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Abstract: The purpose of the present paper is to find angular metric tensor ,carton torsion tensor, v-
curvature tensor in a generalized Kropina space and the relation between v -curvatures with respect to
Cartan connection CI” of a Finsler space F' = (M", L) and a Finsler space F*" = (M", L*) whose metric
L* is derived from the metric L of F" by L* (x, y) = u"2 (x, y) fY2 (X, Y), where u*? (x, y) = (LY2 + *?)
(X, y) and = bi(X) y'. The Finsler space F*" is called a generalized Kropina space under certain

conditions.
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1. Introduction

The study of Finsler spaces, with special metrics, has attracted considerable attention over the years.
Among these, the Kropina metric, introduced by V.K. Kropina, has been a focal point due to its unique
properties and applications. The Kropina metric is a special case of the (o, )-metric, where the metric
function is given by
2
L =Z
(x' y) B 1
with a being a Riemannian metric and 8 a 1-form.

This metric has been extensively studied in the context of Finslerian hypersurfaces, where the interplay
between the intrinsic and induced geometries provides deep insights into the structure of the space.

A significant milestone in the development of Finslerian hypersurfaces was the introduction of the
Kropina metric by Kropina himself. This class of Finsler metrics, given by

L(x,y) = a™p™ (where m # 0, —1)

was extensively studied by Shibata [8], who investigated its geometrical properties and provided
foundational results on its structure. Later, Shibata et al. [9] extended this work by introducing the
transformation of Finsler metrics using
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L'(x,y) = f(L. B), 1)

where f is a positively homogeneous function of degree one in L. This transformation played a crucial
role in understanding the induced and intrinsic theories of hypersurfaces in Kropina spaces.

Hashiguchi et al. [1] studied the properties of Landsberg spaces with (a, ) metrics, providing insights
into two-dimensional Finslerian structures. Their work was further expanded by Kitayama [2], who
explored metric transformations and their impact on hypersurfaces in Finsler spaces. Additionally,
Matsumoto [3] developed the induced and intrinsic connections of Finslerian hypersurfaces,
contributing significantly to the study of projective geometry in Finsler spaces.

Prasad [4] and Prasad & Tripathi [5] examined torsion tensors and hypersurface structures in Finsler
spaces with Kropina changes, establishing important results on the interactions between different types
of metric transformations. Rastogi [6] extended these ideas by analyzing the properties of (a, )
metrics, further refining our understanding of Finslerian geometry.

Recent studies have continued to build on these foundational works. Shanker et al. [7] investigated
curvature properties in homogeneous Finsler spaces, revealing new relationships between curvature
tensors and metric deformations. Singh et al. [10] and Singh & Srivastava [11] explored h-
transformations and Kropina-type modifications in special Finsler spaces, shedding light on the
structural modifications induced by such transformations.

Izumi introduced the concept of h-vectors b; that are 9-covariantly constant with respect to the Cartan
connection, leading to new insights into the interplay between conformal transformations and
directional dependencies in Finsler spaces. Srivastava and Pandey [12] , [13], extended this idea by
examining generalized Kropina-type metrics under S-change and their implications for Finslerian
hypersurfaces. Their work provided key relations between the original and transformed hypersurfaces,
establishing conditions under which these transformations preserve geometric properties.

In this paper, we consider a generalized Kropina-type metric given by:
L*(x,y) = u*?(x, y)B%(x, y), @)
where
u2(x,y) = (L2 + BY2)(x,y) and B = byy",

with the vector b; as a function of positional coordinates x* only. When L(x,y) corresponds to a
Riemannian space, L*(x, y) reduces to the Kropina metric function.

Izumi while studying a conformal transformation of a Finsler space, introduced the h — vector b; which
is9 covariantly constant with respect to Cartan connection CI" and

LChijbh= p hij.

The h — vector b; is not only a function of positional coordinates x' but also a function of directional
arguments y'. In fact

L(obi / &) = p hi.
Here bi(x, y) is an h — vector in (M " L).

Let b, is an h-vector in the Finsler space (M " L) and (M " L") be another Finsler space. The
fundamental metric function L*(x ,y) is defined by

L* (x,y) = (LY2+ %) (x, ) 2 (x, Y). @)
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Let us call the Finsler space F = (Mn, L") as generalazed Kropina space. To distinguish the
geometrical objects of F" from those of the Finsler space F" we shall put a * sign on the corresponding
objects of F

This metric plays a crucial role in analyzing the curvature properties of Finslerian hypersurfaces,
particularly through the 9-curvature tensor, which provides insights into the geometric deformations
induced by the generalized Kropina-type metric.

Building upon the existing body of research, this study aims to further examine the properties of
Finslerian hypersurfaces defined by the generalized Kropina-type metric and analyze the implications

of the 9-curvature tensor in this context.

For an h-vector b. we have the following lemmas [1] :

Lemma 1. Ifb, is an h-vector then the function p and I*i =b, - pl. are independent of y.
Lemma 2. The magnitude of an h-vector b, is independent of y.

2. Preliminaries
Let b, is a vector field in the Finsler space (Mn, L). If b, satisfy the conditions [4]

b,.=0

ilj
and L, b, = ph,, @)

then the vector field b; is called an h-vector. Here |j denotes the covariant differentiation with respect
to Cartan’s connection CT, Chij is the Cartan’s C-tensor, hij is the angular metric tensor, and p is a
function described by

p=(-1)*LC'b, )
We have :—fi = b; by using the indicatory property.

Differentiating of (3) with respect to y' yields.

1
z;:(ﬁ—f)zi+<1+§ )bi. (6)
L2 B

N
~
N|R| NI=

We know that

9 _ ;1
From the above relation
« _ (B 1 B L
hij = (£) Aohy + 3 Ao(liby + ;) — (£) Aolit; — (E) Agbib;. )
where
1
AO = 1 + &
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Theorem 2.1 (Angular Metric Tensor Transformation)
Under the transformation (3)
L* (x, y) = (LY2+ 52) (x, y) B2 (%, Y).

the angular metric tensor (h*i.) of F is given by (7) as follow:

hij = (£) Aohy + 3 Ao(liby + iby) — (£) Aolil; — (Lﬁ)AObibj

N[

where Ay =1+ £

1
12

Further from equation (7) and 9, = hi + Ii I. one gets

95 = (£) Aogij + 5 Uo(Uiby + ib;) — (£) Uolily + Usbib; ®)
1
where Uy=1+—7F 352
212
1
and U, = 1+£
282

Theorem 2.2. Under the transformation (3), the metric tensor of F (g*ij) is described by (8).

From equation (8) and C;j, = ( )% ,we get

|l~
N|R

N W)

Ci*]'k = (Z’LL) AOCijk +%U0(humk + hjkmi + hki‘m]) ( > (m, + m] + mK) (9)

8p

where m; = b; — (£)1;.

Theorem 2.3. If the angular metric tensor hij of F vanishes, the torsion tensor of F" (C*ij ) also
vanishes.
With the help of lemma (1) and relation

o-(1+2)

we get
]
From the definition of m; we get the following identities:
@ ml'=o,

(i) mb=mm =b"-@7L,
() h,m=hb=m and

v) C’ m=L"ph,, (11)
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3. 9 —Curvature Tensor

Definition 3.1.  The v - curvature tensor S, ik of F'= (Mn, L) with respect to Cartan’s
connection CT is defined in [4] by
Shijk = CakmCij — CrjmCik (12)
From (4), (8) and (11), we get
Cl-*jh = C[; + Rl(hi]-mk + h]kml + hi‘mj) - Rz(hijlkR3 + mimjlk) + R4—(hijth3 + mlm]bh) (13)
where R, = (zlz)
3(1-0)B
R = (527 Ro.
1 2
_B2(,2_ B
Ry =—=|b*—=)+o,
3 41%( LZ)
Ry = (4L) PRo
and Ry = .

a{(1—0)p2%-L?} bz
LZ

From equation (9) and (13) ,we get

CrimCij = ChkmCU + W hijhy + Cihpyemym; + Cohyymymy, + CO(Cl]kmh + Cijjnmp + Cipemy + C]hkml)

+C§A3(hjkmimh + hih‘mjmk + hjhmimk + hikmjmk) (14)

where

i = (62 =35) (% Ro + 55 + £ Ro) + 2R,

3B
Co =7LP

2,2 2,2
¢, =E0Ryo+ D +EL

2

and C, = %4' 1z o {‘7"' (bz _L_Z)}

Thus from (12) and (14) , we obtain the following

Theorem 3.1. (8 - Curvature Tensor Transformation)

Under the transformation (3) the v-curvature tensor (S*hijk) of F" is written in the form

1 1 1
B2 E
Shijk = U( >Shuk t hijenk +2k hhk(eu +1) - hlkeh] 1hhjeik- (15)
L2 4;22 412
1 3
where eij = Z ulhij + Z uzmimj
3&2 2 BZ
and IJ.Z = 4L§ RO {O- + (bZ - L_z)}
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Theorem 3.2. The v - curvature tensor (S*h i ) of the transformed Finsler space F" vanishes if the

angular metric tensor (h;;) of F" also vanishes, i. . S;ijk =0.
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