﬁ = o(log%), as z — 0.

Theorem 1.5. If [T R;ﬁﬁ)ldﬂ = o(logl) holds betterly, then

1) 148 = ofetog ) = of=stog2) (1.6)

as z — 0.

Theorems 1.4 and 1.5 are proved by author [15].

oo

Theorem 1.6. IfIffZ7r b‘&%”d,@ = o(—logz) as z — 0, holds, then the infinite series Ulgg)
g=1
18 convergent.
Theorem 1.7. If If v, is one of the following sequences
1 1 1
<, (m>0) (1.7)

(logg)'+" (logg)(logag) '+ (logg)(logag) (logag) '+
and if [ | x(B)B = o(2) as z — 0, then the infinite series Y voU(v) is summable | A |

In this research note, we generalize the results of [6], [15], [11] and [7] by using (or

proving) the following theorem.
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2 Main Results

Theorem 2.1. If If vy, is one of the following sequences
1 1 1

’ ) e, (m > 0
(logg)t+™ " (logg)(logag)'*™ " (logg)(logag)(logsg) '™ ( )
where m is a positive number and if
/ | X(B ) ‘dﬁ = o(—logz) (2.1)

as z — 0,then the series Y v,U(v) is absolutely summable.

Our theorem requires several lemmas for proof.

] and N(u) = S a—

Lemma 2.2. Ife € (0,1) and v = sin™* [ 1-¢ TFa—2u(cos2)

2(14€?)

AWN%»Mu:ﬂ@: od),  zefw ]

Lemma 2.3. If L(U) = % + ZU Ju? and [T b‘(’fﬁ)'dﬁ = o(—logz) as z — 0, satisties

/OE | L(u) | du=0 (logl L 6) (2.2)

then

where € € (0,1).

Proof. By hypothesis

€ 2
/|L’(u)]du§ / |/ | N'(u) | dudz
0 ™
2 / /
<= 2) | |N \dudz+ z) | |N ) | dudz
™
/ ]/ \N’ ) | dudz
)

x|, s
A I(HdeX)L d-HXD/\X(Hd

z us
4

L voft) o] caofol].

!
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O
Confirmation of the theorem: Let v, = W, m is a positive number.
Let
u) =Y Ug(v)u? (2.3)
g=2
By using lemma 2.2,
€ , 1
; | R'(u) | du= 0O logl_E (2.4)
where € € (0,1). Then as u — 0 , we have
/0 | R'(u) | du = O(e) (2.5)
and subsequently, we obtain
€ ; 1 9
; | R'(u) | du = O(1) logl_e—e—e (2.6)

For taking m > 0, then

> 1
= E — U, (v)u?
m+1 -9
< (logg)™*

g=

o 1 o0 gym 1 l _11
_F(1—|—m)/0 F(y)/o R(Uﬁ)(l(’gﬁ)y Bdﬁdy

Then the total variation of R,,(u) in (0,1) is

[ o= [ [T [ R tons a3

F(1+m) /OOO lgy(y)dy/ (—zogﬁ)yldﬁﬁ </066 | R (up) | du) (2.7)

Using (2.6), then we have

1 3 d,@ € 1 B dﬂ ep
. y—12F / — _ y—12~ /
/0 (~logB) 1, /0 | R(uf) | .Bdu /0 (~logi /0 | R(uB) | .Bdu
1 2 2
— 0(1) / a zOgmy-l;(zog ! /3) 4
/ Z 96971 (—logB)r—1dB

:0(1)2 T (y) g~

g2g
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again using (2.7), we may obtain

m X

, Y 1,
/‘R ) du= ()P(l-i-m)/o &y)%glﬂd(y)dg’

I'(1+m) =9 Jo

1 &1, T(1+m
= O 2 Toga
L)
‘= 9(logg)'™
=0(1) (2.8)
where m is a positive number. Hence iUg (U)W is absolutely summable. The proof
g=2

runs parallel if we consider any value. The sequences 7, given in known theorem (1.7), with

the same line of derivation. Then for m > 0,

1
;Ug(v)ug (logg)(logg)(logag)(logag)(log,g) ™t

R S R T A U [ ol
_r(1+m)/0 duUF(uv+1)/0 O 1+1/ / d“l / Rq(uf)(~logB)"™ 5dP

This concludes the demonstration of the validity of the theorem.
An applications:

The coeflicients of the Fourier transform are defined as follows:

1 ™
Qo = p o £(2)
1 s
ag = — &(z)cosgzdz
and
1 [7 .
Bg = — &(z)sinazdz
™ —T

Let a4 denotes the g'" partial sum of infinite series Zag, AgP and bgP denote the g”’ Cesaro
mean of order q where q is non-negative number of the sequences < a >4 and < ga >,

respectively. The series Zag is absolute Cesaro summable if

D AT = Ag 17 ]< 00 (2.9)
g=2
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Put
14
= UTJqZUg—(cH)q_l(C + Darye (2.10)
c=0
by? = g(Ag" — Ag17) (2.11)
where
r 1 a
vo— twtat) 9" 5 (2.12)

Fg+1)I'(¢g+1) T(¢+1)
A’C, =C,,AC, = N'C,, =C), — Cpi1,

A"Cp = Us " 'Cary
d=0

provided this series is convergent.

Theorem 2.4. If If £(5) € BV (0,7) , and using the equations (1.3), (1.4), (2.9), (2.10),
(2.11) and (2.12) then the infinite series

o Ugia(2)

:owa (6 >0) (2.13)

g

is summable | C,q |,(q¢ > 1). (see [1.7]).

Theorem 2.5. If If £(8) € BV(0,7) and using the equations (1.3), (1.4), (2.9), (2.10),
(2.11) and (2.12) we get an equation (1.5).

Theorem 2.6. If If £(8) € BV(0,7) and using the equations (1.3), (1.4), (2.9), (2.10),
(2.11), (2.12) and [T %dﬁ = o(—logz) we get an equation (1.6).

Theorem 2.7. If If {(5) € BV (0,m) , and using the equations (1.3), (1.4), (2.9), (2.10),
(2.11) and (2.12) then the infinite series

o0

Ug42(2)

— [l09(2g +g)]e @14)

g

is summable | C1,q |, (¢ > 1). (see [2.15]).

3 Conclusion

Summability theory, which began in 19** century is a part of analysts[the branch of math-
ematics dealing with limits and related theories|. It generalises the concept of convergence
ones. It attempts to create an algorithm that analyses a limit to non convergent sequences,
the theory makes a non convergent series, in a general sense. whereas a sequence of positive

linear operators does not ordinary convergent(see [32-43]).
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