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Abstract: In this paper, we determine that every n-tupled generalized Cesaro matrices (C, a1, az, ..., an;
8) € B(AR;6) for k> 1,6 > 0 and au, s, ...,an > —1, need not be absolute k*" power conservative since
the Cesaro matrices of order a for & > —1 are not conservative matrices, where for some given k > 1 and
0 >0,if T € B(Ag,9d); i.e., if {so,sl7 ...sn} satisfying

o0

(01) Z n6k+k71‘3n - Snfl‘k < 0o,
n=1
o0

implies SRt P < oo

1

3
Il

Then, T is said to be absolutely k" power conservative.
Key Words: Absolute Summability, n-tupled sequence space, Bounded Operators, Absolute k' power

conservative.
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1. INTRODUCTION

o0
Let Y a, be a given infinite series such that
n=0
k
(1.1) sk:ao+a1+a2+...+ak:Zal,
=0

o

where s denotes the k" partial sum of the series »_ a, and {sn} define the sequence of
n=0

partial sums. Then the n'” term of sequence-to-sequence transformation of {sn} is defined

by

oo oo
(12) th = Ztnksk = Z tn,n—kzsn—k'
k=0 k=0

The sequence {tn} of the matrix means of the sequence {sn} is generated by the sequence of

the coefficients {tnk} A sequence of the partial sums {sn} = {80, S1yeey sn} is of bounded
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variation if the series |s; — so| + |s2 — s1| + ... + |sp — Sn—1| converges or
(1.3) D Ay < oo.
n

o0

The infinite series »_ a, with the sequence of the partial sum {sn} is absolute summable
n=0

by the method A (A-summable) to the limit s if it is A-summable to s, i.e. if lim, ooty = §

and if the sequence {tn} is of bounded variation:
(1.4) D |ty = tnoa| < 0.
n

Let n* term of transform for the sequence {sn} with Cesaro matrix is ¢;. The infinite

o0 o0
series Y a, is absolutely |A|z-summable of degree k > 1, if S nF~!t, —t,_1|* converges.
n=0 n=1

o0
If this is the case, we can write > a, € |Alx.
n=0
Das [2] defines the absolute conservation by transforming the sequence {sn} into {tn}. Let

T represents sequence-to-sequence transformation. If, whenever {sn} converges absolutely,
{tn} converges absolutely, then T is called absolutely conservative. If the absolute conver-
gence of {Sn} implies absolute convergence of {tn} to the same limit, T is called absolutely

regular. If T € B(A}) for some k > 1; i.e., if {so, s1,...sn} satisfying

oo
(1.5) Z n* s, — s,1|" < 00,
n=1
implies
oo
(1.6) > 0ty =ty |F < 0.
n=1

Then, T is called absolutely k" power conservative. Note that when k > 1, (1.6) does not
necessarily imply the convergence of {sn} There exists a sequence space Ay, which is given
by

(1.7) A = {{sn} :an_l\aﬂk <OO,an:8n—Sn1}.

n=1

If & = 0 in the inclusion statement involving (C, «) and (C, 3), then we obtain the fact that
(C,B) € B(Ay) for each § > 0, where B(Ay) denotes the algebra of all matrices that map
Ay to Ay.

For some given k > 1 and 0 > 0, if T' € B(Ag,9); i.e., if {30,31, sn} satisfying

(o.]

(1.8) D o s, — s ]F < oo,
n=1
(o]

implies Stk L, — 1, P < .
n=1

Then, T is said to be absolutely k" power conservative for the sequence space (A, §) which

is given by
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(1.9) (Ak,é) = {{Sn} : ZnékJrkfl‘an‘k < 00, ap = Sy — Sn—l}

n=1

Many research articles [I3]-[20] devoted to the study of summability of infinite series due
to its wide range of applications. Various investigations have been done to determine the
most important results on absolute summability factor of infinite series by using different
summability methods. The absolute summability (C,«), or |C, «a| of a series was defined
by Fekete [4], for the case where « is an integer, and in the general case by Kogbetliantz
[6]. Whittaker [12] defined the absolute summability (A) or summability |A| and was the
first to investigate the summability |A| of a Fourier series. In 1957, Flett [5] obtained an

extension of summability |C| and defined absolute summability. Mazhar [7] gave the neces-

S —

sary and sufficient conditions for the infinite series »_ a, to be |N, p,| summable whenever
n=0

it is |C,alx (v > 0,k > 1) summable. Dikshit [3] also has been given a general theorem

on absolute summability factors for Cesaro summability of infinite series and rectified the
deficiencies of the proof. Bor [I] gave a theorem dealing with |N,p,| summability factors
taking an almost increasing sequence of the infinite series and provide the application of
the almost increasing sequences of infinite series. After this Sulaiman [I1] gave the appli-
cations and generalization of the result of Bor [I]. The absolute Cesaro summability, the
absolute generalized Cesaro summability, the absolute Nolund summability, the absolute
Riesz summability, the absolute Fuler summability etc. have been become a topic of great
interest since last two decades. In 2009, Savas et al.[I0] used the concept of absolute conser-
vation for Cesaro means which is generalization of the Das [2]. Savag et al. [10] have proved
the theorems which give sufficient conditions of infinite series using the absolute summa-
bility factors. After reviewing several articles, we have dealt with absolute summability of
an infinite series and obtained some general results included the minimal set of sufficient

condition for n-tupled Triangle matrices T' € B(A}).

2. KNOWN RESULTS

In 2007, Savag et al. proved that a Cesaro matrix of order & > —1 is a bounded
operator on Aj and in 2009, established a minimal set of sufficient conditions for a triangle
T € B(Ay) as follows:

Theorem 2.1. (C,«) € B(Ay) for each o > —1.

3. MAIN RESULTS

o0

(0] oo
Let T be the infinite matrix for the series > > ... > an,.N,,. N, and
N1=1 Ns=1 Np=1

i17i27-"7i
A11...n timestNl,NQ,..iNn
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11,025-in 11,12,..,n 11,125-in

- tNl—l,Nz—l,.l.,Nn—l - Ny No—1,. .Np—1 T oo T tNl—l,Nz—l,.A.,Nn}

+ N NNt N1 t?{fﬁ]\’b7T,N3,N4,1,.“,Nn,1 + ..}

- {t%;iyzjif27]i};,N4*1...,anl + t%1i371,N;,N3,N4,N5717,,,7Nn,1 +..}
(3.1) o (D) R

There exists two infinite matrices T and T' with T as follows:
N1 N,
T01,82,00y0 FHLH2 i
(3-2) B, = 2 D - ENYINa N
p1=i1 pa=iz  Pn=fin

and

111,82,..0 _ . 17127
(3.3) tNl—l Ng— s Np—1 = Allv--ntzmest -1 NQ— ooy Np—1

N1, No, ooy N i1, 9, onyin = 0,1,2, ...

In the present paper, we generalize theorem 2.1 for n-tupled triangle matrices. Now, we

shall prove the following:

Theorem 3.1. (C, a1, o, ...,an;0) € B(A};9) for each oy, ag, ..o >
5 >0.

4. PROOF OF THE THEOREM

1, k> 1 and

Let af\‘,llof\i O‘N" denotes the N1 Nj...N,, term of the (C, ay, ag, ..., ) transform for the order

(a1, g, ..., ap) in the sequence sy, N, N, ; that is,

1 2
a1,02,...,0p, § : § : 2 : a1—1 az—1 Oy —
(41) 0—1\71,]\727 Nn EOél EOQ an E 1—Z1EN2—7,2 E —’i 87'1Z2 )

Nn le 112 1 Zn—l
We shall show that (ox. N5 ) € (AR, 0); ie.,

o0 (o] (o)
Ok+k—1| _a1,a9,...,an a1,a2,...,x
(4.2) E E E (N1, Na...Np) TNy, Noo N~ ONy—1.Ng—1,...,Np—1
Ni1=1N>=1 N,=1

k
< 00,

Let t%’oﬁé'::iO‘Nnﬂ denote the N1 Ns...N,, term of the (C, a1, as, ..., ) transform in term of

N1N2...NnaN1N2n_Nn; that iS,
N1 No
ta17f127~~~,an _ a1 —1 O¢2—1 Ean—l %
N1,N2,...;Np — E an Z Z Z Ni—iy Nz—i2"' Np—in

Nn 11=112=1 in=1

(4.3) X (1182.inGiyiy.. iy )

For ay, ag, ...a, > —1,
Since
a1,02,...,0n, a1 ,02,...,0n, o a1 ,02,...,0n, Q1,002,...,0n
ENy Noy Ny = N1N2o N o 3 N = (08 218 N, O N1
a1,002,...,0n
o ON N, N,

a1,002,...,0p a1,02,
+ (O N e N T TN N N 1 Na N,

(4.4) O N R Nee1) — e (FD)TORE

_1)

,Nn—1]7



ABSOLUTE SUMMABILITY FOR N-TUPLED TRIANGLE MATRICES 59

then condition (4.2]) can also be written as,

>y

N1=1 Na=1

k

(45) Z Nl’N2 N ok— l‘toa,ag,...,an

N1,N3,...,Np,
Np=1

Using Holder’s inequality, we have

=1

< Q.

k

) |Giyig..in ] X

k—1

an—1
Np—in

0k—1|,a1,002,...,0 k
- El eyt
Z Z Z (N1, Na...Nn) ‘tNl,Nz,...,Nn
Ni=1N2=1 Np=1
oo oo oo 1
§ § E:(Nl,Ng...Nn)‘Sk*l Ay X
E EO62 LB
Ni1=1 Ny=1 n=1 Na*- n
N1 N2
a1—1 paz—1 o B
x YN § EQ L ERTL BT (i inGiyiy. i)
11=112=1 in=1
0 0 ok—1
< (N1, Na...Ny,) "
<2 2 Ey ER By
N1=1 Ns=1 Np=1 n
N1 N2
a;—1 agfl le%
X Z Z ZEN1—21 No—ig** B n_i (1122
11=112=1 in=1
N1 No
a1—1 az—l
(4.6) B BB EQQ T Z§ E:ENI_“ el
Nn i1=112= in=1
By using,
N1 No
a1—1 ag—1 an—1
EOélEOQ Ean § : z : z :E 1*11E 2—12 """ Np—in
Nn i1=112=1 in=1
we have
o9 9 o
Ok—1|p01,02,...,an |k
Do D D (VL Na Ny PTG
Ni=1Na=1 Np=1
oo oo oo Sk—1
< Nl,N2 Nn)
=DID I Z oI
Ni1=1 Ny=1 N,=1 n
N1 No
§ / § : § : a1—1 ag—l o
X Ni—iq Ngfig'”ENZ in (1122 ) |(1“22
11=112=1 in=1
oo
k
< E : § : E , 7’1Z2 ‘aulz Zn‘
i1=112=1 in=1
0o a1—1 ag—1 Qp—
% E E § N1—11EN2—22 £ n—ln
(N RUUAV/ Rt Ll D D D
Ni=i1 No=i2  Ni=in 1y n) N1 Na Nn
0o o0 oo
:O(l) (’Lﬂg...ln) + |a¢1i2min| X
i1=112=1 in=1
e’} 0 0 a;—1 ag—1 ap—1
(4 7) % E : § § : E 1—%1EN2—12' Np—in
' NiNy..N,EXES? . B
N1=i1 No=io Ni=in 1£v2 N~ N1~ Na Ny,
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For oy, 0, ..., > —1 and N1, No, ..., N, > 1,

N1 Na Nn, a1 —1 Qg — 1 ap—1
I
N E‘“EO‘2 WES
Zlfllgf 1s Nn
fo'e) a1f 00 0427 [e%s) an—1
D o
' N{ESL NoES2 ™ N, E$r
Nimip VUNU Ny T2 N2 N, DTN
We obtain
[e%s) an—1 o0 _
Eon Eon 1
Np—in _ Tn an 1
> N,ES > (in + 1) E" Z Epy ™ Blin + 1, an + 1)
Ny =in n rn=0 in+Tn rrn=0

1

1
o0
= Z pont /(1 —z)exin gy = /(1 — )zt <E7?‘n"_1xrn)da:
0

rn=0 0

Nl N2 Nn Eozl—l Ea2—1 Ean

2D DN Ne N B BB

i1=112=1
a1— a2—1 [e’e) an—1—1
z : lell z : NQ*’L'Q z : Nn—l_in—l
N E N Eo‘2 N,,_ B!
1 y—i 2 Ny—l—ip,_q 1 15N, 1
1 -
(410) = 0 = (ZIZQ'-"LTL>
11%2...1n
Thus,
0o 0o 00

0k—1|01,02,....,an |k
>N D (N Nyl N )R G2 |
N1=1N>=1 N,=1
N1 Na

Z Z Z 11%2...1 6k+k| Aiyis.. 'Ln|k

11=112=1 in=1

(4.11)
N1 N2

0355 3 Gt o

11=112=1 in=1

since s, € (A}, ). Hence proof of the theorem is complete.

1
1122

= O(1),
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5. COROLLARIES

Corollary 5.1. (C,1,1,...ntimes;0) € B(A};0),withthe condition

N1 Na

tNy,No, ..., (N1N2 5k ! Z Z Z Si1,io,...

i1=112=1 in=1

= (C,1,1,...,ntimes; §) (SN, Ny..N,, )-

Corollary 5.2. (C,1,1,...ntimes) € B(A}), withthe condition

N1 No

ENi,Na,... Ny = N1N2 N, Z Z Z Si,i2,...

=119=1 in=1

=(C,1,1,..., ntimes)(leNQ.“Nn).

Corollary 5.3. (C,a,1,...(n — 1) times) € B(A}) with the condition
Z Z Z )FO T (N2 N3 No ) 7 any .. | = O(1).
Ni=1Na=1 N,=1

Corollary 5.4. [9]. (C,«) € B(Ax) with the condition

Z nfa,* = 0(1).

n=1
6. CONCLUSION

The goal of this research is a theorem on Cesaro matrix of order a, ao, ..., a,, > —1.
Based on the derivation, it can be concluded that our result is a generalized which can be
reduced for several well known summabilities. Our theorem is validated by corollary 5.4,

which is a result of Savag and Sevli [9].
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