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Abstract: This paper aims to establish common fixed point results that can be addressed using an
interpolative contraction condition proposed by Karapinar et al. [6] and Karapinar et al. [7] within a
complete metric space. We have developed both the H-R type contraction and R-R-C-Rus-type
contraction in the context of metric spaces, and we have proved related interpolation common fixed
point theorem. Furthermore, we provide examples to illustrate the significance of our findings.
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1. Introduction and preliminaries

The Banach contraction mapping principle (BCP) was developed by the Polish mathematician Stefan
Banach [1] in 1922 and focuses on contraction mappings with unique fixed point results on metric
spaces. Due to its importance, several authors have extended and generalized this principle. Researchers
have been inspired to explore alternative forms of contraction based on Banach's FPT. A notable early
response came from Kannan [2, 3] in 1968 and 1969, who introduced a new type of contraction mapping
that does not require continuity.

Definition 1.1(see [2, 3]): A mapping G: W — W is called Kannan type contraction, if there exists £ €
[O,%) such that

d(Gp,94) < £[d(p,Gp) +d(4,Gg) forall p,q € W. )
Kannan [2, 3] established the following theorem:

Theorem 1.2 (see [2, 3]): If (W, d) is a complete metric space, then every Kannan contraction on W
has a unique fixed point.

A notable recent generalization of the Kannan theorem was published by Karapinar E. [4] in 2018. He
presented a new type of contraction obtained from interpolation of the Kannan contraction as follows:

Definition 1.3 (see [4]): A mapping G: W — W is called interpolative Kannan type contraction on
metric space (W, d), if there exists £ € [0,%) such that

d(Gp,Ga) < £[d(p,Gp)]*[d(q,G4)]'~* forall p,q € Wwith p # Gp and g # Gg.  (2)
Karapinar, E. [4] established the following theorem:
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Theorem 1.4 (see [4]): If (W, d) is a complete metric space, then every interpolative Kannan type
contraction on W has unique fixed point.

However, the theorem 1.4 has been generalized by Noorwali [15] who obtained a common fixed point
for two maps as follows:
Theorem 1.5: Suppose (W, d) be a metric space and G, W — W be self mappings. Take over that
Jo€[0,1)and a € (0,1) witha +  + y < 1, satisfied the condition

d(Ga, Hb6) < old(a,Ga)]*.[&, #6)]|1 ¢ (3)
for all a, & € W such that Ga # a whenever 6 # 4. Then G and & have a unique common fixed
point.

In sequel, Karapinar, et al. [6] introduced the notion of interpolative Hardy- Rogers’s type contraction
by using the well known contraction of Hardy and Rogers [5].

Definition1.5 (see [6]): A self-mapping G: W — W is called an interpolative H-R type contraction
metric space (W, d), if 3£ € [0,1) and «, B,y € (0,1) where « + 8 + y < 1, such that

]1—06—ﬁ—1/

d(Gp.G9) < #ld(p, @)1 [d@, 621" [0, 60T [+ [@((@.6a) + d(a,6») 0

for all p, g € W\Fix (G).

Karpinar et al. [6] established the following theorem:
Theorem 1.6 (see [6]): Let (W, d) be a complete metric space and G be an interpolative Hardy-Rogers

type contraction. In that case, G is fixed point of W.

Very recently, Karapinar et al. [7] introduced the notion of Interpolative Riech-Rus- Ciric type

contraction by using the well known contraction of Riech-Rus-Ciric [8-14].

Definition 1.7 (see [7]): Let (W, d) be a metric space. Then a self mapping G:W - W s called
interpolative Riech-Rus-Ciric type contraction if there exists £ € [0; 1), a;, @, € [0,1) with
a, + a, < 1 such that

d(Gp,Ga) < £[d(p, a)]*. [d(p,G2)1%.[d(q,Ga)]'~*~*% forall p,q € W. (5)

Karapinar et al. [7] proved the following theorem

Theorem 1.8 (see [7]): Let (W, d) be a complete metric space and G be an interpolative Reich-Rush-
Ciric type contraction. In that case, §G is fixed point of W.

Very Recently, Zahid et al. [16] introduced Reich-Rus-Ciric type contraction in rectangular M -metric
spaces and obtained fixed point theorems in these spaces. In the same year, Edraoui M. et al. [17]
presented some fixed point results of Hardy-Rogers-type for cyclic mappings on complete metric
space. Later, many authors continued their investigations and more results were obtained, such as,
[18-27].
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2. Main Result

In this section, we extend and generalize the result of Karapinar et al. [6] of theorem 1.6 and Karapinar
et al. [7] of theorem 1.8 to obtain common fixed point results. First, we extend the theorem 1.6 as
follows:

Theorem 2.1: Suppose G, # W — W be any two self-interpolative Hardy- Rogers type contraction
on metric space (W, d) and if 3+~ €[0,1) and «,fB,y € (0,1) while a + 8 +y < 1, satisfied the
condition by definition 1.5
d(Ga, #6) < r[d(a,#)]F.[d(a, Ga)]*[&,#6)]Y

: 1-a-B-y

5 @@ #6) + d(s,6a)| (6)
for all a, & € W such that Ga # a whenever 6 + 4. Then G and & have a unique common fixed
point.

Proof:

Consider a, € W with sequence {a,,} such as

Aon+1 = Gagp and gy = Hagyiq, V1 €{0,1,2,...}.
Evenif 37 €{0,1,2,..} and a,,=dp41 = dzy+2, alSO, ay, is a common fixed point of G and o,
so let us suppose that there does not exist three consecutive identical terms in the sequence {az,?} and
that ag # a,.
By substituting the values a = a,, and & = a,, .4 in (6), we get

d(a,2,7+1,a2n+2) = d(Gazy, Hons1)
< /”V[d(azn'dznn)]ﬁ-[d(azn'gﬂzn)]a-[d(“2n+1,=75“2n+1)]y-
1 1-a-B-y
[5 (d(dznﬂ%afznﬂ) + d(a2n+1'g¢2n))]
< /”V[d(azn'dznn)]ﬁ-[d(azn'afznﬂ)]a-[d(¢2n+1,“2n+2)]y-
1-a-B-vy
E (d(“zn» “277+2) + d(“2n+1'“2n+1))]

= /”V[d(azn'dznn)]ﬁ-[d(azn'afznﬂ)]a-[d(¢2n+1,“2n+2)]-y

1-a-B-y
E (d(“zn'“znﬂ) + d(“2n+1'“2n+2))] : (7
Suppose that d(azy, azn+1) < d(@zni1, A2ye2), for # = 1.
Thus
E (d(dzn,ﬂ«znﬂ) + d(“2n+1’a’2n+2))] < d(azp41) A2n+2)-
Consequently, the inequality (7), yields that
[d(“2n+1:“2n+2)]ﬁ+y = ””[d(dzn:aznﬂ)]ﬁﬂ/ . 8)

So, we conclude that d(azy, azn+1) = d(@zn+1, @2n+2 ), Which is conflict. Accordingly
d(azn+1, A2ye2) < d(azy, azneq) V7 = 1.
Where, d(aZn,a2n+1) is a positive term and non increasing sequence .Consequently a non negative
constant £such as  lim d(ayy, dzp41) = L.
T]—)OO
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We have

1
[5 d(a'Zn'a'Zn+1) + d(“2n+1'ﬂzn+z)] < d(azy azy1), foralln = 1.

By the inequality (7), we get

[d(@zn+1, azye2)]' ™ < 7[d(@zn, azner)]* ™%, foralln = 1. ©)
We deduce that
d(@zns1, azyez) < 7d(azy, Gzyer) < - < 7¥d(ag, ay) (10)

Now using (10), and claim that {aZn} having Cauchy sequence. Letn, ¢ € {0,1,2, ...}

d(azn»a2n+21) < d(azy Azps1) + d(a2n+1,a2,,+2) + - F+d(azge21-1, Qonr20)

< [#21 + 20 o 2072004 (0, a4)

2n
< —d(ag,ay). (11)

Letting n — <, we deduce that {‘1211] is a Cauchy sequence in the complete metric space (W, d) and
3w € W such that

lim a,, = u.

n—oo

Now, prove that « is a common fixed point of G and s#. Now consider,
d(Guw, azyiz) = d(GU, Hayp 1)
< rldw, azyeny)f. [dw, GW]*. [d( sy s1, Hazy1)]Y.
G (d(@zne1,61) + d( @zner, Gzyez )] 4P

Letting n — oo, we get d(Gu,u) =0 = Gu = u.

Similarly, we can prove that #u = w. Since Gu = « = #u. Hence, « is a common fixed point of G
and .

Now, we claim that -« is the unique common fixed point theorem of G and <. Suppose that v is another
common fixed point of G and ., then

d(u,v) = d(Gu, #v)
1-a—B-y

< 7r[d(u, ’U’)]B. [d(w, Guw)]*. [d (v, #v)]Y. B (d(u,sv) + d(v, Gu))

=0.
Hence « = v. Thus, « is the unique common fixed point theorem of G and .

Example 2.2: Consider W = {0,1,2,3,5} endowed with d(a, &) = |a — &/|.
Now let

1 1 1
(Z—g, ,3—5 andy—;.

10
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It is obvious that

d(Ga,G#) < r[d(a, $)1P.[d(a, Ga)*.[&,6)] . E (d((a,#6) + d(b,Ga)
forall a, 4 € W such that Ga # a whenever #6 + &, that is (7) hold.

]1—06—ﬁ’—1/

All the hypotheses of Theorem 2.1 are satisfied, and so 0 and 1 are common fixed points.

Next, we will extend and generalize the Theorem 1.8 as follows:
Theorem 2.3: Suppose G, W — W be any two self-interpolative R-R-C type contraction metric
space (W, d) and satisfied the condition by definition 1.7, if 3 £ € [0,1) with a4, a,, € (0,1) where
a, + a, < 1, such that

d(Ga, #6) < tld(a,6)]%.[d(a, Ga)]%2.[&, H6 )] ~*1 =% (12)
forall a, & € W such that Ga # a whenever #6 + 4. Then G and & have a uniqgue common fixed
point.

Proof:

Consider a, € W with sequence {a,, } such as
Aon+1 = Gaop and dypyp = Hagyiq, V 1 €{0,1,2,...}.
Since 1 € {0,1,2,...} and a,,= dzp41 = dap42, hENCE a5y is a common fixed point of G and 2, so let
us suppose that there does not exist a, # a;.
By substituting the values a = a,, and & = a,, 4 in (12), we get
d(a,2,7+1,a2,7+1) = d(Gayzy, Hazyi1)
a a — 4 —
< tld(azy @zpa)] " [d(azn, Gaoy )| [d(@zy 41, Hazyen )] 17507
a a — 4 —
< tld(azy azpia)] - [d(azn, azgar)] 7 [d(@zner,@zy2)| 1770
This implies that
[d(azy+1, A2ns2)]F% < ’t[d(azn'aznﬂ)]almz
or
d(“2n+1'“2n+2) = td(az,,,az,,+1)
Hence
d((,7,2n+1,a,2n+2) < ’td(aQn, a2n+1) <--...<Z tznd(do,al)... (13)
Similarly, we can show that

[d(ﬂznﬂ'flzn)]l_az < ’f[d(dzn,aznq)]l_az

or
[d(azn+1, @2y)] < tld(azy, azy-1)]
Hence  d(api1, day) < td(agy-1,a2y) < - < £21d(ag, a,)... (14)

From (13) and (14), we can deduce that

d(azy, azye1) < £21d(ag, a,) (15)

11
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Now using (15), and show that {az,,} is a Cauchy sequence. Let n, ¢ € {0,1,2, ...}, we have

d(azn'a2n+21) < d(azy azpe1) + d(“2n+1: a2n+2) + - +d(a2p421-1, A2p+20)

< [P0+ 4211 4 2142071 d (ag, a,)
21
< E d(do, dl). (16)

Letting n,l = oo, i.e nl'igr_r)lood(azn;aznnl) = 0.

Therefore, {aZn} is a Cauchy sequence in (W, d) and 3 t € W such that

lim a,, = .

17—)00

Now consider,
d(gT' “2n+2) =d(gt, Hazy 1)
< t[d(7, azps1)]*t. [d(z, GT)] 2. [d(¢2n+1'%¢2n+1)]1_a1_a2-
Lettingn — o, we get d(gr,7) = 0= Gt =T1.

Similarly, d(ayp1, 1) = d(Gagy, #t)
< t[d(azy, #r]. [d( gy, Hayy)) 2. [d(t, H#0) ] =%,
Letting n — oo, we get d(t, #7) = 0, hence #t = .
Since Gt = T = 1. So, T is common fixed point of G and .
Next, we show that, common fixed point t is the unique of G and #. Suppose that, ¢ is another common
fixed point of G and &, then

d(t,¢) = d(GT, #%)
< t[d(r,9)]%. [d(r, GD)]% [d(s, He)]' 1%,
=0.
Hence 7 = ¢. As follows, common fixed point 7 is a unique of G and .
If we take a; = 0 in Theorem 2.3, then we get the following Corollary

Corollary 2.4: Suppose G, W — W be any two self-interpolative R-R-C type contraction metric
space(W, d) and satisfied the condition by definition 1.7, if 3 £ € [0,1) with a4, a,, € (0,1) where
ay + a, <1, such that

d(Ga,#b) < t[d(a,Ga)].[&, 56)] % (17)
forall a, & € W such that Ga # a whenever #6 + &. Accordingly, G and & have a unique common
fixed point.
Example 2.5: Consider W = {1,2,3,4}.and d(a, 4) = max{a, 4} + |a — &| thatis

dat) 1 2 3 4
1

~Now -
oOnNnDN W
g1l w > ol
A oo N

2
3
4

12
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Now, a self mappings of G and &#on W as

g=(11 22 31 g)and %:(1 2 32 41) as shown in Figure 1.

1 1 7
Choose a; = S0 =3 and £ = S

1 2

Figurel. 1 is the common fixed point of G and 7.
Case 1.Presume (a, &) = (3,4), we have

d(Ga, #b) < t[d(a, £)]%.[d(a, Ga)]|%.[6, #b)]|1 - %1%
d(G3,#4) =1
< £[d(3,4)]/3.[d(3,G3)] /2[4, %4)] /5.
Case 2. Let (a,4) = (1,4),d(G1,#4) =1
< t[d(1,4)] /3. [d(1, G1)] /2[4, 54)] /s.
Therefore, 1 is the common fixed point of G and & in the setting of the interpolative R-R-C ” type
contraction.

3. Conclusion

This article examines a significant contraction that demonstrates a unique common fixed point for both
the Interpolative H-R contraction and the Interpolative R-R-C type contraction mappings within a
metric space. Our main results build upon and extend the earlier research conducted by Karapinar et al.
[6] and Karapinar et al. [7]. Furthermore, we present a relevant example to support these findings.
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