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Abstract: The idea of difference sequence space is introduced by Kizmaz. Lindenstrauss and Tzafriri
used the concept of Orlicz function M to construct the sequence space ¢,,. In this paper, we introduce the
class £,,( X, a, P) of the generalized form of difference sequence space and study some inclusion and
linear properties.
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1. Introduction:

Sequence spaces have a major role in mathematics, especially in functional analysis and mathematical
analysis. They give researchers a framework for examining infinite numerical sequences and provide
information on their convergence, summability, and other characteristics. Mathematicians have extensively
researched sequence spaces, which are vector spaces of sequences with elements in real or complex
numbers (R or C). Many mathematicians in classical analysis have investigated these spaces, which include
convergence, bounded, null, and I, spaces.

If ® denotes the set of all functions from the set of positive integers N to the field K of real or complex
numbers then it becomes a vector space. Any Sequence space is defined as a set of all sequences x =
(xy) linear subspace of ® over the field C with the usual operations defined as

(xn) + (yn) = (X +yp) and A(x,) = (Axn)-
Several researchers, including Kamthan and Gupta [4] (1980), Maddox [7] (1981), Ruckle [15 ] (1981),
and Malkowski and Rakocevic[8] (2004), have made substantial contributions to the theory of vector and
scalar valued sequence spaces using Banach sequences. Similarly, Orlicz used the idea of Orlicz function
to construct the space ( LM). Lindentrauss and Tzafriri [6] investigated Orlicz sequence spaces in more
detail, and proved that every Orlicz sequence space £, contains a subspace isomorphic to £, (1 < p < o).
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Subsequently different classes of sequence spaces defined by Murasaleen et al.[9], Parashar and Choudhary
[10], Subramanian [17 ] , Tripathy et al. [18] , and many others are studied.

A function M: [0,00 ) — [0, ) is called Orlicz function if it is continuous, non-decreasing, and convex
with

M(0)=0,M(t) >0 fort >0and M(t) > oast — oo,
If the convexity of Orlicz function M is replaced by M(t +u) < M(t) + M(u) then this function is
called modulus function.

In 1971, Lindenstrauss and Tzafriri[ 6] used the Orlicz function to construct the following class

y ={x=(x) € w: Z,‘f:lM(%) < oo for some p > 0}.
This class together with the norm defined by

_ . ||
IZll =inf{p > 0: » M(—) <1}
k=1 p

forms a Banach space called an Orlicz sequence space and is related to the sequence space ¢, with
M(t) = tP,1<p < oo,
The concept of difference sequence spaces was first introduced by Kizmaz[5] in 1981 and defined as
i co(AX)) ={x = (xx) €X: [[Ax|l »O0ask — o}
ii. c(AX) ={x=(xx) €EX: Al€eXs.t. ||Ax —1|| > 0ask — oo}
il Lo(A)) ={T= (%) €X: suplldxyll < oo}
iv. p(AX)) ={X = (xx) €X: LpallAxy|lP < 0,0 <p < o0}
where  Axp = X — Xp_q -
These spaces are Banach spaces with norm ||x||a = |x1| + [|1Ax]|s -
Et[2], in 1993, generalized the concept of Kizmaz to study the A? sequence spaces of Banach space X-
valued sequences defined as follows:
i co(B?(X)) = {x = (x) €X: |[A%x|l > 0ask — oo}
i. c(A?(X) ={x=(x,) €EX: ALE€Xs.t. |Ax; — || > 0ask - oo}
il Lo(A2(X) ={T=(x) €X: supllA? x| < oo}
where
A xp = Axg - Axp_q =X — Xgoq — Xpo1 = Xg—p = X — 2Xp_q + X
These space are Banach spaces with the norm defined by
lxlla = lxal + |zl + 18%x]leo -
Similarly, in 1995, Et and Colak [3] defined the following classes
. co(A™(X)) ={x = (xx) €X: [[A"x,|l - O0ask — oo}
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ii. c(AmMX) ={x=(xx) €EX: FlEXs.t. |A™x; —1|]| > 0ask — oo}

i, £ (A™X)) = {X = (x) €X: supyl|A™ x;e|| < oo}

where m € N, A% = (x3), Axy = X — Xp_1,
and  A™x =A™l AT xe = B0 (-1 (T)ka :
They showed that these classes are Banach spaces with norm defined as

lxlla = Zrtalx | + 1A x]|o .

In 2006, Tripathy and Esi [18] studied a new type of difference sequence spaces
c(An), co(A), c(A,,) wherem € N as defined by

Z(Ap) ={x=(xx) Ew: Apx €7}, for Z= ¥,,candc,
where, Ay x = (Apx) = (Xg4m — xg,)forall k € N.
Form=1, 2, (A,;) = (b)), c(Ay) = c(B), co(An) = co(D).

He proved that these spaces are Banach spaces with norm defined by

m
Iella = x|+ suplpxel

r=1
and the inclusion relations co(A) € c(Ay) © £o(A)
and Z(A) c Z(A,y,) for, Z = £4,c,cand ¢
In 2012, Srivastava and Pahari [16] introduced the following class

ty(X,a, P) = {x =) EwX): Y M (M) < oo for some p > 0} :

and
g il
£y (X, a,P,L) = {x = (xx) Ew(X): Yoo M <%> < oo for some p > O},

where, suppy = L < 0.
For a = (a;) for asequence of nonzero complex numbers and P = (py) for any sequence of strictly
positive real numbers, they also investigated conditions for containment relation of #,,( X, a, P) and

explore the linear topological structure of the class €,,( X, o, P, L).

Recently, in 2022 and 2023, Paudel, Pahari and et al. [11], [12] , [13] studied the various properties of
sequence space using fuzzy concept. In 2023, Pokharel et al. [14] introduced a new class of double

sequences in a normed space X to generalized the well-known sequence space /¢ by introducing and

studying a new class /2 ((X, ||. ),y ,w) of double sequences with their terms in a normed space X

focusing on exploring some of the preliminary results that characterize the linear topological structures.
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Lemma [1]: Let (py) be a bounded sequence of strictly positive real numbers with
0 <pr <suppy =L, D=max{1, 2¢71} then

I |x + y[Pk < D{|x|Pk + |y|Pk};

ii. |a|Pk < max(1, [a]b).
Throughout the article, we shall denote for « = (ay), B = ( Br)

ax |Pk

Vi ﬁandék—| .

On the basis of the literature mentioned above, here we define the following class

llax Am xp|P*
u(X,a,P) = {x = (x) E w(X): M — < oo for somen > 0
k=1

where, A,x = (Apxy) = (Xgam — xi,) forall k € N.

2. Main Results

In this section, we shall study some of the containment relations on the class ¢,,( X, a, P) for
different values of a and P and examine the linear structures of #,,( X, a, P).

Lemma2.l. £y (X, P) c £y(X,B,P)if inf, 5, > 0.

Proof:

Let inf d; > 0and let x = (x) € €),( X, a, P) then there exist m; > 0,n > 0 and positive integer K
such that

P
M 1BilPe <l v ke = K and - T M%) < oo

Choose n;> 0 such that 1 < my n;. Since M is non-decreasing, we have

- A x, ||PK - Pk||A. x, ||Pk
ZM(”.Bk mXl ) = ZM(l.Bkl 1A x |l )
- U = M

[ee)

Z M(Idzcl”"llAmxkll”">
mi M

z (”akAmxk”pk>

< oo

IA

which indicates that x = (x;) € €, (X, 8, P). Thus
ty(X,a,P) cty(X,B,P).
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Lemmaz2.2. If £ (X,a P) c£y(X,B,P),then infd; > 0.
Proof:

Assume that £,,( X, a, P) € £,,( X, B, P) holds but inf, 6, = 0 so that we can find a sequence (k(n)) of
integers such that k(n + 1) > k(n) = 1 for which

Pr(n Pk(n
g™ < Brmw| " vyn =1
Corresponding to z € X, with ||z|| = 1 we can define a sequence x = (x) by
at n_z/pk(n) fork =k(n),n>1
Amxk = k(n) P =
0, otherwise

By using the convexity of M , we have

-2 Pk(n)
: e

ap,,x ||P* - - 1
ZM<”kmk” )zzM :ZM<2)
k n n=1 n n=1 nen

=1

= x €fy(X, aP).
But on the other hand for any n > 0 we have

[o¢]

d -2
Z <”ﬁk mxk”pk> 2 |[)’k(n)n /pk(n) VA
=1 ak(n) n

(o )
= Yn=-1M (;) = 0o,

showing that x & €,,( X, B, P) which is a contradiction. So we have inf;,&; > 0.

|| pk(n)

Bk(n)
A (n)

Theorem 2.3. £y (X,a,P) c £),(X,B,P) ifand only if infy 5, > 0.
After combining Lemmas 2.1 and 2.2, the result follows:

Theorem 2.4. £y (X,B,P) c £y (X, a,P)ifonlyif limsup,d, < oo.

Proof:

Let limsupd, < oo. Then we can find a positive integer L such that L| S |P* > |ay [P¥ for sufficiently
large k. Then by using lemma 1 the result follows.

For the necessity, suppose that £,,( X, 8, P) c (X, a, P) but lim sup; 8, = oo. we can find a sequence
(k(n)) of integers such that k(n + 1) > k(n) > 1 for which

Pk(n)

a
"k > n?,vn>1.

Brn)
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Now corresponding to z € X, with ||z|| = 1, we can define a sequence x = (x;) by

-2
A xp = {ﬁk'(%i)n /P for k = k(n),n>1
0 otherwise

By using convexity of M , we have

-2 Pk(n)
n /pk(n) 7 n

St (eband?) _ o g

su(B)> <o

n=1

- Z%ozl M (nzln)

which shows that x € £),( X, B, P).
On the other hand for any n > 0 we have

-2 Pk(n)
Ay /Pi(n) z

o llarAmx IPx oo
Zkle(%) = Y= M

ﬁk(n) n
Xk (n)

Pk(n) 1
= Zn=1 (Bk(n) W)
2 Zn:lM (;) = OOJ

showing that x & £,,( X, a, P), a contradiction.

This completes the proof.

Lemma 2.5: ¢y (X, a, P) forms a linear space over C if lim supyp; < .
Proof:

Let supgp, < . Letx,y efy (X, a, P)and let a, b €C then there exist scalars n,,1, > 0 such that
Yk A AT xy <00 Yyl ap ATxg < oo
Let us choose 75 such that
2Dn; max{1, |a|} < n; and 2Dn, max{1,|b|} < ns.

For such < 73, by using non-decreasing and convex properties of M ,we have

i y (Ilak(aAmxk + bAm}’k)”pk> - i M <D|Ia a A x| P N D||bakAm3’k||p">
N3 - N3 UK

k=1

M<D|a|”"||akAmxkllp" lel”"llakﬂmykllp")
N3

=1

AT Pk AT Pk
< M( la xk” ”ak Vel )
21,
1°° QA X P 1 @ Ay ||Pr
_ZM I N X 17 k” _Z | N B Yl yk” < o
2 2
=1 k=1
This implies that €,,( X, a, P) forms a linear space over C. O
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Lemma 2.6 : If £,,( X, a, P) forms a linear space over C,then lim sup,p;, < o.
Proof:

Suppose that £,,( X, @, P) is a linear space over C but lim sup,p, = . we can find a sequence (k(n)) of
integers such that k(n + 1) > k(n) = 1,n = 1 for which pj,,) > n for whichn > 1. Now corresponding
to z € X, with ||z|| = 1 we can define a sequence x = (x;) by

-2
Apxy = {alz(ln)n fokeo 2 for k = k(n),n=1
0 otherwise
Then for k = k(n), we have

- aral,, x; ||Px
ZM(”k mk”) ZM

k=1

- / Pk
[ e Z||

So,x € ty(X,a,P).
On the other hand since py,y > n for any n > 1 and scalar a = 4 we get

—2/ Pk
an P z

oo llorg adpxi||Pk oo
YoM (%) =i M

(0.0) 4n
n?n
n=1

o 1) _ 4"
22n=1M(;) =oas —>1 foreachn = 1.

n

This shows that ax ¢£,,( X, a, P,) which gives a contradiction. This completes the proof.

On combining Lemmas 2.5 and 2.6, the theorem 2.7 follows.

Theorem 2.7: £),( X, a, P) forms a linear space over C if and only if lim sup,p, < oo.

3. Conclusion

Sequence spaces are important in mathematics, particularly in mathematical and functional analysis. Here,
using the concept of difference sequence spaces, we have discussed various fundamental topological
properties of the generalized form of difference sequence space €, ( X, a, P).
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