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Abstract: In 1892, Segre introduced the concept of bi-complex numbers. The main contribution in bi-
complex analysis was the pioneering works in Functional analysis. It is a new subject, not only relevant
from a mathematical point of view, but also has significant applications in physics and engineering.

This article provides an overview of bi-complex numbers and examines the completeness of certain
sequence spaces of bi-complex numbers. Additionally, the study explores their algebraic, topological,
and geometric properties, contributing to a deeper understanding of these spaces.
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1. Introduction

Bi-complex numbers have been studied for quite a long time, and a lot of work has been done in this
area. In 1892, Segre [18] introduced the concept of bi-complex numbers. The most comprehensive study
of bi-complex numbers was done by Price [15]. Alpay et al. [1] developed a general theory of functional
analysis with bi-complex scalars. In 2004, Rochon and Shapiro [16] studied some algebraic properties
of Bi-complex and hyperbolic numbers. Later, Wagh [21], Degirmen and Sagir [6], Bera and Tripathy
[3, 4], Sager and Sagir [17], and many researchers have studied the algebraic, topological, and geometric
properties of bi-complex sequence spaces.

Definition 1.1. [17] A bi-complex number is denoted by y and defined as,
Y = X1 + ile + i2x3 + i1i2x4

= (1 +i1xp) + (x5 + i1x4)

= zi+i 7z, Where, X1, X2 ,X3, Xy € CO, Z1, Zy € C],

2

i?=i*=-1, i1 b= iri1 and Co, C,, are the set of real and complex numbers respectively, i1 i is a

hyperbolic unit whose square is 1.
The set of bi-complex numbers is denoted by C; and is defined by
C, = {ZH— 12 Zy: 71,722 € C1}

There are three types of conjugations on bi-complex numbers (Rochan and Shapiro [16])
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i) i - conjugation of y =zi+ i, z2 is y* =21 + i,2,
i) i2- conjugation of y is ¥y =z1-122»
iii) i1i2 - conjugation of y is y' =7; — i, 7,

Definition 1.2. A bi-complex number y = z;+i,z; is hyperbolic if y' =y or Im(z;) = Re(z,) =0.
The set of all hyperbolic numbers is denoted by H and is defined by H = {xi+ 11 i2x2. X1, X2, € Co}

For example, y =1 + 2 i; i21s a hyperbolic number.
The bi-complex number y = z; + i, z is singular if |z;>+ z,?| = 0 and non-singular if |z,> + z,%| # 0.
In C, , there are exactly two non-trivial idempotent elements e; and e, defined by

_ltih o 1-ib
=— and e, = >

ObViOLlSly, et e= 1, eje =exel= 0, e1 2= e; and 6222 €2

€1

Every bi-complex number y = z;+ i, z; had unique idempotent representation as y = wiei + pes, where
W =z - 11 22 and p, = 7; + 1) 22 are the idempotent components of y . The set {ei, €2} forms an idempotent
basis of C,. Equipped with co-ordinate wise addition, real scalar multiplication and term by term
multiplication, C, becomes a commutative ring with unity.

Algebraic structures of C, differ from that of C; in many aspects. A few of them are mentioned below.

(i) Non-invertible elements exist in C,
(i) Non-invertible idempotent elements exist in C,
(iii) Non-trivial zero divisors exist in C,

The norm (Euclidean norm) on C, is defined by

_ [2 2 2 7 _ _ual?+ Jug)?
Iyllc,=vxZ +x% + x2 + xZ=/|z1]* + |z,]? = /%

Definition 1.3. A sequence in C, is a function defined by y : N = C,, y = (yx), where y;, € C,.

The sequence (yj) of bi-complex numbers is said to be convergent to y € C, iff for each

€ > 0 there corresponds an n(e) € N such that

lyk —vllc, <e forall k =n(e). Itis written as llim Vi =7.
The sequence (y) of bi-complex numbers is said to be a Cauchy sequence if for every € > 0 there
exists a positive integer n(g) € N such that

1V — ¥Yullc, <& forall m,n = n(e).

Definition 1.4. Let E be a sequence space of bi-complex numbers and E = {(u,,) € w (C,), there exists
X, € E such that |[uy,llc, < [[xpllc, for all n € N. Then E is said to be solid or normal if E cE.

Definition 1.5. A sequence space E of bi-complex numbers is said to be symmetric if (y;) € E implies
Yr(k) € E where m is the permutation of N

Definition 1.6.[6] Let E be a subset of linear space X. Then E is said to be convex if
(I—A)x+ Ay €E forall x, y € E and all scalar A € [0 1].

Definition 1.7.[6] A Banach space X is said to be strictly convex if x, y € Sy with x # y implies that
I(1—2A)x + Ay || <1forallA€(01).
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Definition 1.8.[6] A Banach space X is said to be uniformly convex if, toeach € > 0, 0 < € < 2 such
that for all x,y € Sy, where Sy represents the unit sphere, there corresponds a §(¢) > 0 such that the
conditions

IIxII=IIyII=1,||x—yllze=>%llx+ylls1—6(5).
2. Some sequence spaces over the set of bi-complex numbers.

If ® denotes the set of all functions from the set of positive integers N to the field C of complex
numbers then it becomes a vector space. Any Sequence space is defined as a set of all
sequences x = (x,) linear subspace of ® over the field C with the usual operations defined as

(X)) + ) = (xn + yp) and A(xy,) = (Axp).
Recently, several researchers, including Ghimire & Pahari [8], Pahari [12], Paudel, Pahari & Kumar
[13],Pokharel , Pahari, & Paudel [14] and Srivastava & Pahari[19] have studied the theory of
vector-valued sequence spaces using Banach sequences.

The notations w (Cy), le, (C3), ¢ (C3), co(Cy), [(Cy) denote the class of all bounded, convergent, null
and absolutely p-summable bi-complex sequences [13].

w (Cy) ={x=(w): x, € C, forall k€ N}

lo (C2) = {x=(0): Xk €W (C2) ! oenll % llc, < o0}

¢(C) ={x=(m)ixx Ew(C,), 3 LEC,: Mx, =1}

€o(C2) = {x=(x): x € @ (C2): iiwxy =0}

Ip(C2) = {x=(xn): X € w (Cp): Tl llxgllch < o0}

Lemma 2.1.[16] (Bi-complex Minkowski’s inequality)
Let p and ¢ be real numbers with 1 <p <oo and xi, yx, € C, fork € {1, 2, ..., n}. Then,

1

1
(Tt e + 32 112) [P < [(Bra lxe ) |7+ (Z e vl )7
Lemma 2.2.[6] Let p be a real number with0<p <1,x=(x;) andy=(y;) € C,.
Then, we have || x + ylIg, < lIxIIg, + IYIIE,
Lemma 2.3.[6] Let p be a real number with2 < p < o and x = (x;),y = (yx )€ C,. Then, we have
lx +yllg, + 11x = ylle, < 2P~ (IxIIE, + ylle, 1D

Several workers Basar [2], Degirmen & Sagir [5], Ellidokuzoglu & Demiriz [7] , Giingor [9] , Hardy
[10], Kumar & Tripathy[11], Srivastava & Srivastava [20] have made substantial contributions to
the theory of series and bicomplex numbers and sequences.

3.Main Results

In this section, we present some theorems and examples exploring some algebraic and topological
properties of the sequences of bi-complex numbers.

Theorem 3.1. The space [, (C,) is a bi-complex solid space.
Proof.
Let (x,,) € [ ,(C,), then there exists a sequence (y,,) € I, (C,) such that

I xnllc, < |l ynllc, foralln €N.
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Therefore, sup {|| y |lc, : n € N} <o and so, sup{|| x, ||, : » € N} <co.

This shows that (x,, ) € I (C;).Thus (x,) € I (Cy)implies (x,) € l(Cy).
S0, 15 (C3) C lo(Cy). Hence L, (Cy) is a bi-complex solid space.

Theorem 3. 2. The space [, (C,) is a bi-complex symmetric space.

Proof.

Let (x,) € lx(Cy) ando € m. Then, 0 : N — N is a bijective function. So, we have
{||x,,(n)||(czzn € N} = {llxnllczzn € N}.

Also, sup {”x"(”)”cZ: n € N} = sup{llxnll(cz:n € N}.

Since (xn) € lo (C3),sup {llxnllc,:n € N} < co. Also, sup {”xf’(")”cz: n € N} < oo,

This result shows that (xg()) € lo (C3).Hence ly, (C;) is a bicomplex symmetric space.
Theorem 3.3. The space [, (C;) is a bi-complex solid space for 0 < p < co.
Proof.
Let (x,) € Zp (C;), then there exists a sequence (y,) € [, (C;)such that
lx, ]l < ||yl for all n € N.

Also, ||xnllg2 < ||yn||€2for allmeN .

Since the series Yo || Vnl | |€2 is convergent, the comparison test for convergent series implies that the

series Yn_1 ||y, ||c, is also convergent. So, (x,,) € [, (Cy).

Thus (x,,) € [, (C,) imples (x,) €1, (Cy). Hence I, (C;) < L,(Cy).

So, 1,,(C;) is a bi-complex solid space.

Theorem 3.4. The space ,(C;) is a bi-complex symmetric space for 0 < p < .

Proof.

Let (x,) € 1,(C;)and o € m. Sinceo : N — N isa bijective function, we can write
(ko :n € N} ={lIxplle,:n € N}
and so,{”xa(n)”zz:n € N} = {llxnllgz:n € N} holds.

P _ P
Then, 774 ||xa(n) ||((;2 = Yn=1 ”xn”(cz
Since, (x,) € I, (C), Xp=1|lxn ||€2 converges.
Also, the series Y71 |[Xq(n) ||€2 converges.

Hence, (X5(n)) € Iy (C3).Thus, [, (C;) is a bicomplex symmetric space.
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Theorem 3.5.[16] The set @ (C,) is a linear space over R with respect to addition and scalar
multiplication.

Theorem 3.6.[16] The sets [, (Cy), ¢ (C3), ¢y (C3) and [, (C2) for 0 < p < oo are sequence spaces.

Theorem 3.7. The space ¢, (Cy) is a complete metric space for 0 < p < co with the metric

dzp (C,) defined by

diy e,y (0 ¥) = {Ziallxe — yill?, }or 0<p <1
1

= (Z;?:ﬂlxk — ykllfc’z)p forl1<p< oo
where x = (x), y = (Vk) € £ (C2).
Proof.

First, we show that the metric space #,( C;) is complete for 1 <p <oo.

For this let (x;,) = (x;" )k en be any arbitrary Cauchy sequence in the space £,,(Cy). Then, for every
€ > 0, there exists 1, (€) € N such that

1
d(Xpm, Xp) = (Z,}”zlllx,’c” - x,’éllgz)p < oo, forallm,r > no (¢). (1)

Then, for any fived &,
Wt — xp 1l <€ for all m, r = n, (¢). )

Thus, for any fixed k, (xi, xZ, ..., x, ...) is a bi-complex Cauchy sequence and so it converges to a
point say xj, . Collecting the infinitely many limits (xj, x5, ....), let us define a sequence x*= (x3) =

(x1, x5, ....).

Then, we show that x*= (x;) € £, (C;) and x,, > x™ as m —> o,
By (2), we can write ||x;* — xillc, < & for allm > ng(g), which means that x;* — x;, as

m — oo. Also from (1), we have

1

n
p
(z:llx}c71 - x%llgz) < ¢ forallm,r =ng (g).

k=1
1

Letting » —» oo, we have ( Rt Xt — xg ||€2)p < eforalln € N.

Then by letting n — oo, we have

1
A, x*) = (e |1 — x5 ||P)P < € forallm > ny(e).

Thus the sequence (x,,) € L, (C;) convergesto x* = (x;) € o(Cy).
Next, we show that x* = (x3) € £, (C;). Since (x,,) = (x') € £,(C), by complex Minkowski's

inequality and convergence of the series =4 ||x; — X" ||€c32 we have
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1

1
(Zralleh2, )= (Zizall + e = IE, )P

1 1

< (Bl 12, )7+ (Sl — 2, )P <o,
Thus x = (x) € 1, (C2). Hence [,,(C;) with 1 < p <o is complete.

Similarly, we can show that €, (C,) is complete for 0 < p < 1 with the metric

d (x,y) = Sie=llxe = yiellg,» where x = (xi), y = (yi) € £ (C2).
Since £, (Cy) is complete with the metric induced by the norm defined by
lxll = {ZiallxlI?, } for 0 < p< 1.

1

= (ZallxellZ, )P for 1 <p<oo
Hence ¢, (C;)is a Banach space.
Theorem 3.8. The space £, (C;) for 0 <p < oo is convex.
Proof.
Letx = (x) andy = (yx) € €, (C3) and A € [0,1].
Then the series Yn—1||%, ||€2 and Y01 llyn ||€2 converge.

For 1 <p < oo, in view of lemma 2.1, we have

1 1 1
(Bl sy + (1 = DyallZ, ) < (Biia MAxallZ, )+ (Ziall (L = A)yallZ, )
1 1

= Al 2l )P+ A=) (ZeallyallZ, )P < o0
and therefore,
Ln=1 | Axn+ (1=2) yilf’ < 0.
Hence, Ax + (1-4) y € £, (Cy).
Also, for 0 <p < 1, we have by lemma 2.2
Yimt Il A+ (A=) ya g, < Tz (xS, + 1 A=)y l1E)
=T x|+ (1= P B2llynll?, < oo,
This implies that Ax + (1 — 1)y € £,, (Cy).

Hence, ¢, (C;) for 0 <p < oo is convex.
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Theorem 3.9. The sequence space £, (C;)is convex.
Proof.
Letx = (xn), y= (1) € £x(C;)and A € [0,1].
Then, sup {|| xa|| ¢,: 7 € N} < coand sup {|| yu|| ¢,: 7 €N } < oo
Now, sup {142, + 1= Dyullc, : n €N} <sup (Al lle,:n €N} +(1=D) [|ylle, :nEN}
=Asup {llxllc,: n €N} +(1=2) sup {l|ynllg, :nEN}
< 00
Thus, Ax + (1— 1)y € €4 (C,). Hence, €4, (C,) is convex.
Lemma 3.10. [6] Let p be a real number with 1 < p < oo such that x # y where x = (x,),
y = () and A € (0,1). Then, we have || Ax + (1-2) y ||P < ,1||x||g2 +(1- 1) ||y||§2.
Theorem 3.11. The sequence space £,,(C,) for 1 < p < oo is strictly convex.
Proof.
Letx = (xy) and y = (ya) € Slp(Cz) such that x #y and A € (0,1). Then, || x||=1and | y| = 1.
By lemma 3.10 we have
1A%+ (1=2) ¥ I, = Xn=1 | 2 t(1= DyallP (C2)
< Zn=[ A%l +(1= Dyl (C;)
= AT llxalIB (1= ) B2yl
=2 lxIiZ, +(1= D Iy,
= Al+(1-2).1=1
This shows that [,,(C;) for 1 < p < oo is strictly convex.

Example 1. The sequence space [, (C,) is not strictly convex.

Letx = (x,) = (0, i1, 0, O, ...... ) and y = () =(0, 0,—i,, O,..... )
so that ||x|| = ||y|l =1and A € (0,1).
Now, || Ax + (1 = Dy lli, ¢,y = Zn=all 2 + (1= Dynlle,,
=2n=1ll(0, iy, (1= (=iz), 0,..) I
=l Aiglle, + 12— D (=i,
=A14+(1-21).1 =1, forallA € (0,1).
Hence [; (C;) is not strictly convex.
Example 2. The sequence space [, (C,) is not strictly convex.
Letx = (x,) = (1, iy, i3, 0, 0,..)and y = (y,) = (-1, iy, iy, 0, 0,...)
Then, [ixll, = lIylle, = 1.
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Now, for all A € (0,1), we have
IAx + (1= yllc, = sup{llAx, + (1= Dyyllc,:n € N}
=sup { [12A4—1, iy, i3, 0, 0,...) [lc,: n € N}
=sup {0, |24 —1|, 1} =1.
Thus 1, (C;) is not strictly convex.
Theorem 3.12. The sequence space [, (C,) for 2 < p < o is uniformly convex.
Proof.
Letx = (xp), ¥y = yn € [,(C3) such that
Ixll < 1, |lyl| < 1 and |k - y|| > &.
Then, applying lemma 2.3 we have
Ix +yIIP + llx = ylI” = Zaallxn + yull? + Zazallxn — yll?
=Xn=1(llxn + yullPHixn — yall?)
< Za=1 2P (P [lynl P)
= 2P [E ey Xl P+ X 1ynlIP]
= 2P7HIxlIP + lylPl < 2P71 (1 + 1)
= 2P
This shows that |[x + y|[P < 2P — [|x — y||P < 2P — P,
1
Now, ||| = [ tle + 1)
1 1
<@ - i-¢rf
1

If we take 6(e) = 1 — [1 — (g)p]5 , then ||9Hz-—y|| <1-24.

Hence [, (C;) for 2 < p < o is uniformly convex.

Example 3. The sequence space [;(C,) is not uniformly convex.
Proof.

Letx = (x,)=(i;, 0, 0, O, ... ... ),andy = (¥,)=(0, 0, iy, O,......).Then
llxll = llyll = 1.
Now, [Ix = yllc, = Zn=1llxn — ¥nllc, = Zn=all(is, 0,— iz, 0,..)llc,
=il + =il =1+1=22>¢

XntYn
2

But

x+y _
e

0 1,. ,
=y —1,0,1,0,...”
o, ~Zma 3 0520,

iy

2

iy

2

1 1
=-+-=1.
C, C, 2
x+y

Thus, we cannot find §(€) > 0 such that >

”31—&

Hence, [, (C,) is not uniformly convex.
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Example 4. The sequence space [, (C,) is not uniformly convex.

Proof.

Letx = (x,) = (1, iy, 12, 0, 0,...), ¥y = (u) = (=1, i3, =i, 0, 0,...)
Then, |lx|| = llyll =1
llx — ¥l = sup {llxy, — ynllc,:n € N}
=sup {||(2, 0, 2i,, 0, O,...]|}=sup {0, 2}
=22=c¢

Xnt+Y¥n
2

X+
Now, ”_zy” = sup{

:nEN}
C;

“sup{|l2 0. 211, 0, 0,...)]

=sup {[[(0, iy, 0, O,...[I}
=sup {0, 1} =1

Thus, we cannot find §(€) > 0 such that ||x:—y|| <1-9¢

Hence [, (C;) is not uniformly convex.

4. Conclusion

In this paper, we have presented some sequence spaces of bi-complex numbers and their algebraic,
topological, and geometric properties. The extension of these properties on generalized double
sequences of bi-complex numbers will be the future research directions.
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