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Editorial

We are pleased to announce the release of the first issue of Volume 6 of the Nepal Journal
of Mathematical Sciences (NJMS) for the year 2025. This issue features six research articles
that cover a wide range of topics in mathematics and mathematical sciences.

We would like to express our sincere gratitude to all the authors for their valuable
contributions to this issue. Our heartfelt thanks also go to the reviewers and editors for their
dedicated support and expert guidance, which have been crucial in bringing this publication
to life.

We extend an invitation to professors, research scholars, and scientists to submit their
original research work for consideration in future issues of NJMS. Your contributions are
vital to advancing the field of mathematical sciences and enriching the scholarly
community.

Thank you for your continued support.

Editor-in-Chief
April 8, 2025
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Abstract: The purpose of the present paper is to find angular metric tensor ,carton torsion tensor, v-
curvature tensor in a generalized Kropina space and the relation between v -curvatures with respect to
Cartan connection CI” of a Finsler space F' = (M", L) and a Finsler space F*" = (M", L*) whose metric
L* is derived from the metric L of F" by L* (x, y) = u"2 (x, y) fY2 (X, Y), where u*? (x, y) = (LY2 + *?)
(X, y) and = bi(X) y'. The Finsler space F*" is called a generalized Kropina space under certain

conditions.

Keywords: Finsler metric, Kropina space, Cartan connection, h- vectors 9 -curvature tensor.

Mathematics subject classification: 2000: 53B 20, 53B 28, 53B 40, 53B 18.

1. Introduction

The study of Finsler spaces, with special metrics, has attracted considerable attention over the years.
Among these, the Kropina metric, introduced by V.K. Kropina, has been a focal point due to its unique
properties and applications. The Kropina metric is a special case of the (o, )-metric, where the metric
function is given by
2
L =Z
(x' y) B 1
with a being a Riemannian metric and 8 a 1-form.

This metric has been extensively studied in the context of Finslerian hypersurfaces, where the interplay
between the intrinsic and induced geometries provides deep insights into the structure of the space.

A significant milestone in the development of Finslerian hypersurfaces was the introduction of the
Kropina metric by Kropina himself. This class of Finsler metrics, given by

L(x,y) = a™p™ (where m # 0, —1)

was extensively studied by Shibata [8], who investigated its geometrical properties and provided
foundational results on its structure. Later, Shibata et al. [9] extended this work by introducing the
transformation of Finsler metrics using
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L'(x,y) = f(L. B), 1)

where f is a positively homogeneous function of degree one in L. This transformation played a crucial
role in understanding the induced and intrinsic theories of hypersurfaces in Kropina spaces.

Hashiguchi et al. [1] studied the properties of Landsberg spaces with (a, ) metrics, providing insights
into two-dimensional Finslerian structures. Their work was further expanded by Kitayama [2], who
explored metric transformations and their impact on hypersurfaces in Finsler spaces. Additionally,
Matsumoto [3] developed the induced and intrinsic connections of Finslerian hypersurfaces,
contributing significantly to the study of projective geometry in Finsler spaces.

Prasad [4] and Prasad & Tripathi [5] examined torsion tensors and hypersurface structures in Finsler
spaces with Kropina changes, establishing important results on the interactions between different types
of metric transformations. Rastogi [6] extended these ideas by analyzing the properties of (a, )
metrics, further refining our understanding of Finslerian geometry.

Recent studies have continued to build on these foundational works. Shanker et al. [7] investigated
curvature properties in homogeneous Finsler spaces, revealing new relationships between curvature
tensors and metric deformations. Singh et al. [10] and Singh & Srivastava [11] explored h-
transformations and Kropina-type modifications in special Finsler spaces, shedding light on the
structural modifications induced by such transformations.

Izumi introduced the concept of h-vectors b; that are 9-covariantly constant with respect to the Cartan
connection, leading to new insights into the interplay between conformal transformations and
directional dependencies in Finsler spaces. Srivastava and Pandey [12] , [13], extended this idea by
examining generalized Kropina-type metrics under S-change and their implications for Finslerian
hypersurfaces. Their work provided key relations between the original and transformed hypersurfaces,
establishing conditions under which these transformations preserve geometric properties.

In this paper, we consider a generalized Kropina-type metric given by:
L*(x,y) = u*?(x, y)B%(x, y), @)
where
u2(x,y) = (L2 + BY2)(x,y) and B = byy",

with the vector b; as a function of positional coordinates x* only. When L(x,y) corresponds to a
Riemannian space, L*(x, y) reduces to the Kropina metric function.

Izumi while studying a conformal transformation of a Finsler space, introduced the h — vector b; which
is9 covariantly constant with respect to Cartan connection CI" and

LChijbh= p hij.

The h — vector b; is not only a function of positional coordinates x' but also a function of directional
arguments y'. In fact

L(obi / &) = p hi.
Here bi(x, y) is an h — vector in (M " L).

Let b, is an h-vector in the Finsler space (M " L) and (M " L") be another Finsler space. The
fundamental metric function L*(x ,y) is defined by

L* (x,y) = (LY2+ %) (x, ) 2 (x, Y). @)
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Let us call the Finsler space F = (Mn, L") as generalazed Kropina space. To distinguish the
geometrical objects of F" from those of the Finsler space F" we shall put a * sign on the corresponding
objects of F

This metric plays a crucial role in analyzing the curvature properties of Finslerian hypersurfaces,
particularly through the 9-curvature tensor, which provides insights into the geometric deformations
induced by the generalized Kropina-type metric.

Building upon the existing body of research, this study aims to further examine the properties of
Finslerian hypersurfaces defined by the generalized Kropina-type metric and analyze the implications

of the 9-curvature tensor in this context.

For an h-vector b. we have the following lemmas [1] :

Lemma 1. Ifb, is an h-vector then the function p and I*i =b, - pl. are independent of y.
Lemma 2. The magnitude of an h-vector b, is independent of y.

2. Preliminaries
Let b, is a vector field in the Finsler space (Mn, L). If b, satisfy the conditions [4]

b,.=0

ilj
and L, b, = ph,, @)

then the vector field b; is called an h-vector. Here |j denotes the covariant differentiation with respect
to Cartan’s connection CT, Chij is the Cartan’s C-tensor, hij is the angular metric tensor, and p is a
function described by

p=(-1)*LC'b, )
We have :—fi = b; by using the indicatory property.

Differentiating of (3) with respect to y' yields.

1
z;:(ﬁ—f)zi+<1+§ )bi. (6)
L2 B

N
~
N|R| NI=

We know that

9 _ ;1
From the above relation
« _ (B 1 B L
hij = (£) Aohy + 3 Ao(liby + ;) — (£) Aolit; — (E) Agbib;. )
where
1
AO = 1 + &
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Theorem 2.1 (Angular Metric Tensor Transformation)
Under the transformation (3)
L* (x, y) = (LY2+ 52) (x, y) B2 (%, Y).

the angular metric tensor (h*i.) of F is given by (7) as follow:

hij = (£) Aohy + 3 Ao(liby + iby) — (£) Aolil; — (Lﬁ)AObibj

N[

where Ay =1+ £

1
12

Further from equation (7) and 9, = hi + Ii I. one gets

95 = (£) Aogij + 5 Uo(Uiby + ib;) — (£) Uolily + Usbib; ®)
1
where Uy=1+—7F 352
212
1
and U, = 1+£
282

Theorem 2.2. Under the transformation (3), the metric tensor of F (g*ij) is described by (8).

From equation (8) and C;j, = ( )% ,we get

|l~
N|R

N W)

Ci*]'k = (Z’LL) AOCijk +%U0(humk + hjkmi + hki‘m]) ( > (m, + m] + mK) (9)

8p

where m; = b; — (£)1;.

Theorem 2.3. If the angular metric tensor hij of F vanishes, the torsion tensor of F" (C*ij ) also
vanishes.
With the help of lemma (1) and relation

o-(1+2)

we get
]
From the definition of m; we get the following identities:
@ ml'=o,

(i) mb=mm =b"-@7L,
() h,m=hb=m and

v) C’ m=L"ph,, (11)
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3. 9 —Curvature Tensor

Definition 3.1.  The v - curvature tensor S, ik of F'= (Mn, L) with respect to Cartan’s
connection CT is defined in [4] by
Shijk = CakmCij — CrjmCik (12)
From (4), (8) and (11), we get
Cl-*jh = C[; + Rl(hi]-mk + h]kml + hi‘mj) - Rz(hijlkR3 + mimjlk) + R4—(hijth3 + mlm]bh) (13)
where R, = (zlz)
3(1-0)B
R = (527 Ro.
1 2
_B2(,2_ B
Ry =—=|b*—=)+o,
3 41%( LZ)
Ry = (4L) PRo
and Ry = .

a{(1—0)p2%-L?} bz
LZ

From equation (9) and (13) ,we get

CrimCij = ChkmCU + W hijhy + Cihpyemym; + Cohyymymy, + CO(Cl]kmh + Cijjnmp + Cipemy + C]hkml)

+C§A3(hjkmimh + hih‘mjmk + hjhmimk + hikmjmk) (14)

where

i = (62 =35) (% Ro + 55 + £ Ro) + 2R,

3B
Co =7LP

2,2 2,2
¢, =E0Ryo+ D +EL

2

and C, = %4' 1z o {‘7"' (bz _L_Z)}

Thus from (12) and (14) , we obtain the following

Theorem 3.1. (8 - Curvature Tensor Transformation)

Under the transformation (3) the v-curvature tensor (S*hijk) of F" is written in the form

1 1 1
B2 E
Shijk = U( >Shuk t hijenk +2k hhk(eu +1) - hlkeh] 1hhjeik- (15)
L2 4;22 412
1 3
where eij = Z ulhij + Z uzmimj
3&2 2 BZ
and IJ.Z = 4L§ RO {O- + (bZ - L_z)}
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Theorem 3.2. The v - curvature tensor (S*h i ) of the transformed Finsler space F" vanishes if the

angular metric tensor (h;;) of F" also vanishes, i. . S;ijk =0.
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Abstract: Foreign exchange rate represents the value of one currency relative to another and influences
international trade and investment. It is crucial for a country's economy as it affects the cost of imports and
exports, impacting trade balances and inflation rates. This study compares the forecasting of the forex rate
of Nepal and its volatility by using Long Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU)
models. The study uses secondary time series data that consists of foreign exchange rate from 2005 to 2024
A.D. Various error metrics were used to compare the performance of these models to predict the foreign
exchange rate. The final result showed that the LSTM model outperformed GRU with superior forecasting
accuracy, achieving a Mean Squared Error (MSE) of 4.7056, a Root Mean Squared Error (RMSE) of
2.1692, a Mean Absolute Error (MAE) of 2.0262, and a Mean Absolute Percentage Error (MAPE) of
1.5764%. In contrast, the GRU model yielded higher error metrics with an MSE of 7.1607, RMSE of 2.6759,
MAE of 2.5673, and MAPE of 2.0061%. These findings highlight the effectiveness of LSTM in capturing
historical trends and managing volatility, suggesting its robustness for forex rate prediction. Although the
study focused on historical forex rates of the Nepalese Rupee against the US Dollar, incorporating
additional economic indicators such as interest rates and Foreign Direct Investment (FDI) could enhance
the model’s predictive capabilities.

Keywords: Forex rate, Long Short-Term Memory, Gated Recurrent Unit
1. Introduction

In today’s globalized economy, the exchange rate between currencies plays a crucial role in shaping
the economic landscape of a nation. The foreign exchange market is a global marketplace for exchanging
national currencies against one another, and it is the largest and most liquid financial market in the world.
Exchange rates fluctuate constantly due to various factors, including economic indicators, geopolitical
events, and market speculation. For countries like Nepal, where the economy is significantly influenced by
international trade and remittances, the exchange rate between the Nepalese Rupee and the US Dollar is
particularly significant. This exchange rate impacts economy in multiple ways. Since Nepal is heavily
dependent on imports, particularly from India and other countries where transactions are often denominated
in USD, any fluctuations in the exchange rate can affect the cost of goods and services in the country. A
depreciation of the NPR against the USD can lead to higher import costs, which may contribute to
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inflationary pressures within the domestic economy. Conversely, an appreciation of the NPR could make
imports cheaper but might reduce the competitiveness of Nepalese exports, thereby affecting the trade
balance. These dynamics underscore the importance of accurate forex rate forecasting, which can help
policymakers, businesses, and investors make informed decisions [13].

Traditional forex forecasting methods like Autoregressive Integrated Moving Average and Vector
Autoregression have been widely used, relying on historical data to identify trends. However, these linear
models struggle to capture the non-linear relationships and complex dependencies typical in financial time
series, limiting their forecasting accuracy [2].

In response to the limitations of traditional forecasting methods, the use of machine learning and
deep learning techniques has gained significant attention in recent years. Machine learning models,
particularly Neural Networks have shown great potential in forecasting complex time series data. GRU
networks are a type of Recurrent Neural Network which use gating mechanisms to control the flow of
information, helping to overcome the issues of exploding gradients commonly encountered in traditional
RNNs. GRUs are particularly valuable for tasks such as time series forecasting and financial predictions,
where capturing historical dependencies can significantly improve accuracy [4]. LSTM networks, another
type of Recurrent Neural Network, are designed to address the problem of long-term dependencies in time
series data. Traditional RNNs struggle with the vanishing gradient problem, where the gradients used to
update the weights of the network become extremely small, leading to difficulties in learning long-term
dependencies. LSTMs overcome this issue by introducing memory cells and gates that control the flow of
information, allowing the network to retain important information over long sequences and thus providing
more accurate forecasts [9]. The application of LSTM and GRU models to forex rate forecasting has been
explored in various studies with promising results. Authors in [1] suggested that LSTM and Atrtificial
Neural Network are the most commonly used machine learning algorithms for forex market. Similarly,
authors in [7] highlighted the effectiveness of LSTM networks in financial forecasting, noting their ability
to model the sequential nature of time series data more effectively than traditional models. Despite
extensive research on machine learning, limited work has focused on emerging markets like Nepal. Most
studies target developed economies with different data and market conditions. This study addresses that
gap by comparing LSTM and GRU models in forecasting Nepal's USD/NPR exchange rate.

1.1. Research Questions
The specific research question that is addressed is as follows:

e How do LSTM and GRU models forecast foreign exchange rate of Nepalese Rupee against US
Dollar?

o \What is the comparative performance of LSTM and GRU models in predicting the Nepalese Rupee
against US Dollar?

1.2. Research Objectives
The objectives of this study are:

e To develop and implement LSTM and GRU models for forecasting Nepalese Rupee against US
Dollar.

e To evaluate and compare the prediction performance of LSTM and GRU maodels in forecasting
Nepalese Rupee against US Dollar.
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2. Literature Review

Over the years, various models and approaches have been developed to predict exchange rate
movements, ranging from traditional economic theories such as purchasing power parity (PPP) and interest
rate parity (IRP) to more advanced econometric and machine learning techniques. Early studies, such as
those by [10], challenged the predictive power of fundamental models, emphasizing the superiority of
random walk behavior. Since then, researchers have explored time series models, artificial intelligence, and
hybrid approaches to improve forecasting accuracy. Despite these advancements, exchange rate prediction
remains a complex and debated field due to the influence of multiple economic, political, and speculative
factors. Numerous experiments have been carried out over time to forecast foreign exchange rate using
different machine learning methods. This literature review examines key theoretical frameworks, empirical
findings, and emerging methodologies in foreign exchange rate forecasting, identifying trends and gaps in
the existing research.

Authors in [6] built an effective model for predicting forex price trends by leveraging Recurrent
Neural Networks (RNNs), with a particular focus on LSTM networks. This research utilized secondary data
comprising historical forex prices from several financial markets over an extended period. The data was
meticulously preprocessed and divided into a training set and a testing set, following the standard approach
of assigning 70% to training and 30% to testing. The performance of the model was evaluated using Mean
Squared Error (MSE) and Mean Absolute Error (MAE) as key metrics. The LSTM model achieved an MSE
value of 0.003052 and a MAE of 0.002390. Based on these findings, the study recommended the use of
LSTM networks for forex price trend forecasting in financial institutions and trading firms as LSTM is
superior to traditional methods for forecasting forex price trends. Additionally, the comparative analysis of
traditional statistical methods with modern machine learning techniques provided a comprehensive
evaluation of the models' performance, highlighting the advantages of using RNNs for time series
forecasting. The study also contributed to the growing body of literature on the application of deep learning
techniques in finance, demonstrating the practical benefits of these methods in enhancing prediction
accuracy. The detailed analysis and comparison of various models ensured that the study's conclusions were
well-rounded and supported by empirical evidence.

Yildirim et al. explored the use of LSTM models for forecasting the directional movement of the
EUR/USD currency pair over different time horizons, specifically one day, three days, and five days ahead.
The study introduced a novel performance metric, profit_accuracy, to evaluate the effectiveness of the
predictions in generating profitable transactions. The data included both macroeconomic indicators and
technical indicators, which were used to train and evaluate the LSTM models. The research applied two
separate LSTM models, one trained using macroeconomic data (ME_LSTM) and the other using technical
indicators (TI_LSTM). A classifier was developed to determine the directional movement of the EUR/USD
pair into three classes: no_action, decrease, and increase. The hybrid model, which combined both
macroeconomic and technical indicator features (ME_TI_LSTM), was also tested. The study found that the
ME_LSTM model slightly outperformed the TI_LSTM model in terms of both profit_accuracy and the
number of transactions generated, though the difference was minimal and statistically insignificant. The
hybrid model (ME_T1_LSTM), which combined all features, did not show a significant improvement in
accuracy compared to the individual models. However, the proposed hybrid model demonstrated the best
overall performance, achieving an average profit_accuracy of 73.61% across all prediction periods. It also
reduced the number of transactions by 40.37% on average compared to the baseline models, primarily by
dropping risky transactions. In conclusion, the study provided compelling evidence that the hybrid LSTM
model offers a robust approach to forecasting the directional movement of the EUR/USD currency pair
[15].
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Authors in [12] explored the effectiveness of LSTM networks, particularly when combined with
event-driven inputs, for predicting foreign exchange rates. The study focused on developing a model that
could leverage both the sequential patterns inherent in time series data and the impact of specific events,
which often cause significant fluctuations in forex markets. The data utilized in this research consisted of
historical forex rates and event data over a substantial period, including major economic announcements,
geopolitical events, and other news that could influence forex prices. The LSTM model was constructed,
incorporating event-driven features to enhance its predictive capabilities. The hybrid approach aimed to
address the limitations of traditional LSTM models, which may not fully capture the impact of sporadic,
yet significant events on forex prices. The study's results demonstrated that the event-driven LSTM model
significantly improved the accuracy of forex price predictions compared to standard LSTM models and
other traditional methods. The performance of the model was evaluated using metrics such as Root Mean
Error (RME), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and Mean Absolute
Percentage Error (MAPE). The event-driven LSTM achieved an RME of 0.006*107(-3), RMSE of
2.407*10"(-3), MAE of 1.708*107(-3), and MAPE of 0.194% highlighting its effectiveness in capturing
the complex, event-driven patterns within the forex market.

Authors in [11] explored the effectiveness of combining Perceptron with Genetic Algorithms (GASs)
for predicting foreign exchange rates. The study focused on developing a hybrid model that leverages the
strengths of both techniques. The data utilized in this research consisted of historical forex rates from
multiple currency pairs over a substantial period. The hybrid model aimed to enhance prediction accuracy
by addressing the limitations of individual methods. The results demonstrated that the hybrid Perceptron-
GA model significantly improved the accuracy of forex rate predictions compared to traditional methods
and standalone Perceptron models. The evaluation of model performance was based on metrics such as
Mean Squared Error (MSE) and Mean Absolute Error (MAE). The hybrid model achieved an MSE of 0.01
and a MAE of 0.0082. This result underscored the effectiveness of integrating Perceptron and GAs in
capturing the complex, non-linear patterns inherent in forex data. One of the key strengths of this study was
its innovative approach to combining machine learning and evolutionary algorithms to tackle a real-world
financial problem. The research also contributed to the broader field of financial forecasting by
demonstrating the potential of hybrid models in enhancing prediction accuracy. The focus on optimizing
neural networks using evolutionary algorithms added a new dimension to the existing literature, showcasing
the practical benefits of this approach in finance.

Authors in [14] investigated the effectiveness of tree ensemble methods, including Random Forests,
Gradient Boosting Machines (GBMs), and Extreme Gradient Boosting (XGBoost), for predicting trends in
the forex market. The study utilized historical forex rate data spanning multiple currency pairs over a
significant time period. The results of the study indicated that XGBoost significantly outperformed
traditional methods and simpler machine learning models in predicting forex market trends. The
performance of the models was evaluated using metrics such as Mean Squared Error (MSE) and Mean
Absolute Error (MAE), with XGBoost achieving MSE of 0.009 and MAE of 0.0075. These results
underscored the models' ability to handle the intricacies of forex data, making them highly effective for
trend prediction. The research also contributed to the broader field of financial forecasting by demonstrating
the effectiveness of tree ensemble methods in capturing complex patterns in forex data.

Despite the importance of exchange rate fluctuations for Nepal's economy, little research has
focused on forecasting forex rates in the Nepalese context. Most studies target developed countries, with
limited use of advanced machine learning methods. This study aims to fill that gap by applying and
comparing GRU and LSTM models to predict the Nepali Rupee exchange rate, identifying which model
offers better forecasting accuracy.
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3. Methodology

Forecasting foreign exchange rates involves predicting the value of one currency relative to
another. Accurate predictions are crucial for various stakeholders, including investors, businesses engaged
in international trade, and policymakers. Effective forecasting helps in managing currency risk, optimizing
investment strategies, and implementing sound economic policies [3]. In Nepal, which has a significant
reliance on remittances and international trade, precise forex rate forecasts are vital for maintaining
economic stability and improving growth. The analysis of forecasting forex rates in Nepal using LSTM and
GRU models is rooted in the intersection of financial forecasting and advanced machine learning
techniques. Accurate prediction of forex rates is essential for effective financial decision-making, economic
planning, and risk management. This study focuses on applying two advanced machine learning models:
LSTM and GRU to forecast the forex rate of Nepal in relation to major currency such as USD.

3.1. Data Collection

The dataset used in this study consists of time series data encompassing historical records relevant
to forex rates. This data is sourced from secondary sources, specifically from the Nepal Rastra Bank. The
time series dataset includes historical forex rate information from 2005 to 2024 that provides insights into
past currency fluctuations, which is essential for evaluating the forecasting capabilities of the LSTM and
GRU models. This historical data provides the foundation for evaluating the forecasting performance of
the LSTM and GRU models. The data includes time series records of forex rates between the Nepalese
Rupee and major currency, the US Dollar.

3.2. Stationarity Test

For an accurate forecasting of a time series forecasting, a key concept is stationarity. Stationarity
in the context of time series data refers to the property of a time series where its statistical properties, such
as mean, variance, and autocorrelation, remain constant. For time series data to be stationarity, it should
not exhibit trends, seasonality, or other time-dependent structures that cause its statistical properties to
change over time. When the data is stationary, it is easier to model and forecast future values, as the past
behavior of the time series can be used to predict future behavior. The Augmented Dickey-Fuller test is a
parametric method used to assess whether a unit root is present in a dataset. The existence of a unit root
suggests that the data is non-stationary, indicating that it may display a trend or seasonal pattern. To perform
the ADF test, an autoregressive model with a differencing term is fitted to the data, and the significance of
the differencing coefficient is evaluated.

Table 1. Augmented Dickey-Fuller Test

Variables Dickey-Fuller Lag order p-value Stationarity
Actual Forex Rate -2.9564 0 0.1732(>0.05) Non-stationary
1% order difference -16.0064 1 0.0100(<0.05) Stationary

The table 1 summarizes the results of the ADF test applied to the actual forex rate and its first-order
difference to determine stationarity. For the actual forex rate, the Dickey-Fuller test statistic is -
2.95645431195, with a lag order of 0. The corresponding p-value is 0.173228, which is greater than the
significance level of 0.05. This result indicates that the null hypothesis of a unit root cannot be rejected,
suggesting that the actual forex rate series is non-stationary. In contrast, when the first-order difference of
the forex rate is tested, the Dickey-Fuller test statistic is -16.0064402294 with a lag order of 1. The p-value
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for this test is 0.010, which is significantly less than 0.05. This implies that the null hypothesis of a unit
root is rejected, indicating that the first-order differenced series is stationary. Therefore, while the original
forex rate series exhibits non-stationarity, differencing the series once renders it stationary, which is
essential for further time series analysis and forecasting.

3.3. Data Preprocessing and Splitting

The collected data was cleaned to address any inconsistencies or missing values. This included
handling outliers, correcting data entry errors, and interpolating missing values where necessary to ensure
a complete and accurate dataset. The data was then transformed to make it suitable for analysis using
normalization and feature engineering. Normalization was done for scaling the data to a uniform range to
improve the performance and convergence of the models. Min-Max scaling technique was applied for
normalization. Feature engineering was done for creating relevant features from the raw data that can
enhance the predictive capability of the models. This includes lag variables, and moving averages. The
dataset was divided into training and test subsets using an 80-20 split ratio. This division allows for robust
model training and evaluation, helping to assess the model's performance on unseen data.

3.4. Model Description

Long Short-Term Memory (LSTM) is a type of recurrent neural network (RNN) designed to
address the limitations of traditional RNNs, particularly the vanishing gradient problem. Proposed by [9],
LSTMs are highly effective in capturing long-term dependencies in sequential data, making them well-
suited for time series forecasting tasks such as foreign exchange rate prediction. Unlike standard RNNSs,
LSTMs incorporate specialized gating mechanisms — the forget gate, input gate, and output gate — which
regulate the flow of information through the network. These gates enable LSTMSs to retain relevant
historical data while discarding irrelevant information, leading to improved predictive performance in
highly volatile financial markets. Due to their ability to model complex temporal relationships, LSTMs
have been widely applied in financial time series forecasting, demonstrating superior accuracy compared
to traditional econometric models like ARIMA and GARCH [7]. By capturing both short-term and long-
term dependencies, LSTMs are highly effective for tasks like time series forecasting, where the future
values depend on a complex and non-linear relationship with past observations [8]. The different equations
of LSTM are as follows.

fe =W . [he—q,x¢] + by) Forget gate

i =0(W;.[hi—q,x:] + by) Input gate

C; = tanh(W¢ .[he_1,x:] + bc) Candidate cell state
Co=fr* Comqt+ ip*C, Update cell state

o =W, .[hi_1,x:] + by) Output gate

h; = o * tanh(C;) Hidden state update

GRU is a variant of recurrent neural networks (RNNs) introduced by [4] to address the vanishing
gradient problem and improve sequence modeling efficiency. Similar to LSTM, GRU is designed to capture
long-term dependencies in sequential data, making them suitable for time series forecasting tasks such as
foreign exchange rate prediction. However, GRUs have a simpler architecture than LSTMs, as they use
only two gates — the reset gate and update gate — instead of three. This reduction in complexity allows
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GRUs to achieve comparable performance with LSTMs while being more computationally efficient [5].
Recent studies have demonstrated the effectiveness of GRU-based models in financial forecasting, showing
their ability to adapt to the nonlinear and volatile nature of exchange rate movements. Given their efficiency
and accuracy, GRUs have become a popular alternative to LSTMs in deep learning applications for time
series analysis. The different equations of GRU are as follows.

re = (W, . [he_q, x:] + b)) Reset gate

ze = a(Wy, . [he_1, x¢] + by) Update gate

hy = tanh(Wy, . [ry * he_q, x¢] + bp) Candidate hidden state
he =1 —2z)*he_q + 2z *hy) Reset gate

3.5. Experimental Setup

Both LSTM and GRU algorithms were implemented using Python Programming Language and the
libraries such as Keras, Pandas, NumPy, and Matplotlib. The models underwent training and testing on
Microsoft Windows 11, AMD Ryzen 5 5500U CPU @ 2.10 GHz, and 8 GB RAM.

3.6. Performance Evaluation

The performance of both LSTM and GRU models are assessed using Mean Squared Error (MSE),
Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and Mean Absolute Percentage Error
(MAPE). MSE quantifies the average squared difference between the predicted values and the actual
values. It helps to evaluate how well a model performs. A lower MSE indicates a better model.

1 ~
MSE = ¥z, — 9)* @)

RMSE measures the average magnitude of errors by taking the square root of the MSE. This metric
expresses the error in the same units as the predicted values, which makes it easier to interpret compared
to MSE. It penalizes large errors more than small ones. Lower RMSE values indicate that the model's
predictions are closer to the actual values, and the model has fewer and smaller errors overall.

RMSE = VMSE )

MAE measures the average absolute difference between actual and predicted values. It provides a
straightforward interpretation of how far predictions are from actual values. It is less sensitive to outliers
compared to MSE and RMSE. It expresses the error in the same unit as the original data, making it easy to
interpret. A lower MAE indicates a more accurate model.

1 N
MAE = ;Z?:ﬂyl' =3l (3)

MAPE evaluates the accuracy of the model's predictions as a percentage of the actual values. This
metric provides a relative measure of error, making it useful for comparing the performance of different
forecasting models or datasets. MAPE calculates the average percentage by which the predicted values
deviate from the actual values. A lower MAPE indicates that the model's forecasts are more accurate in
percentage terms, giving a clear understanding of prediction accuracy relative to the size of the actual
values.

1 i—i
MAPE = 31, =2 x 100 (4)
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4. Result Analysis

The Figure 1 presents the historical trend of the Nepalese rupee against the US dollar over a period
of days. The chart reveals a steady upward movement in the forex rate, showing a gradual appreciation of
the Nepalese rupee against the US dollar. A notable point in the chart is the period of increased volatility,
which occurs around the earlier days, particularly between days 3000 and 3500. This fluctuation suggests
that there were significant market events or interventions influencing the exchange rate during that time.
From day 3500 onward, the chart shows a consistent increase in the forex rate with only occasional small
fluctuations. The general upward trend implies a gradual depreciation of the Nepalese rupee, indicating that
more units of the rupee are needed to purchase one US dollar as time progresses.

~— Forex Rate (USD)

120 4

Forex Rate

804

60

0 1000 2000 3000 4000 5000 6000 7000
Days

Figure 1. Trendline of Forex Rate of Nepal (2005-2024)
4.1. Analysis of LSTM
The Figure 2 illustrates the training loss of LSTM model over 100 epochs. The vertical axis
represents the loss value, which quantifies the difference between the predicted and actual values during
training, while the horizontal axis shows the number of epochs. The chart indicates a rapid decrease in the
training loss within the first few epochs, with the loss value dropping sharply from above 0.52 to around
0.48 within the first 5 epochs. After this initial decline, the training loss plateaus and stabilizes, maintaining

a relatively constant value just below 0.48 for the remainder of the training process up to 100 epochs.

The pattern shows that the model learns quickly during the initial training phase, with a steep loss
decline. After that, further training offers minimal improvement, suggesting diminishing returns. This
stabilization indicates the model has minimized error, and additional training may lead to overfitting

without significant gains.
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Figure 2. Training Loss of LSTM
Table 2. Summary Result of LSTM Model
Input Feature Metrics
Unit MSE RMSE MAE MAPE
30 7.0025 2.6462 2.4719 1.9225%
40 5.3176 2.3059 2.1393 1.6623%
50 4.7056 2.1692 2.0262 1.5764%
60 4.9369 2.2219 2.1189 1.6547%

The Table 2 provides a detailed comparison of the performance metrics for testing dataset of LSTM
with varying numbers of unit while maintaining the same epoch count of 50, batch size of 64, and dropout
rate of 0.3. The models differ only in the number of LSTM units, and their performance is evaluated using
four metrics: Mean Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute Error
(MAE), and Mean Absolute Percentage Error (MAPE).

For the LSTM model with 30 units, the MSE is 7.0025, indicating the average squared difference
between actual and predicted values. The RMSE, which translates this into the same units as the data, is
2.6462, providing a tangible measure of the prediction error. The MAE is 2.4719, representing the average
absolute magnitude of prediction errors, and the MAPE is 1.9225%, suggesting a relatively low prediction
error as a percentage of the actual values. When the number of units is increased to 40, the model shows
improved performance across all metrics. The MSE decreases to 5.3176, and the RMSE to 2.3059,
reflecting a reduced prediction error. Similarly, the MAE drops to 2.1393, and the MAPE to 1.6623%,
indicating better accuracy and robustness in predictions. The model with 50 units continues this trend,
achieving the lowest overall MSE of 4.7056, RMSE of 2.1692, MAE of 2.0262, and MAPE of 1.5764%
among all models. These metrics suggest this model provides the most accurate and reliable predictions
within this setup. However, increasing the number of units to 60 slightly increases the errors, with an MSE
of 4.9369, RMSE of 2.2219, MAE of 2.1189, and MAPE of 1.6547%. While still competitive, this model
demonstrates that adding more units does not always lead to better performance, potentially due to
diminishing returns in predictive accuracy.

Among all the models evaluated, the LSTM model with 50 units demonstrates the best overall
performance, achieving the lowest error metrics. This indicates that the configuration with 50 units is
optimal for balancing complexity and predictive accuracy for the forecasting of forex rate of Nepal.
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Figure 3. Actual Vs Predicted Forex Rate of LSTM

The Figure 3 illustrates the performance of the testing dataset for the best-performing Long Short-
Term Memory (LSTM) model, identified as the LSTM model trained with 50 units. The blue line represents
the actual forex rates, while the red line depicts the predicted forex rates generated by the model. From the
figure, it is evident that the model closely follows the actual forex rates over time, particularly in the earlier
stages, where the blue and red lines are nearly overlapping. This close alignment demonstrates the model's
ability to effectively learn and replicate the trends and patterns present in the historical data.

As the time progresses, however, there is a noticeable divergence between the actual and predicted
values, particularly in the latter part of the dataset. This gap suggests that while the model is highly accurate,
it may face challenges in fully capturing the more volatile or less predictable fluctuations in forex rates in
these later periods.

Overall, the small differences between the actual and predicted values align with the previously
discussed performance metrics, such as the low Mean Squared Error (MSE), Root Mean Squared Error
(RMSE), Mean Absolute Error (MAE), and Mean Absolute Percentage Error (MAPE). These metrics
underscore the model's robustness and accuracy in forecasting forex rates, making it a reliable tool for time
series predictions in scenarios requiring precision, such as currency exchange rate forecasting.

4.2. Analysis of GRU

The Figure 4 illustrates the training loss of an GRU model as a function of the number of epochs
during the training process. The vertical axis represents the loss, while the horizontal axis shows the number
of epochs, ranging from 0 to 70. The chart indicates that the training loss starts relatively high at the
beginning of the training. However, it rapidly decreases within the first few epochs, which is a common
pattern indicating that the model is quickly learning the key patterns in the data. After about 10 to 20 epochs,
the loss begins to stabilize, approaching a value close to zero.

This flattening of the curve suggests that the model has reached a point where further training brings
minimal improvements in reducing the loss, indicating convergence. The steady loss value towards the end
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of the epochs indicates that the model has effectively learned from the training data, and additional epochs
are unlikely to significantly improve its performance. This suggests that the training process is efficient and
that the chosen number of epochs is sufficient for the model to achieve optimal performance without
overfitting.

S - T T T T T T 1 1
0 10 20 30 40 50 60 70
Epoch
Figure 4. Training Loss of GRU

Table 3. Summary Result of GRU Model

Input Feature Metrics
Unit MSE RMSE MAE MAPE
30 20.4508 4.5222 4.4064 3.4539%
40 11.5716 3.4017 3.2905 2.5753%
50 7.1607 2.6759 2.5673 2.0065%
60 8.3174 2.8839 2.8074 2.2012%

The Table 3 provides a detailed comparison of the performance metrics for the testing dataset of
Gated Recurrent Unit (GRU) models with varying numbers of units, while maintaining a constant epoch
count of 50, batch size of 64, and dropout rate of 0.3. The models are evaluated using four metrics: Mean
Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and Mean
Absolute Percentage Error (MAPE).

For the GRU model with 30 units, the MSE is 20.4508, which is relatively high compared to the
other configurations. This translates into an RMSE of 4.5222, indicating a significant prediction error in
the same units as the data. The MAE is 4.4064, reflecting the average magnitude of prediction errors, while
the MAPE of 3.4539% suggests a moderate percentage error relative to the actual values. Increasing the
number of units to 40 leads to substantial improvements in performance. The MSE decreases to 11.5716,
and the RMSE to 3.4017, showing a notable reduction in prediction error. Similarly, the MAE drops to
3.2905, and the MAPE to 2.5753%, indicating enhanced accuracy and better trend-capturing capability.
The model with 50 units achieves the best overall performance, with the lowest MSE of 7.1607, RMSE of
2.6759, MAE of 2.5673, and MAPE of 2.0065%. These metrics confirm that this configuration provides
the most accurate and reliable predictions for the testing dataset. However, increasing the number of units
to 60 slightly worsens the performance, as evidenced by an MSE of 8.3174, RMSE of 2.8839, MAE of
2.8074, and MAPE of 2.2012%. This suggests that adding more units beyond a certain point may lead to
diminishing returns, possibly due to an increase in model complexity without corresponding gains in
predictive accuracy.
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Among the GRU models evaluated, the configuration with 50 units stands out as the optimal choice,
achieving the lowest error metrics across all categories. This indicates that the model with 50 units strikes
the best balance between complexity and accuracy, making it the most effective for forecasting tasks in this
scenario.
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Figure 5. Actual Vs Predicted Forex Rate of GRU

The Figure 5 illustrates the performance of the testing dataset for the best-performing GRU model,
identified as the GRU model trained with 50 units. The blue line represents the actual forex rates, while the
red line depicts the predicted forex rates generated by the model. From the figure, it is clear that the model
closely tracks the actual forex rates over time, especially in the earlier segments where the blue and red
lines almost overlap. This alignment highlights the model's capability to accurately capture the underlying
trends and patterns in the historical data, showcasing its predictive strength.

However, as time progresses, a slight divergence between the actual and predicted values becomes
apparent, particularly in the latter stages of the dataset. This gap indicates that while the model performs
exceptionally well overall, it encounters some difficulty in fully capturing the more volatile or less
predictable fluctuations in forex rates toward the end of the time series.

The small differences between the actual and predicted values reflect the previously discussed
performance metrics, such as the low Mean Squared Error (MSE), Root Mean Squared Error (RMSE),
Mean Absolute Error (MAE), and Mean Absolute Percentage Error (MAPE). These metrics confirm the
model's robustness and accuracy in forecasting forex rates, making it a reliable tool for time series
predictions in practical applications like currency exchange rate forecasting.

4.3. Model Comparison

This research focuses on identifying the most accurate and reliable model for predicting forex rates.
To achieve this, best-performing versions of each Long Short-Term Memory and Gated Recurrent Unit
models are selected for comparison. These versions are chosen based on their superior performance metrics,
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such as Mean Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and
Mean Absolute Percentage Error (MAPE). By focusing on these top-performing models, the comparison
aims to determine which architecture: LSTM or GRU offers the most effective and precise predictions for
the given data and task.

Table 4. Model Comparison

Metrics
Model
MSE RMSE MAE MAPE
LSTM 4.7056 2.1692 2.0262 1.5764%
GRU 7.1607 2.6759 2.5673 2.0065%

The Table 4 presents a comparative analysis of two models, LSTM and GRU, using four evaluation
metrics: Mean Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE),
and Mean Absolute Percentage Error (MAPE). The MSE value of the LSTM model is 4.7056, which
indicates that average squared difference between the predicted and actual values, compared to MSE of
7.1607 for GRU model. The RMSE value of the LSTM model is 2.1692, which measures the squared root
of average squared difference between predicted values, compared to RMSE of 2.6759 for GRU. The
average absolute difference between the predicted and actual values of LSTM model is 2.0262 compared
to that of 2.5673 of GRU model. The MAPE value of 1.5764% of LSTM model means that the average
difference between the forecasted value and the actual value is 1.5764% compared to that of 2.0065% of
GRU model. Lower values of MSE, RMSE, MAE, and MAPE indicate better model performance. Thus,
LSTM model outperforms GRU model in all four of the metrics for forecasting the forex rate of Nepal.

5. Conclusion

This study employed historical data of forex rate of Nepali Rupee against US dollar. The
Augmented Dickey-Fuller (ADF) test was employed to assess stationarity. The result showed that the actual
forex rate was non-stationary (p-value =0.173228 > 0.05). However, after first-order differencing, the series
becomes stationary (p-value = 0.010 < 0.05). Based on the ADF test results, a lag of 1 was chosen for model
computations. The dataset was split into training (80%) and testing (20%) subsets. Min-Max scaling was
applied to normalize the features, ensuring all features contribute equally and improving the convergence
of learning algorithms. Both LSTM and GRU models were implemented using Python programming
language. The best performance was achieved by the LSTM model with 50 units, showing the MSE of
4.7056, RMSE of 2.1692, MAE of 2.0262, and MAPE of 1.5764%. Similarly, the best performance was
observed in the GRU model with 50 units, with the lowest MSE of 7.1607, RMSE of 2.6759, MAE of
2.5673, and MAPE of 2.0065%. The analysis demonstrated that the LSTM model significantly
outperformed the GRU model in accuracy and precision, as shown by lower MSE, RMSE, MAE, and
MAPE metrics. The LSTM model's superior ability to capture historical trends and handle time series data
with minimal error highlighted its robustness in forecasting volatile exchange rates. The findings indicated
that the LSTM model is more effective in predicting the forex rate of Nepal. Given the ability of LSTM
model to effectively capture historical trends and handle time series data with minimal error, it is
recommended to use LSTM models for forecasting the forex rate of Nepal.

Although the study focused on historical forex rates of NPR against US Dollar, incorporating
additional economic indicators such as interest rates, Foreign Direct Investment (FDI) etc. could further
enhance the model’s predictive capabilities. The collaboration between academic institutions, financial
organizations, and government bodies should be encouraged to promote the use of advanced forecasting
techniques for forex forecasting.
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Abstract. Medical diagnosis, particularly for cardiac conditions, is complex due to
clinical variability, subjectivity, and incomplete information, which can lead to delays or
errors. This article presents the development of an intelligent system using ECG data to
enhance clinical efficiency, reduce diagnostic errors, and support medical decision-
making. The system smoothly integrates into clinical workflows, analyzes complex data,
and enhances patient outcomes. The Python programming language has been used to
develop the code for this model.
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1. Introduction

The inherent complexity of medical diagnosis arises from the impreciseness and vague characteristics
of symptoms and medical data. This challenge is particularly evident in the medical sciences, where
certainty and complete information can hinder accurate diagnosis and treatment. In medicine,
practitioners often face situations where clear-cut scientific models and strict diagnostic guidelines are
insufficient to account for the variability in patient presentations. Consequently, medical experts
frequently rely on their experience, clinical intuition, and judgment to make decisions, particularly in
complex cases where the symptoms do not align perfectly with known medical conditions. Although
medical professionals gain valuable knowledge through their experiences, utilizing this vast expertise
effectively in every case is challenging, particularly during real-time clinical decision-making. The fast-
paced nature of clinical settings often limits the ability to tap into their extensive knowledge base fully,
making applying it comprehensively to each unique patient scenario challenging.

The concept of decision-making using fuzzy variables was first introduced by Jain, Ramesh [10]. Later,
Bellman, R.E. and Zadeh, L.A. [3] extended this idea by proposing the application of fuzzy tools in
medicine. Cho, Seongwon, Ersoy, Okan K., and Lehto, Mark [4] developed an algorithm to compute
the degree of match (DM) between the antecedent part of a classification rule and an assertion.

In 1994, L.A. Zadeh [19] proposed the concept of Soft Computing for answers to this problem, with the
goal of addressing partial truths, imprecision, and ambiguity in decision-making processes. Soft
Computing is intended to be more flexible and adaptive to real-world settings where data is frequently
ambiguous or missing, in contrast to traditional computing approaches that depend on accurate and
complete data. Fuzzy logic is a crucial feature of Soft Computing and is especially important in medical
applications. By combining intuition, approximation reasoning, and subjective evaluations—all of
which are frequently crucial in medical practice—fuzzy tools mimic human thinking and decision-
making.
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Soft Computing techniques have become increasingly popular in recent years for the detection and
management of cardiac conditions, especially fuzzy tools, which assist in controlling the degree of
ambiguity involved in interpreting test findings, patient-reported data, and clinical symptoms. For
example, electrocardiograms (ECGs), which employ skill and flexibility to interpret cardiac rhythms
and spot abnormalities, are frequently used in the diagnosis of cardiac diseases. The electrocardiograph
(ECG) was invented by Dutch scientist Willem Einthoven [2], who made important discoveries that
allowed for accurate measurement of the electrical activity of the heart.

In summary, the development of the electrocardiograph was a cumulative process built on the
foundations laid by earlier scientists who explored the relationship between electrical impulses and
muscle movement. Einthoven's creation was pivotal in medical history, transforming cardiology and
paving the way for the modern understanding of heart health.

In 1790, the Italian scientist Aloysio Luigi Galvani [5,8,9] caused a dead frog’s legs to move through
electrical stimulation from a completed circuit connecting dissimilar metals. In 1820, the Danish
scientist Hans Christian Oersted [11] observed that changes in electrical current could deflect a needle.
This led to the creation of the electric rheoscope, later known as the galvanometer, in tribute to Galvani.
In 1842, Matteucci [6] introduced and described the term “action potential” after demonstrating that the
nerve of a suitably prepared frog limb, when placed over the muscle of a similarly prepared limb and
stimulated, could contract the muscle below it.

Willem Einthoven [1,12] (1860-1927), known as the creator of the electrocardiograph, won a Nobel
Prize in 1924 for his contributions to electrocardiography. Today, electrocardiography is essential for
evaluating patients presenting with cardiac complaints. It is a crucial, non-invasive, cost-effective tool
for assessing arrhythmias and ischemic heart disease.

Willem Einthoven built upon these earlier innovations. He realized that a more sensitive and precise
instrument was needed to measure the heart's electrical activity accurately. In 1901, Einthoven
introduced the string galvanometer, a susceptible device that allowed for the first accurate recordings
of the heart's electrical signals. The results were dramatic: the device could produce clear, reproducible
tracings of the heart's electrical activity. Einthoven's invention rapidly transformed cardiology. It
provided a non-invasive method to diagnose heart conditions, allowing physicians to understand the
electrical behavior of the heart in unprecedented detail. Over time, the electrocardiograph evolved,
becoming more compact, reliable, and sophisticated, but the fundamental principles remain unchanged.
Today, the ECG is a standard medical diagnostic tool used globally to monitor and diagnose heart
conditions.

Several researchers have played critical roles in advancing Soft Computing, particularly in cardiac
diagnostics. Among them, Srivastava Pankaj and his colleagues have made notable strides in applying
Soft Computing techniques to medical applications. For instance, Srivastava Pankaj and Sharma
Neeraja [13] developed a Spectrum of Soft Computing Model for Medical Diagnosis that leverages Soft
Computing to identify and predict various cardiac conditions. This approach enhances the accuracy of
classifying heart rhythm irregularities by blending clinical expertise with fuzzy algorithms.

In addition, Srivastava Pankaj and Srivastava Amit [14] created a comprehensive fuzzy expert system
to assess the risk of coronary heart disease (CHD) in the Indian population. This system evaluates risk
factors—such as cholesterol levels, blood pressure, lifestyle habits, and family history—to offer
personalized recommendations, guiding patients on whether they can maintain their current lifestyle,
need to adopt a modified diet, or require medical intervention through drug therapy. This fuzzy expert
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system has proven to be a valuable resource for healthcare professionals, allowing them to make more
informed decisions by providing a detailed analysis of patient risk profiles.

Soft Computing has also demonstrated potential beyond cardiac diseases, showing promise in
diagnosing and managing other critical health conditions. For instance, Srivastava Pankaj, Srivastava
Amit, and Sirohi Ritu developed a Soft Computing-based classification system for hepatitis B [15]. This
system simplifies the diagnostic process and helps determine the stage of the disease. Likewise, the
classification of ECG beats, which signals different phases of cardiac conditions, has been further
improved by Srivastava Pankaj and Sharma Neeraja [16,17], contributing to detecting and monitoring
cardiac anomalies.

Another significant application of Soft Computing is in diabetes management. Srivastava Pankaj,
together with Sharma Neeraja and Singh Richa [18], created a diagnostic system using fuzzy tools to
assist in diagnosing diabetes and recommending suitable interventions to help patients regulate their
blood sugar levels. Their work highlights the importance of developing intelligent systems that integrate
with real-time data, offering personalized health recommendations for better diabetes management.

In collaboration with Rajkrishna Mondal, Pankaj Srivastava [7] developed a Diabetes Diagnostic
Intelligent Information System, which enhances healthcare professionals’ ability to manage diabetes by
providing an intelligent system derived from patient data. This system significantly advances diabetes
care, showing the decisive role of Soft Computing in medical diagnosis.

This article aims to design and develop an Intelligent system for assessing the current health status of
patients. The proposed system utilizes Soft Computing techniques and ECG data from a standard 12-
lead ECG machine.

2. Preliminaries
The following features of fuzzy have been considered for designing the model.
2.1 Definition

0] Fuzzy set

Let U be a non-empty set known as the universe of discourse or simply domain. A fuzzy set A on U is
defined by a membership function p,: U — [0,1]. The function p, represents the membership grade
of an element x in the fuzzy set A.

A={(x,pa(x)):x € U}
(i) Intersection of two Fuzzy set
Let A and B be two fuzzy sets in the universe of discourse U, with their respective membership
functions p, and pg. The fuzzy intersection of A and B, denoted as A N B or the AND operation,
is defined as a new fuzzy set. In this set, the membership grade of any element x € U is given by:

Hang (x) = min{ p, (x), pp(x): x € U}.
(i) Fuzzy Rule
In a fuzzy inference system, a fuzzy rule captures uncertain and imprecise knowledge. It connects a
condition, which is formed using AND/OR operations on relevant linguistic variables, to a
corresponding conclusion.
(iv) Degree of Match
The degree of match (DM) measures how well the inputs and outputs align. It is calculated by using
the membership grades of the input and output values in their respective fuzzy sets.
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3. Methodology

(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)
(xi)

(xii)

(xiii)

(xiv)

(xv)

a. Algorithm

Initially, imprecise and uncertain facts are organized into r input fuzzy sets X; where i =
1,2,...,r and n output fuzzy sets B; (wheret = 1,2, ...,n, based on their corresponding
possibilities.

Partition each fuzzy set into k; distinct linguistic terms, L
1,2, ... k;.

Generate m = kk, ...k, linguistic strings J,, where K = 1,2,...,m, by applying
appropriate AND/OR operations to the linguistic terms L;; from each fuzzy set X;, for i =
1,2,...,randj=12,..,k;.

Construct an appropriate membership function for each linguistic term in every fuzzy set,
based on the available data.

Developed possible fuzzy rules with the help of medical experts.

Construct of utility matrix U of order p x q. Where p is a number of outputs and q is a
number of linguistic variables based on designed fuzzy rules.

Develop g utility sets, U;, where I = 1,2,3,...,q, each corresponding to a different
alternatives, by applying the operation x @y = x + y — xy for each pair of values
x,y €U.

Construct g maximizing sets Uy;, where I = 1,2,3,...,q, corresponding to each
alternatives.

Let Uy;, where I = 1,2,3,...,q, represent the set of g optimal fuzzy utility sets. Each
Uy, is obtained from fuzzy intersection (A) of the fuzzy utility set U; and the maximizing
set Up;;. The membership function for Uy, is given by:

Hy,, () = min{ py, (%), uy,, ()3}, forall x € X,

i]-,wherei =1,2,..,randj =

Select the highest membership value from each optimal utility fuzzy set.
The best alternative, denoted as B, , is selected by finding the highest membership value
among all available options. It is mathematically written as:

By = {max(up;(x),B;):VI € Uy;}, wherel =1,2,3,.......,n

To assess how closely the given inputs, outputs, and computed outputs align with the
expected results, the degree of match method is applied to determine the level of
satisfaction.

The degree of match DM; for each input i = 1,2,3,...,r measures how well a precise
input value (x;) aligns with its corresponding fuzzy input set X; . It is computed by this
formula:

DM; = 2, (x) — 1

The total degree of match DM, for the input is calculated by taking the minimum value
among all individual degrees of match DM; for i = 1,2, ...,r. This can be expressed as:
DM, = min{ DM;,DM,, ..., DM,.}

and, the degree of match DM, for the optimal alternatives.

To assess satisfaction, calculate the difference (D = [DM; — DMy|). If 0 <D < 1 or
D is close to zero, it means the output is satisfactorily aligned with the fuzzy inputs.
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b. Flow chart
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4. Decision Making Methods

In order to design and develop Intelligent system, we have taken some basic features of ECG graphs as
input variables, like Heart rate, QRS complex, RR and PR interval, and we have used trapezoidal and
gaussian membership functions for their classification, which are as follows:

a. Heart rate

Heart rate is categorized into 7 linguistic variables, and their membership functions are given below:

Table 1. Heart rate classification

Linguistic Heart rate (bpm) Membership function
variables
Very Slow 10-45 o (x—10 45-—x
|>1Very slow (x) = max (mln ( 10 ) 11 15 ) ] 0)
Slow 35-60 (x—35 60—x
Usiow (X) = max (mm ( 1, ), O)
7 10
Medium 55-70 _(x—55  70—x
Wnmedium () = max (mm( e L= >,0)
Normal 65-100 /x—65  100—x
Hnormal (X) = max (mln( 10 1, 15 ); 0)
Little bit High | 90-132 C/x—90 132 —x
Hiittle bit high (X) = max (mm ( 1, ) 0)
15 12
High 125-150 /x—125 140 —x
Very High 130-175 ~ (x—130
Y Hvery high(x) = max (mln ( 30 1) ) O)

b. QRS complex classification

QRS complex is categorized into 4 linguistic variables, and their membership functions are given below:

Table 2. QRS Classification

Linguistic Variables

QRS complex (degree)

Membership functions

Left axis deviation

-90 to -30

Hreft axis deviation (x) = gaussmf(ZS; _60)

deviation

Normal axis -30to 90 Unormal axis(X) = gaussmf(7,30)
Right axis deviation | 90 to 180 HRight axis deviation(X) = gaussmf(28,135)
Extreme axis -90 to 180 HExtreme axis deviation(x) = gaussmf(8,45)

¢. RRinterval

RR interval is categorized into 5 linguistic variables, and their membership functions are given below:
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Table 3. RR interval classification

Linguistic variables RR interval | Membership functions
Very short 200-500 . (x—200 500—x
Wery short (X) = max (mln< 100’ 1, 100 );0>
Short 480-600 (x) = max (min (x — 480 1 600 — x) 0)
Hshort - 30 » L 60 )
Normal 580-1200 (x) = ( . (x— 580 1 1200 —x) 0)
HNormal\X) = Max { min 120 " 300 )
Large 1180-1500 () = ( ) (x — 1180 1 1500 — x) 0)
HiLarge\X) = max | min 100 " 110 )
Very large 1480-1580 ~ (x — 1480
v Hvery large (x) = max (mln <—; 1) ’ 0)
200
d. PR interval

PR interval is categorized into 5 linguistic variables, and their membership functions are given below:

Table 4. PR interval classification

Linguistic variables | PR interval Membership function
Very short 20-100 o (x—20  100—x
uVery short (x) = max (mln ( 25 ) 11 30 ); 0)
Short 80-121 o /x—80 121 -—x
Hsnorte (X) = max (mln ( 10 1, R ), O)
Normal 100-200 . (x—100 200 —x
Hormat (x) = max (mm< 45 730 )’0)
Large 180-220 _ . (x—180 220 -—x
|J-Large (x) = max (mln ( 10 ] 15 ): O)
Very large 200-320 ~/x—200
yiar Hvery large (x) = max (mln (TO’ 1) ) O)

5. Fuzzy Rule Base

We have developed 700 fuzzy rules based on the suggestions of cardiac experts. However, from the
above rules, we have selected the most relevant ones, which are given below.

J1= If heart rate is "Very Slow," QRS complex is "Left axis deviation,” RR interval is "Very Short,"
and PR interval is "Very Short," then Risk is "Moderate."
J»= If heart rate is "Very Slow," QRS complex is "Left axis deviation," RR interval is "Very Short,"
and PR interval is "Short," then Risk is "Moderate."
Jz = If heart rate is "Very Slow," QRS complex is "Left axis deviation,” RR interval is "Very Short,"
and PR interval is "Normal," then Risk is "High."

J4= If heart rate is "Very Slow," QRS complex is "Left axis deviation," RR interval is "Very Short,"
and PR interval is "Large," then Risk is "Very High."
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J313 = If heart rate is "Normal," QRS complex is "Left axis deviation," RR interval is "Normal," and
PR interval is "Normal," then Risk is "Normal."
J314 = If heart rate is "Normal,” QRS complex is "Left axis deviation,” RR interval is "Normal,"

and PR interval is "Large," then Risk is "Moderate."
J413 = If heart rate is "Little bit high," QRS complex is "Left axis deviation,” RR interval is
"Normal,” and PR interval is "Normal," then Risk is "Moderate."
Ja14= T heart rate is "Little bit high," QRS complex is "Left axis deviation," RR interval is "Normal,"
and PR interval is "Large," then Risk is "High."

Jasp = If heart rate is "Little bit high," QRS complex is "Right axis deviation," RR interval is "Very
Short," and PR interval is "Short," then Risk is "High."

Jasz = Ifheart rate is "Little bit high," QRS complex is "Right axis deviation,” RR interval is "Very
Short," and PR interval is "Normal," then Risk is "Very High."

Jsso = If heart rate is "High," QRS complex is "Right axis deviation," RR interval is "Very Short,"
and PR interval is "Short," then Risk is "Very High."

Jss3 = If heart rate is "High," QRS complex is "Right axis deviation," RR interval is "Very Short,"
and PR interval is "Normal," then Risk is "Very High."

Jeos = If Heart rate is "Very High", QRS complex is "Extreme axis deviation,” RR interval is "Large,"
and PR interval is "Large," then Risk is "High."
Jeoe = If heart rate is "Very High," QRS complex is "Extreme axis deviation,” RR interval is "Very
Large,” and PR interval is "Very Short," then Risk is "Very High."
Jeo7 = If heart rate is "Very High," QRS complex is "Extreme axis deviation,” RR interval is "Very
Large," and PR interval is "Short," then Risk is "Very High."
Jeog = heart rate is "Very High," QRS complex is "Extreme axis deviation,” RR interval is "Very
Large," and PR interval is "Normal," then Risk is "Moderate."
Jeoo = If heart rate is "Very High," QRS complex is "Extreme axis deviation," RR interval is "Very
Large,” and PR interval is "Large,” then Risk is "High."
J700 = If Heart rate is "Very High," QRS complex is "Extreme axis deviation,” RR interval is "Very

Large,” and PR interval is "Large," then Risk is "Very High."

e. Linguistic strings
In accordance with the respective input variables Heart Rate, QRS Complex, RR Interval, and PR
Interval there are 700 linguistic strings were generated based on the number of layers for each variable.

These strings are as follows:
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]1 = WHeart rate(Very slow) X HQRS complex(Left axis deviation) X URR interval(Very short)

X Upr interval(Very short)

]2 = WHeart rate(Very slow) X HQRS complex(Left axis deviation) X URR interval(Very short)

X WUpr interval(Short)

]313 = WHeart rate(Normal) X HQRS complex(Left axis deviation) X URr interval(Normal)

X WUpr interval(Normal)

]314 = HHeart rate(Normal) X HQRs complex(Left axis deviation) X URR interval(Normal)

X UPpR interval(Large)

]413 = WHeart rate(Little bit high) X HQRS complex(Left axis deviation) X URR interval(Normal)

X WpR interval(Normal)

]414 = WHeart rate(Little bit high) X HQRS complex(Left axis deviation) X URr interval(Normal)

X Upr interval(Large)

]452 = WHeart rate(Little bit high) X HQRS complex(Right axis deviation) X URR interval(Very short)

X Upr interval(Short)

]453 = HWHeart rate(Little bit high) X HQRS complex(Right axis deviation) X URR interval(Very short)

X HpRr~interval(normal)

]552 = WHeartrate(High) X HQRS complex(Right axis deviation) X URr interval(Very short)

X Upr interval(Short)

]553 = WHeart rate(High) X HoRS complex(Right axis deviation) X URR interval(Very short)

X Upr interval(normal)

]698 = WHeart rate(Very high) X HQRS complex(Extreme axis deviation) X URR interval(Very large)

X Upr interval(Normal)

]699 = WHeart rate(Very high) X HQRS complex(Extreme axis deviation) X URp interval(Very large)

X Upr interval(Large)

]700 = WHeart rate(Very high) X HQRS complex(Extreme axis deviation) X URp interval(Very large)
X Upr interval(Large)
f. Output classification
The status of heart health is categorized into 5 outputs:

0= Low, 0,=Normal, O;=Moderate, 0,=High, Os= Very high.
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6. Computation

The utility matrix U designed of order 5 x 700 as per fuzzy rule base:

40 12 ... 18 10 ... 15 12
50 50 ... 42 20 ... 45 25
U=|35 35 ... 60 65 ... 75 60 |
45 45 ... 33 50 ... 65 55
55 55 ... 71 35 ... 55 40

Case-I

Heart rate=131 bpm, QRS complex=90°, RR interval= 458 ms, PR interval=112 ms
The given fuzzy set which represents the state of concerned patients:

Heart rate={(Very slow,0),(Slow,0),(Medium,0),(Normal,0.46666667),(Little bit high,0.2),(High,0), (Very high,0)}
QRS complex={(Left axis deviation,0.910909),(Normal axis,0),(Right axis deviation,0),
(Extreme axis deviation, 0)}

RR interval={(Very short,0),(Short,0),(Normal,0.5416667 ),(Large,0),(very large,0)}
PR interval={(Very short,0),(Short,0),(Normal,0.433333 ),(Large,0.7),(very large,0)}
The state of the system of concerned patients is as follows:

A = (0.09977811, J313), (0.16118015, J314), (0.04276211, J413), (0.06907730, J414)
The fuzzy utilities with each alternatives sets are as follows:

U, = {(0.00962048,20), (0.00256546,10), (0.08081202,15), (0.02154987,12)}
U, = {(0.00962048,35), (0.00256546,20), (0.08081202,45), (0.02154987,25)}
Us = {(0.00962048,80), (0.00256546,65), (0.08081202,75), (0.02154987,60)}
U, = {(0.08965505,65), (0.00256546,50), (0.02154987,55)}

Us = {(0.00962048,50), (0.00256546,35), (0.08081202,55), (0.02154987,40)}
The maximizing sets corresponding to each alternatives are as follows:

Upy = {(0.00024414,20), (0.00000381,10), (0.00004345,15), (0.00001139,12)}
Uy = {(0.00701243,35), (0.0024414,20), (0.03167635,45), (0.00093132,25)}
Uys = {(1.0000000,80), (0.28770024,65), (0.67893416,75), (0.17797852,60)}
Ups = {(0.28770024,65), (0.05960464,50), (0.10559326,55)}

Uys = {(0.05960464,50), (0.00701243,35), (0.10559326,55), (0.01562500,40)}
The optimal fuzzy utilities sets are as follows:

Up: = {(0.00024414,20), (0.00000381,10), (0.00004345,15), (0.00001139,12)}
Uy, = {(0.00701243,35), (0.00024414,20), (0.03167635,45), (0.00093132,12)}
Ups = {(0.00962048,80), (0.00256546,20), (0.08081202,45), (0.02154987,60)}
Ups = {(0.08965505,65), (0.00256546,50), (0.02154987,55)}

Ups = {(0.00962048,50), (0.00256546,35), (0.08081202,55), (0.02154987,40)}
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The set of optimal alternatives are as follows:
By={ (0.00024414, Low), (0.03167635, Normal), (0.08081202, Moderate), (0.08965505, High), (0.08081202, Very high)}
The sets having the greatest grade of membership value, hence the best alternative, is High.

Fig. 2. Output for case-I

0.08 A
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0.00 T T
Low Normal Moderate High Very high

Heart disease

The above graphical sketches clearly indicate that the patients are in the high-risk category.
Degree of match for inputs as given below:
DM,y = 2Uyeart TateLittlebithigh(131) = 2(0.08333333) — 1 = —0.83333334

DMy = 2Ugeart Tafemgh(lgl) =2(0.7) — 1 = 0.40000000
DM;; = 2uggs Complexmghtaxl.sdeviation(90°) = 2(0.2748708) — 1 = —0.4502584
DM;3 = 2pgg intervalVeryshort(458) =2(042)-1=-0.16

DM,y = 2UpR intervaigy,, (112) = 2(1) — 1 = 1.00000000
DM, y1 = 2UpR intervalygpme (112) = 2(0.26666667) — 1 = —0.4666666
To verify the consistency between input and output observations, the degree of match for the input
(DM;) is determined the minimum value among the given inputs:
DM; = min{ — 0.83333334,0.4,—0.4502584, —-0.16,1, —0.4666666} = —0.83333334.

The degree of match for the optimal alternative (DM,) is calculated using the given formula:

DM, = 2(0.08965505) — 1 = —0.8206899.
The absolute difference between the two degrees of match is computed as:

D = |DM; — DM,| = [-0.83333334 — (—0.8206899)| = 0.01264344.

This difference within the range ([0,1]) and is very close to zero, indicating that the noise between the
input and output observations are close to each other. This minimal difference confirms a high level of
satisfaction.
Case-ll
Heart rate = 93 bpm; QRS complex= —49.2°; RR interval = 645 ms; PR interval=187 ms
The fuzzy sets represents the state of concerned patient:

Heart rate = {(Very short,0),(Short,0),(Medium,0),(Normal,0.46666667),(Little bit
high,0.2),(High,0),(Very high,0)}
QRS complex={(Left axis deviation,0.910909),(Normal axis,0),(Right axis deviation,0),(Extreme axis deviation,0)}

RR interval={(Very short,0),(Short,0),(Normal,0.5416667),(Large,0),(Very large,0)}
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PR interval={(Very short,0),(Short,0),(Normal,0.43333333),(Large,0.7),(Very large,0)}
The state of the system of concerned patients is as follows:
A ={(0.09977811,J313),(0.16118015, J314), (0.04276211, J413), (0.06907730, J414)}

The fuzzy utility values associated with each set of alternatives are as follows:

U, = {(0.09977811,40), (0.16118015,12), (0.0427621,18), (0.06907730,24)}

U, = {(0.09977811,50), (0.16118015,38), (0.0427621,42), (0.06907730,29)}

U; = {(0.09977811,35), (0.16118015,55), (0.0427621,60), (0.06907730,34)}

U, = {(0.09977811,45), (0.16118015,48), (0.0427621,33), (0.06907730,28)}

Us = {(0.09977811,55), (0.16118015,25), (0.0427621,71), (0.06907730,24)}

The maximizing sets corresponding to each alternative are presented as follows:

Uy = {(0.0567553,40), (0.00013792,12), (0.00104730,18), (0.00441331,24)}

U,y = {(0.17320414,50), (0.02169092,38), (0.07243604,42), (0.01136837,29)}

Usy = £(0.02911042,35), (0.27894699,55), (0.07243604,60), (0.01136837,34)}

Uuy = £(0.10227531,45), (0.14122592,48), (0.02169092,33), (0.00953890,28)}

Usy = {(0.27898300,55), (0.14121548,25), (0.02169092,71), (0.00953890,24)}

The optimal fuzzy utility sets are given as follows:

Up; = {(0.05675553,40), (0.0013792,12), (0.00104730,18), (0.00441331,24)}

Uy, = {(0.09977811,40), (0.02169092,38), (0.0427621,42),(0.01136837,29)}

Uoz = {(0.02911042,35), (0.16118015,55), (0.0427621,60), (0.01136837,34)}

Ups = {(0.09977811,45), (0.14122592,48), (0.021690927,71), (0.00953890,24)}

The set of optimal alternative are as follows:

B,={(0.05675553, Low), (0.09977811, Normal), (0.16118015, Moderate), (0.14122592, High), (0.14121548, Very high)}

The sets having the greatest grade of membership value, hence the best alternative, is Moderate.
Fig.3. Output for case-lI

0.16 A
0.14 A u
0.12 4
0.10 -
0.08 A
0.06 A
0.04 -
0.02 4
0.00 -
Low

Normal Moderate Hi;I;lh wery high
Heart disease
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The above graphical sketches clearly indicate that the patients are in the moderate-risk category.
Degree of match for input variables are as follows:

DM,y = 2Uheart rateyiee bithigh(93) = 2(0.46666666) — 1 = —0.06666668
DMy = zuHeartrateHigh(gs) =2(0.2) -1 =-0.600
DM, = 2pggs complexpoft axis deviation(_49'2°) = 2(0.910909) — 1 = 0.8218185

DM;3 = 2R intervalyormar (645) = 2(0.5416666) — 1 = 0.0833332
DM, = 2ppp intervalNormal(187) = 2(0.43333333) — 1 = —0.13333334
DMy = 2uppg intervalLarge(187) =2(0.7)-1=04

The degree of match for the input (DM,) is calculated the minimum value among the given inputs:
DM, = min{ — 0.06666668, —0.6,0.8218185,0.08333332, —0.13333334,0.4, —0.13333334, —0.13333334} = —0.6.
The degree of match for the optimal alternative (DM,) is determined using the formula:
DM, = 2(0.16118015) — 1 = —0.6776397.
The difference between (Dy,;) and (Dyy0) is computed as:
D = |DM; — DM,| = |-0.6 — (=0.6776397)| = 0.0776397.

This difference lies within the range ([0,1]) and is close to zero. This indicates that the noise between
the input and output observations is close to each other, verifying a high level of satisfaction.

Similarly, we have computed the remaining patient’s data.

7. Conclusion
This research paper shows that a Soft Computing diagnostic system can effectively replicate expert
thinking, making it useful for handling complex cases. The proposed method will help in designing
and developing a Soft Computing-based risk assessment system to support medical experts in

classifying the severity of cardiac issues.
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Abstract: In 1892, Segre introduced the concept of bi-complex numbers. The main contribution in bi-
complex analysis was the pioneering works in Functional analysis. It is a new subject, not only relevant
from a mathematical point of view, but also has significant applications in physics and engineering.

This article provides an overview of bi-complex numbers and examines the completeness of certain
sequence spaces of bi-complex numbers. Additionally, the study explores their algebraic, topological,
and geometric properties, contributing to a deeper understanding of these spaces.

Keywords: Bi-complex numbers, Euclidean norm, Banach space, Convexity, Uniform convexity

1. Introduction

Bi-complex numbers have been studied for quite a long time, and a lot of work has been done in this
area. In 1892, Segre [18] introduced the concept of bi-complex numbers. The most comprehensive study
of bi-complex numbers was done by Price [15]. Alpay et al. [1] developed a general theory of functional
analysis with bi-complex scalars. In 2004, Rochon and Shapiro [16] studied some algebraic properties
of Bi-complex and hyperbolic numbers. Later, Wagh [21], Degirmen and Sagir [6], Bera and Tripathy
[3, 4], Sager and Sagir [17], and many researchers have studied the algebraic, topological, and geometric
properties of bi-complex sequence spaces.

Definition 1.1. [17] A bi-complex number is denoted by y and defined as,
Y = X1 + ile + i2x3 + i1i2x4

= (1 +i1xp) + (x5 + i1x4)

= zi+i 7z, Where, X1, X2 ,X3, Xy € CO, Z1, Zy € C],

2

i?=i*=-1, i1 b= iri1 and Co, C,, are the set of real and complex numbers respectively, i1 i is a

hyperbolic unit whose square is 1.
The set of bi-complex numbers is denoted by C; and is defined by
C, = {ZH— 12 Zy: 71,722 € C1}

There are three types of conjugations on bi-complex numbers (Rochan and Shapiro [16])
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i) i - conjugation of y =zi+ i, z2 is y* =21 + i,2,
i) i2- conjugation of y is ¥y =z1-122»
iii) i1i2 - conjugation of y is y' =7; — i, 7,

Definition 1.2. A bi-complex number y = z;+i,z; is hyperbolic if y' =y or Im(z;) = Re(z,) =0.
The set of all hyperbolic numbers is denoted by H and is defined by H = {xi+ 11 i2x2. X1, X2, € Co}

For example, y =1 + 2 i; i21s a hyperbolic number.
The bi-complex number y = z; + i, z is singular if |z;>+ z,?| = 0 and non-singular if |z,> + z,%| # 0.
In C, , there are exactly two non-trivial idempotent elements e; and e, defined by

_ltih o 1-ib
=— and e, = >

ObViOLlSly, et e= 1, eje =exel= 0, e1 2= e; and 6222 €2

€1

Every bi-complex number y = z;+ i, z; had unique idempotent representation as y = wiei + pes, where
W =z - 11 22 and p, = 7; + 1) 22 are the idempotent components of y . The set {ei, €2} forms an idempotent
basis of C,. Equipped with co-ordinate wise addition, real scalar multiplication and term by term
multiplication, C, becomes a commutative ring with unity.

Algebraic structures of C, differ from that of C; in many aspects. A few of them are mentioned below.

(i) Non-invertible elements exist in C,
(i) Non-invertible idempotent elements exist in C,
(iii) Non-trivial zero divisors exist in C,

The norm (Euclidean norm) on C, is defined by

_ [2 2 2 7 _ _ual?+ Jug)?
Iyllc,=vxZ +x% + x2 + xZ=/|z1]* + |z,]? = /%

Definition 1.3. A sequence in C, is a function defined by y : N = C,, y = (yx), where y;, € C,.

The sequence (yj) of bi-complex numbers is said to be convergent to y € C, iff for each

€ > 0 there corresponds an n(e) € N such that

lyk —vllc, <e forall k =n(e). Itis written as llim Vi =7.
The sequence (y) of bi-complex numbers is said to be a Cauchy sequence if for every € > 0 there
exists a positive integer n(g) € N such that

1V — ¥Yullc, <& forall m,n = n(e).

Definition 1.4. Let E be a sequence space of bi-complex numbers and E = {(u,,) € w (C,), there exists
X, € E such that |[uy,llc, < [[xpllc, for all n € N. Then E is said to be solid or normal if E cE.

Definition 1.5. A sequence space E of bi-complex numbers is said to be symmetric if (y;) € E implies
Yr(k) € E where m is the permutation of N

Definition 1.6.[6] Let E be a subset of linear space X. Then E is said to be convex if
(I—A)x+ Ay €E forall x, y € E and all scalar A € [0 1].

Definition 1.7.[6] A Banach space X is said to be strictly convex if x, y € Sy with x # y implies that
I(1—2A)x + Ay || <1forallA€(01).

36



Nepal Journal of Mathematical Sciences (NJMS), Vol. 6, No. 1 , 2025 (February): 35-44

Definition 1.8.[6] A Banach space X is said to be uniformly convex if, toeach € > 0, 0 < € < 2 such
that for all x,y € Sy, where Sy represents the unit sphere, there corresponds a §(¢) > 0 such that the
conditions

IIxII=IIyII=1,||x—yllze=>%llx+ylls1—6(5).
2. Some sequence spaces over the set of bi-complex numbers.

If ® denotes the set of all functions from the set of positive integers N to the field C of complex
numbers then it becomes a vector space. Any Sequence space is defined as a set of all
sequences x = (x,) linear subspace of ® over the field C with the usual operations defined as

(X)) + ) = (xn + yp) and A(xy,) = (Axp).
Recently, several researchers, including Ghimire & Pahari [8], Pahari [12], Paudel, Pahari & Kumar
[13],Pokharel , Pahari, & Paudel [14] and Srivastava & Pahari[19] have studied the theory of
vector-valued sequence spaces using Banach sequences.

The notations w (Cy), le, (C3), ¢ (C3), co(Cy), [(Cy) denote the class of all bounded, convergent, null
and absolutely p-summable bi-complex sequences [13].

w (Cy) ={x=(w): x, € C, forall k€ N}

lo (C2) = {x=(0): Xk €W (C2) ! oenll % llc, < o0}

¢(C) ={x=(m)ixx Ew(C,), 3 LEC,: Mx, =1}

€o(C2) = {x=(x): x € @ (C2): iiwxy =0}

Ip(C2) = {x=(xn): X € w (Cp): Tl llxgllch < o0}

Lemma 2.1.[16] (Bi-complex Minkowski’s inequality)
Let p and ¢ be real numbers with 1 <p <oo and xi, yx, € C, fork € {1, 2, ..., n}. Then,

1

1
(Tt e + 32 112) [P < [(Bra lxe ) |7+ (Z e vl )7
Lemma 2.2.[6] Let p be a real number with0<p <1,x=(x;) andy=(y;) € C,.
Then, we have || x + ylIg, < lIxIIg, + IYIIE,
Lemma 2.3.[6] Let p be a real number with2 < p < o and x = (x;),y = (yx )€ C,. Then, we have
lx +yllg, + 11x = ylle, < 2P~ (IxIIE, + ylle, 1D

Several workers Basar [2], Degirmen & Sagir [5], Ellidokuzoglu & Demiriz [7] , Giingor [9] , Hardy
[10], Kumar & Tripathy[11], Srivastava & Srivastava [20] have made substantial contributions to
the theory of series and bicomplex numbers and sequences.

3.Main Results

In this section, we present some theorems and examples exploring some algebraic and topological
properties of the sequences of bi-complex numbers.

Theorem 3.1. The space [, (C,) is a bi-complex solid space.
Proof.
Let (x,,) € [ ,(C,), then there exists a sequence (y,,) € I, (C,) such that

I xnllc, < |l ynllc, foralln €N.
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Therefore, sup {|| y |lc, : n € N} <o and so, sup{|| x, ||, : » € N} <co.

This shows that (x,, ) € I (C;).Thus (x,) € I (Cy)implies (x,) € l(Cy).
S0, 15 (C3) C lo(Cy). Hence L, (Cy) is a bi-complex solid space.

Theorem 3. 2. The space [, (C,) is a bi-complex symmetric space.

Proof.

Let (x,) € lx(Cy) ando € m. Then, 0 : N — N is a bijective function. So, we have
{||x,,(n)||(czzn € N} = {llxnllczzn € N}.

Also, sup {”x"(”)”cZ: n € N} = sup{llxnll(cz:n € N}.

Since (xn) € lo (C3),sup {llxnllc,:n € N} < co. Also, sup {”xf’(")”cz: n € N} < oo,

This result shows that (xg()) € lo (C3).Hence ly, (C;) is a bicomplex symmetric space.
Theorem 3.3. The space [, (C;) is a bi-complex solid space for 0 < p < co.
Proof.
Let (x,) € Zp (C;), then there exists a sequence (y,) € [, (C;)such that
lx, ]l < ||yl for all n € N.

Also, ||xnllg2 < ||yn||€2for allmeN .

Since the series Yo || Vnl | |€2 is convergent, the comparison test for convergent series implies that the

series Yn_1 ||y, ||c, is also convergent. So, (x,,) € [, (Cy).

Thus (x,,) € [, (C,) imples (x,) €1, (Cy). Hence I, (C;) < L,(Cy).

So, 1,,(C;) is a bi-complex solid space.

Theorem 3.4. The space ,(C;) is a bi-complex symmetric space for 0 < p < .

Proof.

Let (x,) € 1,(C;)and o € m. Sinceo : N — N isa bijective function, we can write
(ko :n € N} ={lIxplle,:n € N}
and so,{”xa(n)”zz:n € N} = {llxnllgz:n € N} holds.

P _ P
Then, 774 ||xa(n) ||((;2 = Yn=1 ”xn”(cz
Since, (x,) € I, (C), Xp=1|lxn ||€2 converges.
Also, the series Y71 |[Xq(n) ||€2 converges.

Hence, (X5(n)) € Iy (C3).Thus, [, (C;) is a bicomplex symmetric space.
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Theorem 3.5.[16] The set @ (C,) is a linear space over R with respect to addition and scalar
multiplication.

Theorem 3.6.[16] The sets [, (Cy), ¢ (C3), ¢y (C3) and [, (C2) for 0 < p < oo are sequence spaces.

Theorem 3.7. The space ¢, (Cy) is a complete metric space for 0 < p < co with the metric

dzp (C,) defined by

diy e,y (0 ¥) = {Ziallxe — yill?, }or 0<p <1
1

= (Z;?:ﬂlxk — ykllfc’z)p forl1<p< oo
where x = (x), y = (Vk) € £ (C2).
Proof.

First, we show that the metric space #,( C;) is complete for 1 <p <oo.

For this let (x;,) = (x;" )k en be any arbitrary Cauchy sequence in the space £,,(Cy). Then, for every
€ > 0, there exists 1, (€) € N such that

1
d(Xpm, Xp) = (Z,}”zlllx,’c” - x,’éllgz)p < oo, forallm,r > no (¢). (1)

Then, for any fived &,
Wt — xp 1l <€ for all m, r = n, (¢). )

Thus, for any fixed k, (xi, xZ, ..., x, ...) is a bi-complex Cauchy sequence and so it converges to a
point say xj, . Collecting the infinitely many limits (xj, x5, ....), let us define a sequence x*= (x3) =

(x1, x5, ....).

Then, we show that x*= (x;) € £, (C;) and x,, > x™ as m —> o,
By (2), we can write ||x;* — xillc, < & for allm > ng(g), which means that x;* — x;, as

m — oo. Also from (1), we have

1

n
p
(z:llx}c71 - x%llgz) < ¢ forallm,r =ng (g).

k=1
1

Letting » —» oo, we have ( Rt Xt — xg ||€2)p < eforalln € N.

Then by letting n — oo, we have

1
A, x*) = (e |1 — x5 ||P)P < € forallm > ny(e).

Thus the sequence (x,,) € L, (C;) convergesto x* = (x;) € o(Cy).
Next, we show that x* = (x3) € £, (C;). Since (x,,) = (x') € £,(C), by complex Minkowski's

inequality and convergence of the series =4 ||x; — X" ||€c32 we have
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1

1
(Zralleh2, )= (Zizall + e = IE, )P

1 1

< (Bl 12, )7+ (Sl — 2, )P <o,
Thus x = (x) € 1, (C2). Hence [,,(C;) with 1 < p <o is complete.

Similarly, we can show that €, (C,) is complete for 0 < p < 1 with the metric

d (x,y) = Sie=llxe = yiellg,» where x = (xi), y = (yi) € £ (C2).
Since £, (Cy) is complete with the metric induced by the norm defined by
lxll = {ZiallxlI?, } for 0 < p< 1.

1

= (ZallxellZ, )P for 1 <p<oo
Hence ¢, (C;)is a Banach space.
Theorem 3.8. The space £, (C;) for 0 <p < oo is convex.
Proof.
Letx = (x) andy = (yx) € €, (C3) and A € [0,1].
Then the series Yn—1||%, ||€2 and Y01 llyn ||€2 converge.

For 1 <p < oo, in view of lemma 2.1, we have

1 1 1
(Bl sy + (1 = DyallZ, ) < (Biia MAxallZ, )+ (Ziall (L = A)yallZ, )
1 1

= Al 2l )P+ A=) (ZeallyallZ, )P < o0
and therefore,
Ln=1 | Axn+ (1=2) yilf’ < 0.
Hence, Ax + (1-4) y € £, (Cy).
Also, for 0 <p < 1, we have by lemma 2.2
Yimt Il A+ (A=) ya g, < Tz (xS, + 1 A=)y l1E)
=T x|+ (1= P B2llynll?, < oo,
This implies that Ax + (1 — 1)y € £,, (Cy).

Hence, ¢, (C;) for 0 <p < oo is convex.
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Theorem 3.9. The sequence space £, (C;)is convex.
Proof.
Letx = (xn), y= (1) € £x(C;)and A € [0,1].
Then, sup {|| xa|| ¢,: 7 € N} < coand sup {|| yu|| ¢,: 7 €N } < oo
Now, sup {142, + 1= Dyullc, : n €N} <sup (Al lle,:n €N} +(1=D) [|ylle, :nEN}
=Asup {llxllc,: n €N} +(1=2) sup {l|ynllg, :nEN}
< 00
Thus, Ax + (1— 1)y € €4 (C,). Hence, €4, (C,) is convex.
Lemma 3.10. [6] Let p be a real number with 1 < p < oo such that x # y where x = (x,),
y = () and A € (0,1). Then, we have || Ax + (1-2) y ||P < ,1||x||g2 +(1- 1) ||y||§2.
Theorem 3.11. The sequence space £,,(C,) for 1 < p < oo is strictly convex.
Proof.
Letx = (xy) and y = (ya) € Slp(Cz) such that x #y and A € (0,1). Then, || x||=1and | y| = 1.
By lemma 3.10 we have
1A%+ (1=2) ¥ I, = Xn=1 | 2 t(1= DyallP (C2)
< Zn=[ A%l +(1= Dyl (C;)
= AT llxalIB (1= ) B2yl
=2 lxIiZ, +(1= D Iy,
= Al+(1-2).1=1
This shows that [,,(C;) for 1 < p < oo is strictly convex.

Example 1. The sequence space [, (C,) is not strictly convex.

Letx = (x,) = (0, i1, 0, O, ...... ) and y = () =(0, 0,—i,, O,..... )
so that ||x|| = ||y|l =1and A € (0,1).
Now, || Ax + (1 = Dy lli, ¢,y = Zn=all 2 + (1= Dynlle,,
=2n=1ll(0, iy, (1= (=iz), 0,..) I
=l Aiglle, + 12— D (=i,
=A14+(1-21).1 =1, forallA € (0,1).
Hence [; (C;) is not strictly convex.
Example 2. The sequence space [, (C,) is not strictly convex.
Letx = (x,) = (1, iy, i3, 0, 0,..)and y = (y,) = (-1, iy, iy, 0, 0,...)
Then, [ixll, = lIylle, = 1.
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Now, for all A € (0,1), we have
IAx + (1= yllc, = sup{llAx, + (1= Dyyllc,:n € N}
=sup { [12A4—1, iy, i3, 0, 0,...) [lc,: n € N}
=sup {0, |24 —1|, 1} =1.
Thus 1, (C;) is not strictly convex.
Theorem 3.12. The sequence space [, (C,) for 2 < p < o is uniformly convex.
Proof.
Letx = (xp), ¥y = yn € [,(C3) such that
Ixll < 1, |lyl| < 1 and |k - y|| > &.
Then, applying lemma 2.3 we have
Ix +yIIP + llx = ylI” = Zaallxn + yull? + Zazallxn — yll?
=Xn=1(llxn + yullPHixn — yall?)
< Za=1 2P (P [lynl P)
= 2P [E ey Xl P+ X 1ynlIP]
= 2P7HIxlIP + lylPl < 2P71 (1 + 1)
= 2P
This shows that |[x + y|[P < 2P — [|x — y||P < 2P — P,
1
Now, ||| = [ tle + 1)
1 1
<@ - i-¢rf
1

If we take 6(e) = 1 — [1 — (g)p]5 , then ||9Hz-—y|| <1-24.

Hence [, (C;) for 2 < p < o is uniformly convex.

Example 3. The sequence space [;(C,) is not uniformly convex.
Proof.

Letx = (x,)=(i;, 0, 0, O, ... ... ),andy = (¥,)=(0, 0, iy, O,......).Then
llxll = llyll = 1.
Now, [Ix = yllc, = Zn=1llxn — ¥nllc, = Zn=all(is, 0,— iz, 0,..)llc,
=il + =il =1+1=22>¢

XntYn
2

But

x+y _
e

0 1,. ,
=y —1,0,1,0,...”
o, ~Zma 3 0520,

iy

2

iy

2

1 1
=-+-=1.
C, C, 2
x+y

Thus, we cannot find §(€) > 0 such that >

”31—&

Hence, [, (C,) is not uniformly convex.
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Example 4. The sequence space [, (C,) is not uniformly convex.

Proof.

Letx = (x,) = (1, iy, 12, 0, 0,...), ¥y = (u) = (=1, i3, =i, 0, 0,...)
Then, |lx|| = llyll =1
llx — ¥l = sup {llxy, — ynllc,:n € N}
=sup {||(2, 0, 2i,, 0, O,...]|}=sup {0, 2}
=22=c¢

Xnt+Y¥n
2

X+
Now, ”_zy” = sup{

:nEN}
C;

“sup{|l2 0. 211, 0, 0,...)]

=sup {[[(0, iy, 0, O,...[I}
=sup {0, 1} =1

Thus, we cannot find §(€) > 0 such that ||x:—y|| <1-9¢

Hence [, (C;) is not uniformly convex.

4. Conclusion

In this paper, we have presented some sequence spaces of bi-complex numbers and their algebraic,
topological, and geometric properties. The extension of these properties on generalized double
sequences of bi-complex numbers will be the future research directions.
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Abstract: Integral inequality is a fascinating research domain that helps to estimate the integral mean
of convex functions. The convexity theory plays a basic role in the development of various branches
of applied sciences. Convexity and inequality are connected which has a fundamental character in
many branches of pure and applied disciplines. The Hermite-Hadamard (H-H) type integral inequality
is one of the most important inequalities associated with the convex functions. The researchers are
being motivated to the extensions, enhancements and generalizations of H-H type inequality for different
types of convex functions. In this paper, we have obtained an extension of some integral inequalities of
Hermite-Hadamard type for m-convex functions with second order derivatives on the basis of the classical
convex functions.

Keywords: Convexity, m-convexity, integral inequality

1. Introduction

Convexity theory is essential in the theoretical aspects of mathematicians, economists, and physicists.
Mathematicians utilize this theory to solve difficulties that emerge in several subjects of study. Convex
analysis has played a pivotal role in the generalizations and extensions of inequalities theory over the
last few decades. The theories of convexity and inequality are closely connected. Integral inequalities
are important and valuable in information technology, integral operator theory, numerical integration,
optimization theory, statistics, probability, and stochastic processes because they are elegant and effective.
Many mathematicians and research academics have focused their efforts and contributions over the last
few decades on studying these types of inequalities. Thus, for convexity, there is vast and important
literature on inequalities. Convexity is a broad subject that also includes the theory of convex functions.

Convexity is a powerful property of functions, also known as a natural property of functions. Furthermore,
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its minimization property makes it unique, novel, and beneficial. Due to its minimization characteristic, it
possesses a significant status in optimization theory, calculus of variation, and probability theory. So, the
idea of convex functions has played a significant role in modern mathematics [2]. It has been noticed
that several books and research articles have been published in the past few years. The H-H inequality
substantially impacted the study of a convex function [[1]]. Numerous important inequalities have been
employed as powerful tools not only in pure mathematics but also in other areas of mathematics, for if,
the theory of means, approximation theory, numerical analysis, and so on. One of the most important
inequalities that has been attracted by many inequality experts in the last few decades is the famous
Hermite-Hadamard inequality. Although, it was firstly known in literature as a result of J. Hadamard
in 1893, but this result was actually due to C. Hermite in 1881, as pointed out by Mitrinovic and
Lacovic [3]] in 1985. Due to this fact, most experts refer to it as Hermite-Hadamard (or sometimes,
Hadamard-Hermite) inequality which is defined as follows:

Let f : [a,b] C R — R be a convex function, where x,y € [a,b] with x < y. Then, the following inequalities
hold:

2 - 2

The result in equation ([I]) is considered as a necessary and a sufficient condition for a function
f:]a,b] C R — R be a convex function. This famous inequality has raised attention of the researchers
of the domain of convexity and inequality theory and a variety of refinements and generalizations have
been found in it. This classical Hermite-Hadamard integral inequality estimates the integral mean value
of a continuous convex function f : [a,b] — R. The extensions of Hermite-Hadamard type integral
inequalities in recent years have taken a significant growth. Tiwari and Bhatta [6]] have extended the
Hermite-Hadamard type integral inequality of classical convex functions to m-convex functions whose the
first order derivatives are m-convex functions and some results are proved in the framework of g—calculus.
The present paper incorporates four sections. The first section includes the concept of convex functions
and its applications in different streams along with the Hermite-Hadamard integral inequality. The second
section includes the definition of classical convex function as well as its extension to m-convex function.
It also incorporates the result of H-H type integral inequality whose second order derivatives are convex
functions. The third section highlights the main results of the research, and it concludes in the fourth

section by explaining the research domain to the future researchers.
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2. Preliminary Results

The concept of convex function in classical sense is defined as follows:

Definition 2.1. The function f : [a,b] C R — R is said to be convex if the following inequality

fAx+(1=2)y) < Af(x)+(1=2)f(y) (2)

holds for all x,y € [a,b],A € [0,1]. We say that that f is concave if (—f) is convex.

G. H. Toader [3]] introduced the idea of m-convexity of the function, an intermediate between the usual

convexity and the star shaped property as follows:

Definition 2.2. The function f: [0,b] — R is said to be m-convex function where m € [0, 1] for every

x,y € [0,b] and A € [0,b], we have

fAx+m(1=A)y) < Af(x)+m(1—2A)f(y).

Remark 2.3. For m = 1, we recapture the concept of convex functions on [0,5] and for m = 0, we get

the concept of star shaped functions on [0, ]. We recall that f : [0,b] — R is star shaped if

f(Ax) < Af(x)

forall A € [0,b] and x € [0,5)].
Odzemir et al. [4] proved the following result for the case of classical convex function.

Theorem 2.4. Let f : 1 C R — R be a twice differentiable mapping on I°,x,y € I with x <y and f" be

integrable on [x,y|, then the following equality holds:

X Y —x)% st
bt );f(y)_ylx/x f(s)ds:(yz)/o A(1=2)f"(Ax+(1—21)y)dA

3. Main Results

In this section, we extend the idea of H-H type integral inequality of second order differentiable classical

convex functions to m-convex functions as follows:

Lemma 3.1. Let f : I C R — R be a twice differentiable mapping on I° where x,y € I with x < y, I° is

an interior of I and m € [0,1]. If f"" € L([x,y]), then the following equality holds:
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f)+flmy) 1
2 my —x

F'(Ax+m(1—A)y)dA

/xmyf(u) u my *) //1

Proof.

£ Ax+m(1—21)y)dA

Let I = /7L

:/O (A = A2) /" (Ax+m(1— A)y)dA

Integrating by parts, we have

F(Ax+m(1—2)y)
X —my
,(Ax+m(1
X —my

(Ax+m(1—=21)y)

X —my

};—/01(1—21)]” d

—A

~ (a2

=0— / (1=24)f

/0(1—2/1)f (Ax+m(1—A)y)dA

Cmy—x

Again integrating by parts, we obtain

1 (Ax+m(1—21)y)

(1-22)
[(—)f()

X —my

f (my)

f(le(l—?t)y)‘l

1
- [ 2
0

| Xx—my

1 [f(x)+ f(my)

xmy

xmy

my—x| my—x

_ S+ flmy)

myx

2

X —my

/ Ff(Ax+m(l —/l)y)d?t]

/ Ff(Ax+m(1 —l)y)d/l]

! / F(Ax-+m(1—A)y)dA

(my—x)>  (my—x)

du

m. On

Put u = Ax+m(1 —A)y. When A = 0, then u = my, when A = 1, then u = x. Also, dA = —

substituting these values in the above relation, we get

/ A1
/O A=) 1" (Ax+m(1— A)y)dA

f@)+flmy) 1 /xmyf(u)du

2 my —Xx
Remark 3.2. If m = 1, then this result reduces to theorem 2.4]

=7 o

)+ f(my)
2

f"(Ax+m(1—=2A)y)dA :f((xni;_fi’)?;y)

(myz—X)2 [

(myz—x)z/olk(l A Ax+m(1—A)y)dA.

1

my—x Jx

Theorem 3.3. Let f : 1 C R — R be a twice differentiable mapping on I° where x,y € I with x <y, I is
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an interior of I and m € [0,1]. If " € L|x,y), then the following inequality holds:

_ (my—x)?
= 64

)L

2 my—x (mlf" )+ (0)])

Proof. Using the result of B.]and taking modulus on both sides, we have

‘f (x) +2f (my) myl_x /X " fw)du

_ ’(’”y2‘x)2/Olm—x)f”(xa+m(1—x)y)dz’

2 el
< 0 [ a2 o m(1 - Al

v — x)2 1 1
< O ) [ 2la-A2aasnl )] [ -2l - 22102

Here
1 % 1 1
/M/l—lz]dl:/ x(x—ﬂ)dm/ AA2—A)dA = —
0 0 J1 32
And,
1 1 1
/(1—)L)|7L—/12\d/1:/2(1—)1)(1—/12)d/1+/ (1—1)(12—1)611:%
0 0 %

Substituting these values, we obtain

(my —x)?
64

<
2 my—x -

F )L

(mlf" W)+ 1" ()1)

The proof is complete.

4. Conclusion

The Hermite-Hadamard integral inequality yields the lower and upper bounds of integral mean of any
convex function. In this paper, we have extended the results of classical convex function into an m-convex
function whose second order derivatives are m-convex functions. The interested researchers can enhance

the H-H type integral inequality for other types of convex functions.
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1. Introduction

The Banach contraction principle [4] is a classical result that ranks among the most commonly used and
cited fixed point theorems. It states that if a self-mapping 7 on a complete metric space (X,d) satisfies
the condition

d(Tx,Ty) < ad(x,y)

for all x,y € X with 0 < a < 1, then T has a unique fixed point x* € X. It is well established that the
Banach contraction mapping 7 is continuous over the entire domain X. Kannan [8] proved that there are
contractive mappings with fixed points that may not be continuous across the entire domain.

Theorem 1.1. /8] Let (X,d) be a metric space that is complete, and let T : X — X be a self-map. If T

satisfies the Kannan contraction condition
d(Tx,Ty) < bld(x,.Tx) +d(y.Ty)], 0<b<}
forall x,y € X then T admits a unique fixed point in X.

Kannan’s contraction mapping is known to be continuous at its fixed point. In [17], Rhoades questioned
whether a contractive condition could be formulated that guarantees the existence of a fixed point without
assuming the continuity of the mapping at that point. This unresolved problem has motivated several
attempts and contributions over time. Using the function m(x,y) = max{d(x,Tx),d(y,Ty)}, Pant [16]
found an initial solution in the metric space (X,d). Later, Bist and Pant [5] proposed another solution to
this open problem.

Erdal Karapinar, a distinguished mathematician, introduced the notion of “interpolative contraction” in
metric spaces in his work [9]]. The interpolation approach has proven useful in exploring a wide range of
classical and modern contraction types (see [3l], [Sl], [Z], [10], [14] for further details). More recently, Tas
[19] addressed Rhoades’ discontinuity problem by presenting a novel solution involving the existence of a
fixed point for a self-map that is not continuous at that point. This was achieved by adapting the concepts
of interpolative Boyd-Wong contractions and interpolative Matkowski-type contractions as follows:
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Theorem 1.2. [[19] Let (X,d) be a complete metric space. Let T : X — X be a self-map such that for
all x,y € X and € > 0, there exists §(&) > 0 such that

e<n(x,y)<e+d(e) = d(Tx,Ty) <e.
If T is k— continuous then T has a unique fixed point say z. Moreover, T is continuous at 7 if and only if

)lclir;n(x,z) =0,
where
d(x,Ty) +d(yTx)]' %P7
2

n(x,y) = [d(x,))P [d(x, Tx))*[d(y, Ty)]"
and a,B,y€ (0,1)witha+B+y<1.

Matthews [12] introduced partial metric spaces as a tool for investigating the denotational semantics
of data flow networks and extended the classical Banach contraction principle to this more general
setting of complete partial metric spaces. Subsequently, Karapinar, Algahtani, and Aydi [[11]] explored a
Hardy-Rogers type interpolative contraction and established a fixed point theorem within the framework
of complete partial metric spaces.

In this work, we propose a revised form of the interpolative Boyd-Wong contraction and the Matkowski-
type contraction, building upon the findings of and extending them within the setting of partial metric
spaces.

2. Preliminaries

Consider a nonempty set X. The notations R, R*, and N stand for the set of real numbers, the set of
positive real numbers, and the set of natural numbers, respectively. In [12], Matthews introduced the
definition of a partial metric as follows:

Definition 2.1 ([12]). A partial metric on a nonempty set X is a function p : X x X — [0,00) that satisfies
the following conditions for all x,y,z € X:

(P1) p(x,x) = p(y,y) = p(x,y) if and only if x = y;
(P2) 0 < p(x,x) < p(x,y);
(P3) p(x,y) = p(y,x);

(P4) p(x,y) < p(x,2) +p(z,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X. A
partial metric becomes a metric if p(x,x) = 0 for every x € X.

Definition 2.2 ([12])). Let (X, p) be a partial metric space, a point xo € X and € > 0. The open ball for a
partial metric p is set of the form

Be(xo) = {x € X : p(x0,x) < p(x0,%0) +€}.
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In contrast to metric spaces, some open balls may be empty in partial metric spaces. For each partial
metric p on X, a topology 7, is induced on X, where the family of open p-balls

{Be(x):x€ X, e >0}
forms a basis. These open p-balls are defined by
Be(x) ={y € X : p(x,y) < p(x,x) + €}
for all x € X and € > 0. If p is a partial metric on X, then the function d), : X X X — [0,0) defined by
dp(x,y) = 2p(x,y) = p(x,x) = p(y,)

is a metric on X.
Definition 2.3 ([12]). Let (X, p) be a partial metric space and {x, } be a sequence in X.

(i) {x,} converges to a point x € X if p(x,x) = r}grolo p(x,x,).

(ii) {x,} is called a Cauchy if and only if n,l,,ifilm P (X, X)) exists.

(i) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,
with respect to 7,, to a point x € X, such that

P(6,x) = Tim_ p(an,x,) = lim p(x,,)

Lemma 2.4 ([12]]). Let (X, p) be partial metric space and {x,} be a sequence in X. Then
(i) {xn} is a Cauchy in (X, p) if and only if it is Cauchy in (X,d,).
(ii) (X,p) is complete if and only if (X ,d,) is complete.

(iii) lim d,(x,,x) = 0 if and only if p(x,x) = Lm p(x,,x,) = lim p(x,,x).
n—soo n,m—oo n—oo

3. Main Results

In the following sequel, we denote

P, Ty) +p(y,Tx) ] " P7

Ax,y) = [P [p(x, Tx)]*[p(y, Ty)]" 5

where o, 8,7 € (0,1) witha+ B +y< 1.

Theorem 3.1. Let (X, p) be a complete partial metric space. Let T : X — X be a self-map.
For a given € > 0, there exists 0(€) > 0 such that

e<A(x,y)<e+d(e) = p(Tx,Ty) <e

for all x,y € X. Then the sequence {T"x} is a Cauchy sequence and lim p(T"x,z) = p(z,z) for some
n—soo
zeX.
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Proof. Suppose A(x,y) > 0. Then
p(Tx,Ty) <e < A(x,y) = p(Tx,Ty) < A(x,y). (1)
Let xo € X. Define a sequence {x,} in X by
Xp1 = Tx, = T"xg
and

qn = p(xnaanrl)

for all n € NU{0}. Suppose x, # x,41 for each n. Then by inequality (1), we have

qn = P(xmxnﬂ) ZP(TXn—l s Txn)
< A(Xp—1,%n)

X X x,. Tx l—a—B—y
:[p(x"17xn)]ﬁ[l7(xnl,Txnl)]a[p(xn,Txn)]y[p( w1, T n>+P m T X ]

P(n_ 1,xn+1>+p(xn,xn>] o—by
2

Gt o) P [ ot 60 o )] [

X, X, X X l—a—B-y
< [p(x”*l’x”)]ﬁJra[P(xn,an)]y |:p( n—1, n)‘;p( s n+1):|

qn—1+qn
Ot+ﬁqz|: n—

1—a—B—y
g : ] ,

Therefore,

a+pB y |:Qn1 +an )

qn < q,_{ >

Again, suppose g,—1 < g, for some n € N. Then we have

]l—a—ﬁ—y

qn—1+ 4qn

2 < {qn.

From inequality (Z)) we get
dn < lan-11""Plga)"[gn])' P77
= G < [gn1]*Plgn] P
— 2P <qff
= qn < ({gn-1
which is a contradiction of our assumption. Therefore, g, < g, for all n € N. We come to the conclusion

that the s {¢,_1 } is decreasing and contains real numbers that are not negative. Therefore, a non-negative
constant g exists such that lim ¢g,_; = ¢. Since ¢, < g,—1, SO
n—roo

-1+
ot tin <,

for all n > 1. Using the inequality (Z)) we have
0 < [gn1)""P [ga)" [gna]* P
= qn < [anl}l_y[‘bz]y
= qn < 4n—1

“limg,=¢g< limg,—1 =gq.
n—oo n—soo
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which is contradiction. Hence, g = 0.
ie.,

lim ¢, = lim p(x,,,x,+1) = 0.
n—soo n—soo

Now, we show that {x, } is a Cauchy sequence in (X, p). If possible suppose {x, } is not Cauchy sequence.
As aresult, one can find a positive constant € > 0 and two sub-sequences {x,, } and {x, } of {x,}
such that

mg >mne >k and  p(xp,,xn) > € 3)

Choosing the smallest my, satisfying . So, p(xn,,;Xm—1) < €. Consider any k € N. Then,

€ < pQomes X)) < Pomgs Xme—1) + P15 %) — P(Xm—1, 5, 1)

A

> p(xmkaxmkfl) +p(xmkflaxnk)

€ +p(-xmk7xmk—l)-

A

Therefore,
8§ p(-xmka-xl’lk) <8+p(xmkaxmk—l)- (4)
Taking limit k — oo in (@)
€< lim p(xpy,Xn,) < €+ lim p(Xp , Xm—1)
k—ro0 k—ro0

=& < lim p(xp,, X, ) < €
k—poo

= lim p(xy,, X, ) = €.
k—ro0

Using (P4) and above relation we have ]}im P(Xmy, 1> Xn,.,) = €. Again, we have
—>00

p(xnk+1 7xmk+1) = P(Txnka T)ka)

< A(Xny Xy )

p(xnka Tx"’lk) + p(xmka Txnk):| 17a7ﬁ7’)/
2

= [p(xnk > Ximy, )]ﬁ [p (xnk , Txnk )] * [p(xmk s Txmk )] 4 |:

p(xnk 7xmk+l) +p(xmk 7-xl’lk+1)
2

l—a—B-y
- [p(xnk,xmmﬁ[p(xnk,xnkﬂ>1“[p<xmk,xm,{+1>v[ ]

= Jg?op(xnk+laxmk+l) < 0

which contradicts the assumption. Therefore {x,} is a Cauchy sequence in the complete partial metric space (X, p).
Hence, lim p(7"x,z) = p(z,z) for some z € X. O
n—oo

Definition 3.2. Let (X, p) be a partial metric space . A self-map 7 : X — X is called k—continuous,
k=1,2,3,---,if lim p(T*x,,x) = p(Tx, Tx) whenever {x,} is a sequence in X such that
n—soo

lim p(T%"x,,%) = p(x, ).

n—oo

It was established in [13] that for k > 1, the notions of continuity of 7% and k-continuity of 7' are not
dependent on each other within metric spaces. This conclusion is also applicable within the framework of
partial metric spaces. Clearly, 1-continuity is just another way of stating continuity. Furthermore, there
exists a one-way chain of implications:

continuity = 2-continuity = 3-continuity = - -,

though the reverse implications do not generally hold.
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Theorem 3.3. Let (X, p) be a complete partial metric space. Let T : X — X be a self-map such that for
all x,y € X and € > 0, there exists §(&) > 0 such that

e<A(x,y)<e+0(e) = p(Tx,Ty) <Ee. 3)
If T is k-continuous, then it admits a fixed point z. Moreover, T is continuous at z if and only if
limA(x,2) = p(z,2)-
Proof. Let xp € X, and construct a Picard sequence {x,} in X by setting
Xni1 = Tx, = T"xp.

According to Theorem [3.1] the sequence {x,} is Cauchy. As (X, p) is a complete metric space, there

exists a point z € X satisfying
lim p(x,,z) = p(z,2)-
n—oo

i.e.,

lim p(T"x,z) = p(z,2).

n—yoo

Since T is k—continuous then

lim p(T*\xy,2) = p(2,2) = lim p(T*x,, T2) = p(Tz, T2).

n—soo
Therefore,
p(z,2) = p(Tz,T2).
So by (P1) Tz = z. Consequently, z is a point that remains fixed under 7.
Assume that T is continuous at the fixed point z. and lim p(%n,2) = p(2,z). Then
Jim p(Tx,,T2) = p(T2,T2) = p(2,2)-

Hence

2

X o)\ Ime B
}CLH;A(%Z) :)lcl_rg [P(X,z)]ﬁ[p(x, Tx)]a[p(Z’ TZ)]?’<p( ,TZ>+p(Z,T )) ]

(z,T2)+ p(z, TZ)) tresby
2

=[P p. n)mp(z,n)p(l’

=p(z,2).

Conversely, suppose limA(x,z) = p(z,z). Let lim p(x,,z) = p(z,z). Then
xX—=z n—oo
limA(x,z) = p(z,2)

<P(x, Tz)+ p(z,Tx) ) 1a51

= lim | [p(x,2)]P [p(x,Tx)]*[p(z, T2)]"

X—Z

5 =p(z,2)

x—z 2

= [p(z.2))' " lim{p(x, Tx)]* = p(z.2)

l-a—B-y
= (2.1 limlp(x, T p(z,2)] (’W”(“)> — p(z3)

= lim[p(x, Tx)]* = [p(z,2)]"
= lim[p(x, Tx)] = [p(z,2)]
= )lcilg[p(Tx, Tz)]=p(Tz,Tz).

Hence T is continuous. O
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Definition 3.4. [I[] Let ¥ be the class of all functions ¢ : [0,00) — [0,0) that satisfy the following
requirements:

(i) ¢ is non-decreasing; that is, for any o < o, we have ¢ () < ¢(a);
(i1) ¢ is continuous;
(iii) For every o > 0, the series Y., ¢" () converges.

Corollary 3.5. Let (X, p) be a complete partial metric space, and let T : X — X be a self-map such that
forall x,y € X, the following conditions are satisfied:

(i) Ve>0,30(e) >0:e<A(x,y) <e+0(e)= p(Tx,Ty) < e.
(ii) p(Tx,Ty) < B(A(x,y)). where ¢ € V.
If T is k-continuous, then T possesses a fixed point z. Furthermore, T is continuous at 7 iff

limA(x,z) = p(z,z2).

X—Z

3.1. Fixed- Disc Results

Definition 3.6. Let (X, p) be a partial metric space, and let 7 : X — X be a self-mapping. The set

CXO:V = {X € X: p(JC,JC()) = r+p<.x0,)C0)}

is referred to as a circle centered at xo with radius r. If every point x in Cy, , satisfies Tx = x, then Cy,  is
known as fixed circle of the mapping 7.

Definition 3.7. Let (X, p) be a partial metric space, and let 7 : X — X be a self-mapping. The set
Dy r= {x€X:p(x,x0) <r+p(xo,x0)}

is termed a disk centered at xo with radius r. If Tx = x holds for every x € Dy ,, then D, , is called a
fixed disk under the mapping 7.

Theorem 3.8. Let (X, p) be a complete partial metric space, and let T : X — X be a self-mapping. Define
the number r by
r=inf{p(x,Tx):x ¢ Fr}. (6)

Suppose there exists a point xy € X such that for every x € X \ Fr,
p(x,Tx) < A(x,x0) (7)

and
0 < p(x0,Tx) < r+ p(xo,x0), (8

Then the following conclusions hold:
(i) xo is a fixed point of T.
(ii) The mapping T fixes the disc Dy, .

(iii) The mapping T fixes the circle Cy, ,.
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Proof. (i) Let xg € X \ Fr. Afterward,

p(x0,Tx0) + p(xo, Tx0)> I—a=p-y
2

(x0,%0)]P [P (x0, Tx0)]*[p (x0, Tx0)]? [P (x0, Toxo)] '~ P~7
=[p(x0.x0)17 [p(x0, Tx0)] P
(

P, Tx0) < A(30,0) =[p(x0,30)] [P0, rxomp(xo,no)v(

which contradicts (P2). Hence xy € Fr.
(ii) Suppose x € Dy, , and x € X \ Fr. Then

p(x,x0) <7+ p(x0,x0).

Using part (i), we have

p(x, T)C()) +p(x07 T.X) > l-a-f-y
2

(x0,Tx) ) lmoa=p-y

Pl Tx) < A(r,x0) =[p(x.50) P [p(x. Tx)]“[mxo,now(

2
S[”-i-P(xo,xO)]ﬁ[p(x, Tx)]a[r+P(xoyxo)]y[r+p(xo,x0)]1’“*3*7’
=[r+ p(x0,x0)]" *[p(x, Tx)]*
[p(x,Tx)]

~lplwan)lP o T o) ( ZE2E

IA

which is contradiction. So x = Tx. Hence T fixes the disc.
(ii1) Similar to (ii). O

Theorem 3.9. Let (X, p) be a complete partial metric space, and let T : X — X be a self-mapping. Define
the number r by

r= inf{p(x,Tx):x ¢ Fr}, )

where Fr denotes the set of fixed points of T. Assume that there exists a point xo € X such that, for every
x € X \ Fr, the following conditions are met:

p(x,Tx) < ¢(A(x,x0)), (10)
0 < p(x0,Tx) < r+ p(xp,x0)- (11)
Under these conditions, the following conclusions can be drawn:
(i) xo is a fixed point of the mapping T;
(ii)) The disc Dy, , is invariant under T;
(iii) The circle Cy, , is also invariant under T.

Proof. Similar technique of Theorem [3.8] O
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4. Conclusions

In conclusion, this work offers a new perspective on Rhoade’s discontinuity problem by introducing a
self-mapping with a fixed point that is discontinuous at the fixed point within a partial metric space.
We have derived a few geometric properties of Fr under interpolative-type contraction, along with key
findings related to fixed-disc and fixed-circle results. These contributions enhance our understanding of
fixed point theory in spaces where discontinuities are present.
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