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Abstract: Let k > 2 be a fixed square-free integer and dx(n) be the greatest divisor of n which is coprime

to k. We consider the error term E,(Cz)(x) in the mean square of dx(n), E,(f)(x) = an Si(n) — #22)1’3,
Where a( )= Zdln d. Using the Pillai-Chowla method we show 3~ _, E(z)( ) ~ m z* (as 2 — oo) and

(t> dt —

To prove them, we make a framework for the Pillai-Chowla method.
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1. INTRODUCTION

Let ¢(n) be the Euler function, that is, ¢(n) = > 1<m<n 1. Mertens [13] showed that

(m,n)=1
for any = > 2
(1.1) Zcp —x 24 0(zlogx).
n<lz
n [16], Pillai and Chowla studied the error term in (1.1)
(1.2) =Y o(n) - 735 (z>1)

n<z

and showed that

(A) ZE —x +0( 2),

nlx
(B) E(z) # o(xlogloglog z).
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The former is improved by Suryanarayana and Sitaramachandra Rao [21] and the latter is
developed by Erdés and Shapiro [7] and Montgomery [14]. In these notes, we shall apply
the method to obtain (A) due to Pillai and Chowla [16] to the mean square of dx(n),
where dx(n) denotes the greatest divisor of n which is coprime to a fixed square-free integer
k = pip2 -+ py(k) (pi are distinct primes). As for the average ), . dx(n), Joshi and Vaidya

[12] showed that

n<x

Z dk(n) = ng(:k;)xZ + Ok(z), (as x — 00),

n<x

where o(n) =}, d is the divisor function. Let

(1.3) Ey(z) =Y dk(n) — 20’“(}{)332 (@ > 1),

On Ej(z), many results were shown in the literature, Suryanarayana [20], Joshi and Vaidya

n<x

[12], Ramachandran [17], Herzog and Maxsein [9], Adhikari, Balasubramanian and Sankara-
narayanan [3], Adhikari and Balasubramanian [2], Pétermann [15], Adhikari [1], Adhikari
and Soundararajan [5], Adhikari and Chakraborty [4], Adhikari and Thangadurai [6], lately
Singh [19], Igawa and Sharma [11].

As a generalisation of an {)-result in Joshi and Vaidya [12], Herzog and Maxsein [9]
obtained Fj(x) = Q4 (z), moreover, deduced that

k v
,;Ek(n) = 40(]<;)x2 + O (x(logx) (k)) 7
(©) 2 L

/j Ei(t)dt = Oy, (x(log :n)”(k)> ,

In addition they obtained an estimate for [}* Ej(t)?dt.

We now analyse the results corresponding to (C) for an error term in the mean square

> <z 62(n). In our previous paper [8], we had for any z > 1

2
(1.4) > 6in) = 30_’?]{2)953 + Oy (27),

n<x
and we defined an error term in formula (1.4) as

(2) 2 K 3
(1.5) B ()= di(n) - 55 ° (x>1).

n<x

Moreover, in [8], we introduced another error term R,(f) (x) as

(1.6) R (z) .= B (z) + gac (z > 1)

and showed that for any prime p

RI(JQ) () = Q4 (SL‘2)

which is a corresponding result to [12]. However, in these present notes we would like to
change the definition (1.6) of Rl(f) (z) as

(1.7) RO (2) = E? () + (—1)"<k>+1§x (x> 1),
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where k is a fixed square-free integer and v(k) is the number of distinct prime divisors.!

Using the method in [16] and some ideas from [17], [9], [3] and [11], we obtain the

following theorem.

Theorem 1.1. Let k > 2 be a fized square-free integer. As for E,E:Q)( ) and R ( ) (defined
by (1.5) and (1.7), respectively), for any x > 1 we have

)y =
;E (]{72):(} +Ok( ),
k‘2
stfw: S O ),

n<x

/ B2 O (27),

/1R)()dt O (7).

It is trivial that assertion (a) of Theorem 1.1 implies R,(f) (n), E,(f) (n) # o(n?). On the

other hand, we also obtain the following estimations.

Theorem 1.2. We have

(2? 3o (k?)’
> R, (t) k> (—1)(+1E
() /1 R W) S

Theorem 1.3. We have

z (2)
@ [ a0,

z p2) _1y(k)+1
(b) / B (t)dt: (=1) kloga:—l—Ok(l).
1

12 6

To deduce Theorems 1.2 and 1.3 we find a framework for the Pillai-Chowla method in
[16] for the result (A). Here we note that as for E(x) in the above (1.2) Suryanarayana [22,
p. 184] has shown that
> E(t) 3

—(dt = —.

1.8
(1.8) e =

This impies the framework for the Pillai-Chowla method.
Notation. Throughout this paper, we use [z] to express the integer part of a positive

number z, and {z} = = — [z] to denote a fractional part of x > 0. For a positive integer n

we write n = dd’ as a product of positive integers d and d'.

n [8], even if we use the new definition (1.7) of R,(f) (z) we can obtain the same assertions for theorems.
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2. PROOF OoF THEOREM 1.1

To prove Theorem 1.1, we shall apply ideas of Pillai and Chowla [16], Ramachandran
[17], Herzog and Maxsein [9], Adhikari, Balasubramanian and Sankaranarayanan [3], Igawa
and Sharma [11] and Segal [18]. First, we collect some lemmas and then we prove Theorem
1.1.

As we mentioned k > 2 is a fixed square-free integer, moreover, v(k) denotes the

number of distinct prime divisors of k, by p a prime number.

Lemma 2.1 (cf. [17], [9], [3] and [11]). For any positive integer n we have a Dirichlet
convolution for 62(n) as
nA 2
(2.1) 07 m) = Y g (@ ()
d|n

where g(i2)(n) is a multiplicative function which is defined by g, 2y(1) = 1 and

" 1—p* (if plk)
(2.2) Iik2) (P") = , ,

0 (if p1k)

for any prime powers p™ (m =1,2,...).
Proof. We consider the Dirichlet series > o0, 62(n)n~* for Res > 2, which is convergent

absolutely by the trivial estimate [d5(n)| < n. Note that by the definition (2.2) of g 2)(n)

we observe that

1-E X
(2.3) H = Q(L)s(n) (Res > 0).
plk pr =l

Since di(n) is a multiplicative function satisfying for any prime powers p™ (m > 1),

. p™ (ifptk)
or(p™) = '
1 (it plk)
we observe that
i op(n) _ I <1 L %) | R0?) )
— ns p ps p25

e
L= 2 Gir,2) ()
- ns Z ns

n=1 n=1

Then we have the assertion of Lemma 2.1. OJ
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Remark 2.2. By (2.2) and identity (2.3) we observe that for Res > 0

24 (=1

n=1 plk

Lemma 2.3 (cf. [17, pp. 337-338], [9, p. 147], [3, p. 832]). Let k = pip2---p,u) be a

square-free integer > 2. For any integer n > 1 and real x > 1 we have

() |g(k2)(n |<HP—1

plk

log 2z v(k)
2
(b) Z |9(k,2)(P)| < K <10g2>

n<x

oo 7 (n 12
© 35 - o (k)

n=1

n 2 00 21 v(k)
(@) Zg(k,;)g( ) _ U(kk2) L O, ((1 gig) )

n<x

@© i Iw2)(n) 0

n2

n=1

Y2 o, (ag2><>>

n<x

IO
(8) Y~ — =2

n=1

n=1

(i) ZM _ (C1)" Wk + O ((bgzx)'/(k))

n<x

MY 9k2) (M) _ [o+2) <20

n=1 plk
Proof. By the definition (2.2) of g(;2)(n), the first assertion (a) is trivial. Using prime
factors of k = pipa - - p,x) we have

v(k)

v(k)
Z‘g“ ’<H p? 21 <k2H<1+logx>:k2(l?§g2;>

n<x pit<x

that is, the second assertion (b). Assertions (c), (e) and (h) are trivial by (2.3). As for the

assertion (d), using partial summation with (b) and (c) we have

90:2(n) () Ik2)(n) K (log 22)v (k)
Z nd Z n3 Tlgréo Z n3  o(k?) +Ox x3 )

n<lz n=1 z<n<T

We obtain an assertion (f) by estimation as in the above equation. As for the assertions
(g) and (j), we put s = 2 and s = 1 in the identity (2.4), respectively. By (h) and partial

summation we have assertion (i). O

Remark 2.4. A certain generalisation of Lemma 2.3 is discussed in Igawa and Sharma [11].
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Lemma 2.5 (cf. [9, Theorem 1], [3, Lemma 3. 1] [16]). For any x > 1 we have

(a) Y o%(n) = 22 d,2 D2+ o),

62(n k2 d) rx log 2z)* (k)

ﬁf2>=a<kz>“§;g(’“§?§ (5o ()
)

Zn) kK, Iik2) (d
n _20(k:2)x —xz d”? {d’}+0k( )

d' <z

Proof. Using the Dirichlet convolution (2.1) of Lemma 2.1 we have

D okn) = > d’gua(d)

n<lz dd' <z

= Zg(m)(d) Z &

d'<z d<z/d’

= % Z 9i,2)(d) [%]3 + % Z Iik,2)(d) [%]2 + é Z 9ik,2)(d) [%}

d' <z d' <z d' <z
(2.5) =:51 + 59 + 53 (say)

estimate S, S9, and S3.

By (d), (b) and (j) of Lemma 2.3 we observe that

Iik,2)(d') 2
5= 0 S D s D (2,5t {2

d'<z d' <z d' <z
1 3
—3 Z Iik,2)(d) {%}
(2.6) __~ 22y 9%;32 {Z}+0u@) + 04 ((log20)®) .
d' <z

By (f), (b) and (j) of Lemma 2.3 we have

5= X M e T 5 S wa {

d' <z d' <z d’<x

(2.7) — Ox(2) + Oy ((log Zx)”(k)>
By (i) and (b) of Lemma 2.3 we see
_ g dead) 1 WEANNINVOL: V)
(28) Sp=2 > T -2 guan(@) {5} = (-1 W2 + O ((log20) ).
d' <z d' <z
Collecting these results (2.5)—(2.8) we reach assertion (a).
As demomstrated above we obtain assertions (b) and (c) as follows.

dj(n 2)(d) 12 2)(d) 2d) f
S = D F] = X T - )

n<lz d' <z d' <z d'<z

k2 Ik (d) (log 2)"™)
N O'(ki2)x_ Z d’? {E}—FO’C x?

d' <z
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and
2

S (n) Iir2)(d') Iir,2)(d) 1« 9k2)(d) 2
o e SICIREP ()

n<z d' <z d' <z d' <z
x Ik2)(d) 1 Ik,2)(d) z
+ 2 Z d 2 Z d’ {d’}
d'<z d'<z
k2 2 g(k,Q)(d/) €

Remark 2.6. In (b) and (c) of Lemma 2.5 we use (g) Lemma 2.1 (g) to get

2 n 2
Z 5’;52) = O.éfk )x+0k(1)7
k

n<x

2
Z@%(”) S
= 20 (k?)

as r — o0.

Definition 2.7 (cf. [3, p. 831], [16]). For any = > 1 we shall define H,g2) () and G,(j)(x) by

2(n k2

(2.9) (@) = n; kn(ﬁ - o (k)"
2 (n k2

(2.10) G, (@) > - 20"

Lemma 2.8 (cf. [16, Theorem III], [3, Lemma 3.3] ). For any x > 1 we have

(2) k?
(2.11) > H(n) = 20(k2)x+0k(1)'

n<x

Proof. First of all, let x > 1 be any positive integer. Using the definition (2.9) we observe
that

2 m 2
S =30 (3 E -

n<lz n<z \m<n
52(n) 52(n) k2 k?
2.12 = 1 ki — ki 2 _ .
(2.12) (+ )ng;c n? T;C n 20(k2)$ 20(14:2)33

Here, we use (b) and (c) of Lemma 2.5, to obtain assertion (2.11) for any positive integer
x> 1. If x > 1 is real, then

2
(2.13) S i) = 3 HP ) = 5l + 0u()

n<x n<[z]

which implies (2.11). O

We give another proof of Lemma 2.8 to elucidate the Pillai-Chowla method in [16].

We prepare the next lemma.
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Lemma 2.9 (cf. [16, Theorem II], [3, Lemmas 3.2]). For any x > 1 we have

(a) B (2) — 2H (x) = Op(x),
(b) B (@) — Gy (@) = Op(a).

Proof. By the definitions (1.5), (2.9) and Lemma 2.5 (a) and (b) we see the assertion (a).
Moreover, by the definitions (1.5), (2.10) and Lemma 2.5 (a), (c) we obtain the assertion
(b). O

Using Lemma 2.9 we will prove Lemma 2.8.
The second proof of Lemma 2.8.
Let x > 1 be any positive integer. In the identity (2.12), we use definitions (2.9) and (2.10)

to show
> 1P = s et e DEP @) - 6P )
—~ k 2U(k2) k k
k? (2 T (1)
z+1 r+1
- B @)+ =B @)
K z+1 02 2 77(2)
- 2a(k2)x a2 (Ek () — 2" H, (x))
)
L@,y A 7 (x)
(2.14) +- (Ek () — 2G (:r)>+ >

Here we use Lemma 2.9 and formula (1.4) to get the assertion (2.11) for any positive integer

x > 1. Moreover, using (2.13) we complete the proof for Lemma 2.8. [l

To complete a proof of Theorem 1.1 we shall recall Segal’s lemma in [18].

Lemma 2.10 ([18, p. 279, p. 765]). Let f(n) be a real valued arithmetical function and
g(x), R(x) certain real valued functions for x > 1. If

(2) Y f(n) = g(x) + R(),

n<x
(b) g(x) is twice continuously differentiable,

(c) ¢"(z) >0 or g"(z) <0,

then we have

S Rin) = g9(a) + (1~ {ahRG@) + [ R)dt+ 05/ (@) + 01,

n<x

Now we shall prove Theorem 1.1.
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Proof of Theorem 1.1.

By Lemma 2.9 (a) and Lemma 2.8 we have the first assertion of (a) as follows.

S EP ()= n?H? (n) + O4(a?)

n<z n<x
— 2 B () - / 23" H (n)dt + Ok (2?)
n<x 1 n<t
k2
(2.15) = GU(kQ)xi“ + Op(2?).

47

From this we have the second assertion of (a). Here, we use Lemma 2.10 with formula

(2.15), to get the assertion (b) of Theorem 1.1.

3. PILLAI-CHOWLA METHOD AND PROOF OF THEOREMS 1.2 AND 1.3

0

Finally, we shall prove Theorems 1.2 and 1.3. We make reference to a similar results

on the error terms (1.2) and (1.3). To this end, we prepare the following lemma which is a

framework in [16].

Lemma 3.1. As for a real valued arithmetical function f(n), a constant a # 0, a positive

integer l, and a real parameter x > 1, we set

HO( );:ZJZ(;})— (14 1)z,
_ n a(l+1
G () - ijlff— (;) 2 (if1>2)

Then we obtain the following assertions.

(a) B(z)— 2 HO(z) = —ia! < /1 ’ fl(fl)dt - a),

(b) When | > 2 we have E(z) — 271G (z) = —(1 — 1)~ (/ Et(lt)dt — 3),
1
(¢) The assumption E(z) — 2! HY = o(z!) (as x — o0) is equivalent to
> E()

(d) When 1 > 2, the assumption E(z) — 271GV () = O (271) is equivalent to
“E®)
1

(e) When l =1, for any positive integer x > 1 we have

Z HY(n) = az+ HY (z) — <E(a:) — xH(l)(x)>

n<lz
E(z) z+1
x T

=ar+

(E(x) — xH(l)(:L‘)) .
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(f) Whenl > 2, for any positive integer x > 1 we have

S HO (1; Dot o+ DHO (@) — G ()

n<x

ol +1) +E(ac) r+1

5 ¢ o (E(:L’)—ZL'IH(Z)(I'))

L (Bla) - e @)

1

+

Proof. By partial summation we see that

fn L E@) v E®)
(3.1) % ol + Do+ =7 +1{ | pprdt -
To get assertions (a) and (c), assume that [ > 2. The identity
fn 1—|—l) 2 E(x) /x E(t) !
. -1 ——=dt — —
(3.2) n;c b= Ul A 5

yields assertions (b) and (d). Note that (3.2) and (b) hold for [ = 1.

For any integer = > 1

ZHU)(n)Z(Zf a(l+)n )

n<x n<z \m<n
f(n f(n a1 + l) 22 a(l+1)
3.3 (x+1) x.
@ IS 2

When [ = 1, by the definitions F(z) and HM)(z) we see assertion (e) as follows.

S HO(n) = aw+ HO(2) - (E(x) - xH(l)(x))

= ax+ HY(z) + E;x) - E;x) - (E(a:) —xH(l)(x))
=ax+ E:(Ex) - xTH (E(x) —xH(l)(x)> :

When [ > 2, by the definitions H®(z) and G~ (z) we have assertion (f) as

> HOD(n) = al+l), + (z+1)HO(2) — V()

2
n<x
a(l+1) ! o=t
_ o oot @+ 1) HO (@) = — G ()
r+1 z+1

—i—FE(x)— - E(z)

a(1+l)x Ez) =z+1
2 2! x!

(E(a:) —2'H®O (x))
5 (B(2) - 260D (@)

Note that it is true for [ = 1.
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Remark 3.2. We also obtain the second equalities in Lemma 3.1 (e) and (f) as follows. In
(3.3), we use (3.1) and (3.2), then

S™HOWM) = a(l + e E£f>+(:v+1)l</lmi(3dt—a>

N —(l—1)<1 Et(l)dt—‘;‘)

Here, we use the assertions (a) and (b) in Lemma 3.1, hence

ZH —a(l+1)z+ E;f) - x;; ! (E(x) - leU)(g;))
+ % (E(x) — xl_lG(l_l)(x)) .

We obtain Theorems 1.2 and 1.3 as follows.
Proof of Theorems 1.2 and 1.3.
In Lemma 3.1, we set f(n) = 02(n), a = ﬁig), and | = 2. By Lemma 2.9 (a) we have
known E(z) — 2?H(z) = o (2?), hence by Lemma 3.1 (c) we obtain the first assertion of
Theorem 1.2, and the second assertion. Moreover, by Lemma 2.9 (b) and Lemma 3.1 (d)

we obtain the assertions of Theorem 1.3. U

In this occasion, we shall apply Lemma 3.1 to error terms in two averages ), . k(1)
and > .. ¢(n). In [3], Adhikari, Balasubramanian and Sankaranarayanan showed the

formula

n<x

Moreover, as for Ej(z) defined in (1.3), and

Hy(x) =Y 5’2(:") - afk)“"

n<x

they deduced a relation between Fj(z) and Hy(z) in Lemma 3.2 in [3, p. 383] as
(3.4) E(x) = xHg(x) + o(x).

Therefore by Lemma 3.1 (c) we obtain an analogue of Theorem 1.2 as

~But), K
/1 12 dt = 20 (k)"

Remark 3.4. We would like to remark that lemmas in [3] leads the first assertion of (C).
Actually, using (I) >, -, |9(n)| = O ((log 22)¥®) in [3, p. 832] we can replace o(z) in the
above (3.4) by O ((log Qx)”(k)) and obtain

ZHk )m+0k ((logQ:U)”(k))

n<x

Theorem 3.3.

which is a sharp form of Lemma 3.3 in [3, p. 384]. Therefore we have (C), as the proof of
Theorem 1.1.
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We shall go back to (1.1) the average of the Euler function ¢(n). Using Lemma 3.1 we
explain (1.8). By [16] we know that

> p(n) ZN {} o(z),

n<x d<z
n 6 d) rx
z“Z“{}u

and Theorem IIT in [16] : E(z) = zH (z) + o(x), where E(x) is the function defined in (1.1)
and H(x) is defined as

Z(— % (x> 1).

Hence, by Lemma 3.1 (c) we obtain (1.8). The idea of Lemma 3.1 (a) and (c) is same as
22, p. 183, (3.9)].

Note that Lemma 3.1 (f) with (1.4) (i.e. B (z) = Ok (22)) and Lemma 2.9 give the
assertion (2.11) of Lemma 2.8. Then we reach (a) of Theorem 1.1. Also, Lemma 3.1 (d)
leads the first assertion of (C) and (A). We may state that Lemma 3.1 is a framework of
the Pillai-Chowla method in [16].
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