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1. Introduction
In functional analysis and related areas of mathematics, a sequence space is a special case of
function space if the domain is restricted to the set of natural numbers N. It is a vector space

whose elements are infinite sequences of real or complex numbers. Equivalently, the set ® of
all functions from the set of natural numbers N to the field K of real or complex numbers can

be turned into a vector space. A sequence space is defined as a linear subspace of w. Let /¢
and ¢ be the linear spaces of bounded, null and convergent sequences with complex terms

. L su
respectively and the norm is given by ||x|| = kp x|, where k € N.

Before proceeding to the main results, we recall some definitions and notations that are used in
this paper.

Definition 1.1: An Orlicz function is a function M : [0, ©) — [0, ) which is convex, continuous and
non-decreasing with M(0) = 0, M(x) > 0 for x > 0 and M(x) — o as x— oo.(Krasnosel'skii and
Rutickit, [11])

Definition 1.2:An Orlicz function M is said to satisfy A,-condition for all values of x if there exists a
constant L > 0 such that M(2x) < LM(x) for all x> 0. It is equivalent to the condition

M(K?) < O KM(f), Vt and K > 1.

The function M(¢) = £, 1 < p <o and ¢ > 0 is an Orlicz function which does not satisfy the A,-

condition but the function M(¢) = o [ff’, ] <p <o and £ >0 is an Orlicz function which satisfies
the A,-condition since M(2¢) = o 2° |¢]° = 2P M(¢). (Krasnosel'skii and Ruticki, [11])

Definition 1.3: Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to construct the
scalar-valued sequence space £, of scalars (x;) such that

e 0]
> .M (J%l) <oo for some p> 0} .

Lo —{)_c =(x}) € :
1

k
The space /,; endowed with a norm

— . ® Xk
|x|ls = infy p>0: > .M <1 }
{ k=1 ( P )
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forms a Banach space which is called an Orlicz sequence space.

Orlicz sequence space £, plays an important role in functional analysis and is closely related to the
space /, which is an Orlicz sequence space with M (x) =x": 1 < p <oo.

For more details about Orlicz function and its subsequent use, we refer a few: Bhardwaj and Bala [2],
Dutta et al. [3], Ghimire and Pahari[6] , Kamthan and Gupta [8], Krasnosel'skii and Rutickii [11],
Lindenstrauss and Tzafriri [12], Maddox [13], Pahari [17], Parashar and Choudhary [18], and many
others.

Definition 1.4: A paranormed space (X, G) is a linear space X with zero element 6 together with a
function G : X—>R, (called a paranorm on X) which satisfies the following properties:

PN1: G (0)=0;

PN2: G (x) = G(—x) for all xe X;

PN3: G (x + y)<G(x) + G(y) forall x, ye X; and

PN4: Scalar multiplication is continuous.

Note that the continuity of scalar multiplication is equivalent to
(i) if G(x,) — 0 and a,—> avas n — oo, then G(a,x,) = 0 as n — oo and
(i) if o,,— 0 as n— o and x be any element in X, then G (o, x) — 0, (see, Wilansky[25] ).
A paranorm is called total if G (x) =0 implies x = 0.

The concept of paranorm is closely related to linear metric space, (see, Wilansky [25]) and its
studies on sequence spaces were initiated by Maddox [13] and many others. In particular, various
types of paranormed sequence spaces were further investigated by several workers Bhardwaj and
Bala [2], Parashar and Choudhary [18] and many others.

Next, we recall the definition of difference sequence spaces.
Definition 1.5: Kizmaz [9] defined the difference sequence spaces by
Co (A) = {x = (x;): Ax € c,},
c(A)={x=(x) A ec}
Io (A) = {x = (x)); Ax €1}
where, Ax = (Ax;) = (x; — x;+1) and showed that these spaces are Banach spaces with the norm given by
el = e| + [ Ao .
A sequence x = (x;)is called A-convergent if the limy; is finite and hence exists.
Every convergent sequence is A-convergent but not conversely. For, consider the sequence x;, =k + 7
for all natural numbers i. Then, (Ax); = (x; — x;+;)= — 1 for each ie N. Thus, x = (x;) is divergent but it
is A-convergent.

Definition 1.6:For sequence (x;) €S and for all scalars (o) of scalars with | oul < 1 for all ke N,
(o.xz) €8,then the sequence space S is called solid ( normal).

A sequence space S is called a sequence algebra if (x;) . () = (xpr) € S whenever (x;), (x) €S.
Definition 1.7: Let X be a vector space with dim (X) > 1. A mapping || ., . || :X * X—> R satisfying.
(2N)) |Ix, ¥ 20 and |[x, y|| = 0 < x, y are linearly dependent
(2Ny) [be, vl = [y, x|
(2N3) ||low, ¥l = |a |}x, y|| for any real number a.
(2Ny) X+, z|| = |Ix, z|| + |, 2|| for all x, y,z € X,
is called a 2-norm. The pair (X, || ., . || ) is called a 2-normed space.

The notion of 2-normed space was initiated by Gahler [5]in 1960's as an interesting linear
generalization of a normed linear space.
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The 2-norm is used to measure the area of parallelogram spanned by two vectors. Geometrically, a 2-
norm function generalizes the concept of area function of parallelogram. For example, consider X =

R, being equipped with || x, y|| = [ x1y2 — x2 31|, where x = (x1, x2) and y= (31, y2).
Then (X, ||. , .||) forms a2—normed space and || x , y|| represents the area of the parallelogram

spanned by the associated vectors xand y.

Subsequently the interesting linear generalization of a normed linear was studied by Freese and Cho
[4], White and Cho [24] and many others. Recently a lot of activities have been started by
many researchers to study this concept in  different  directions which characterized 2-
normed and generalized 2-normed spaces for instances: A¢ikgoz [1] and Savas [21] and others.

Definition 1.8: A sequence (x,) in a 2-normed space (X, || ., . ||) is called Cauchy if

lim
"m0 X, —x. z ||=0 forall ze X and convergent if there is x € X such that
lim
I, —x, z]| =0 forall z eX.
n—0

A complete 2-normed space is called a 2-Banach space.
Definition 1.9: Let 4 be a subset of N. The natural density 6(4) is defined by

lim 1
o(4) = ninoo; [{k €4 : k<n}|, provided that the limit exists.

A sequence x = (x,) €o is said to be statistically convergent to a number /R, if for all &> 0,
the natural density of the set {n € N : |x,— ¢| > €} =0.
Definition 1.10: Let X be a non-empty set then a class / of subsets of X is said to be an ideal if
(i) A4 €land BcA implies that Be/l (Hereditary property)
(i) A, Bel implies that 4UBel (Additive property)
If 7 of X further satisfies {x} €/ for each xeX, then it is called admissible ideal.

Definition 1.11: A sequence x = (x,) € ® is said to be ideal convergence (I-convergence) to a
number /€ R if for all € > 0 the set {neN: |x,— /| > ¢|} € L.

The notion of ideal convergence was first introduced by Kostyrko et al. [10] as a
generalization of both usual and statistical convergence which was introduced by Fast and
Steinhaus in 1951. For more details about the sequence spaces defined by ideal convergence,
one may refer to Hazarika et al. [7], Mursaleen and Alotaibi[14], Mursaleen and Mohiuddine
[15], Mursaleen and Sharma[16], Sahiner et al.[19], Salat et al.[20], Savas([21],[22]), Tripathy
and Hazarika[23], and many others.

2. Main Results

Let (X, || ., . ||) be a 2-normed space and M be an Orlicz function. Let A = (A,) be a non-
decreasing sequence of positive numbers tending to infinity with A, + 1 <A, ,;and A; =0 and /
be an admissible ideal of N. Let o be the space of all sequences defined over (X, || ., . ||).

Let a = (a;) be a bounded sequence of positive real numbers and I,=[n+1-2A,, n].

By extending the work done by Savas [21], we now introduce and study the following classes
of difference sequences

aj

1 Ax
1. Wi) (.- [l M, % a.p) = fxew : Ve>0 neN:>= > [M("?k, z”ﬂ >erel

" kel,

for some p > 0 and for all ze X}
ay

1 Ax;— L
2. W, LM,k aA) = {xew:Ve>0 {neN: X~ > [M(" kp , z"ﬂ >ep el

" kel,
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for some p> 0, LeX and VzelX}.

ay
_ : sup 1 ”% "
3. Wo(l.,. |, M, A, a,A) = {xew: 3 K> 0 such that neN > [M( p’Z <K
for some p > 0 and for all ze X.
Ax
4 W (., .M, A a,A) = fxeW: 3K>0s.t {neN: SUPN x_ [M(” 2% m >Kbel

for some p> 0 and for all ze X}
Throughout this article, we shall use the following inequalities

If0 < a; <sup a,=H, D=max (1,27 ") then |o, + B/**< D {|oy|™ + |B*}

for all ay, Bre C. Also, |a|*< max (1, |a|) for all aeC.

In this work, we shall investigate some topological properties of the classes defined above.

Theorem 2.1: The class Wé dl -, I, M, &, a,A), w! {dl.,-l, My A, a, A) and

I .
W_ (ll...[l, M.\, a,A) are linear spaces.
Proof:
Letx,y e Wé {dr-s -1 M, A, a,A) and a, Be R. Then, for some p;, p,> 0

neN:%ﬂkeZ[l:MU%,z"ﬂ >cre landyneN:— 2 l:M(l

Since M is an Orlicz function and || ., . || is a 2-norm, we have

43
[M (" &?ﬁ’ii IBAIpi)’ Zlm

ﬂ >grel
P2’

ai
L —u_ Axf L k
=P, 62 [(Iocpl f|[31\92) (' pll’Z"ﬂ +D'xk€2 [(|0c|p1+|[3|p2) ("_& "ﬂ

ay ay
coud x [ulBl)] oo x ()

kel,

where, L =max [1’ (|a|pl|i|ﬁ|pf’ (|oc|p1|E IBlpzﬂ

Then, we can write

I

cAnenipr L z[ (1 o])] s e w5 [ar(J2 )] 58
" kel

n

m

Clearly the two sets on the right hand side belong to / and hence the left side too. This shows
that the space Wé (-5l M, &, a, A) is a linear space.

In the same way, one can show that W' (|| ., . |, M, A, a,A) and Wﬁo dl -5, M, &, a,A) are

linear spaces.
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Theorem 2.2: The space W, (|| ., . |l, M, A, a, A) is a paranormed space with respect to the paranorm
1

1 Ax,
st o= osan L % [l

A
Proof:
Obviously g,(0) = 0 and g,(— x) = x easily follow, so PN, and PN, are obvious.
To proceed the further proof, for PN, let x = (x;) and y = (33) in W, (|| ., . ||, M, A, a,A). Let

A(x) = p>0 l: (”— ||ﬂ <1,VzeX
AG)=1p> o:sl‘;pkin 5 [M("%,z”ﬂaksl,Vz X
ke 1,

Let p;e A(x) and p,e A(y). Also let p = p; + p, then we can write

) 25 I ) s I

T AT

p1 Tt P2
and g, (x+y) <inf {(ps + p)®T: pred(), pred()}
<inf {p,%H . p,ed(x)} +inf {p,"H : p,ea(y))
= g,(x) + 2.(»)

Next we prove PNy i.e., the scalar multiplication is continuous.Let o"—>o where o, o€ C and let
2,(x" —x) = 0 as m—o. We have to show that g, (¢”"x" —o,) = 0 as m—>c0.

A
<1,VzeX

Ax
Let A@x™)= p,,,>0

AX" —x) = p >0: SuP 1 [M(llg)%ﬁ), z"ﬂaks I,VzeX

ke I,

1
If p,,ed, (x") and P € A(x"- x) then

A(am m (X.Xk)
Pu 0" —a+p, o]
< ‘am _ OL‘ pm M(l Aka ) ‘q‘ p
o P 00" o \

k m m M
A((xmxm —ox, ) Ao X - o)

< > Z

m 1
pulo” —af+p, o

A" —xk) | ]

m 1
pm |(X - a‘ + p |(X|

Pm [0 —oc|+p aHp
This follows that
A" — axy) 5
pm |0 —al+p, o]
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Consequently, we have

m . m 1 m 1 m
20" — o) < inf {(pofo” ~ o +p,, [} pe A () p, e AT

. ) R 1
<(a” )" inf {p, @ - p, e A + (o) Hint (o )M 2 ed(w, )}

a,/H o a,/H ("

<max |a" — al A(x™) + max |ol —x) = 0 as m—oo0.

Hence, the scalar multiplication is continuous.

Theorem 3: Let M, M;, M, be Orlicz functions. Then we have

@ Wyl M2 ad) = Wy (l -, . l, Mo M, a,A) provided that (ay) is such that Hy = inf ;> 0.
.. | 1 1
i) ol ML ad)ya Wyl .l Mz, A, a,d) c Wy (|-, - I, My + Mo, A, a,A)
1 1
Gi) Wyl Mk g A S WL, M, ad) WLl ]l M2, a,A)
Proof:

. H H
Let £ > 0 be given. Let us choose &> 0 such that max {g, & 00} <e.

Using continuity of M, we can choose 0 < 3 < 1 such that 0 <7< & implies that M(?) < &.
Letx, eWy (|| ., . |, Mi, A, a,A). Then from definition,

[Ml (”% zm akzs” el
Hence, if n €A4(d) then

L A = s [ e

" ke I,, kEIn

ay
= [Ml(”%, zlm <8, Vke I,

= Ml("%, z||j<6, Vke I,.

1
AB) = neN:x— >
" kel,

Using continuity of M, we have

M(M("%, Z”D <m(d) < &, Vke I,

This implies that

2 Il A o 5
€l

Ay
Thus,% > [M(M(”%,Z"D} <e.
" kel

n

This shows that

ne N % keZI[M(MI("%’ Z”m akz b A ()

n

and hence belong to /. This completes the proof.
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(ii) Let (x;) eW(l) ar-,. 1, My, &, a,A) mW(l) (-, l, M2, &, a,A). We can write

L oo (12 )< o (122, )| 0.2 o

This consequently gives that

Ay "H i
, Z
p

1 I 1
Wodl-o Il My A al) Wyl - [l Mo, &y a,A) S Wy (] -, - [, My + Mo, &, a,A).

(iii) The inclusion W(I) (s 1 My h a AW (| ., . |l, Mi, A, a,A) is obvious.
One can easily show that WI(|| ol My, A, a,A) W; dl-s -l M, &, a,A)

This completes the proof.

Theorem 4: The sequence spaces W(I) a1, M, A, a,A) and W; ar-5-ll, M, &, a,A) are solid.
Proof:
We proof Wy (||, . I, M, &, a,A) is solid. Let (x;) € (|l ., . [l, M, &, a,A) and (o) be a sequence

of scalars having the property that |o,| < 1 for all ke N and F' = ml?x {1, lo/"}. Then

e an )] " fner:E Mum A)| el

Hence, (o x;) € W0 dl-,-l, M, A, a,A). Thus the space W0 -l M, &, a,A) is solid.
Theorem: 5 The spaces WI (.., M, A, aAyand W'(| ., .|, M, A, a,A) are sequence algebra.
Proof:

Let (x), () € W%) {l -, -l M, A, a,A). Then, for some p;, p,> 0, we have

ag
=4 Z||):| >ere l

ne N:— Z[M(”Axk "ﬂ >¢rel and neN:% Z{:
" kel,

Choose p=pi+p2. Then, we can easily show that

neN : 7\‘_)1 Z l:M("—L ||):| >ere l

It follows that x; yie Wé (-, I, M, %, @,A). This shows that W, (| . , . |, M, %, @,A) is a sequence
algebra. For the space W' (||., . ||, M, A, a,A), we can prove similarly.
Conclusion

In this paper, we have examined and explore some of the results that characterize the linear
topological structures in 2- normed difference sequence space by endowing it with a suitable natural
paranorm. In fact, these results can be used for further generalization to investigate other properties of
sequences whose values in 2- normed space.
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