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Abstract: The hypergeometric functions are one of the most important and special functions in
mathematics. They are the generalization of the exponential functions. Particularly the ordinary

hypergeometric function ,F,(a,b;c;z)is represented by hypergeometric series and is a solution to a

second order differential equation. Similarly, Laplace transform is a form of integral transform that
converts linear differential equations to algebraic equations. This paper aims to study the convergence of
hypergeometric function and Laplace transform of some hypergeometric functions. Moreover, some
relationships between Laplace transformation and hypergeometric functions is established in the
concluding section of this paper.
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1. Introduction

Hypergeometric functions are one of the oldest transcendental functions. Normally exponential functions
are generalized in terms of hypergeometric functions. They can be manipulated analytically as well
[1].The hypergeometric series plays a significant role in the number system, partition theory, graph
theory, Lie algebra, etc. [10]. According to Rao [9], John Wallis (1616-1703) extended the ordinary
geometric series

I+x° +x° +x+x° +x%+ ... (1)
The above expression can be expressed in the Hommer’s series[9] of the form
I+x(1+xA+xA+x)+..))) (2)

to the hypergeometric series of the form
l+a+a(a+b)+a(a+b)a+2b)+a(a+b)a+2b)a+3b)+.... 3)
Whose nth term is given by
(a), =1+a+a(a+b)+a(a+b)a+2b)+a(a+b)a+2b)a+3b)+... 4

At b =1, the representation (4) can be written in the form
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(a), =l+a+a(a+)+a(a+b)a+2)+a(a+b)a+2)a+3)+...
“[[@+k-1 )

For n is a non-negative integer. The equation (5) is called the Pochhammer function (see.[10],[13]). In
1707-83 Leonhard Euler introduced the power series expansion of the form

abz a(a+Db(b+1)z* a(a+D)(a+2)b(b+1)(b+2)z°

1+ + + Foeeee (6)
c 1 c(c+1) 2! c(c+1)(c+2) 3!
The series (6) Can be represented in the Hommer’s form as
1+a—b£ l+(a+1)(b+1)z 1+(a+2)(b+2)z ....................... (7)
c 1 (c+1)2 (c+2)3
The Pochhamer symbol (5) can be written in terms of gamma function as
r
(@), = aa+1)(a+2)emr. Tarm. oy =1 ®)
[(a),

The equation (6) is called the hypergeometric function with two numerator parameters a, and b and the
denominator parameter ¢. This can be expressed as

F(a,b;c;z>=2a{“ b }ZM_

:1+a_bi{1+(aﬂ)(bﬂ){u(ﬁz)(b”) ....................... H 9)
c 1 (c+1) (c+2)

or equivalently[4],

F [a,b ;1} _T(o)T(c—a—-b)
I'(c—a)'(c—-b)

(10)

Hypergeometric functions are not only expressed as the Euler Hypergeometric functions but are also the
solutions of the second order differential equation

2
2(1-2)2 ;V+[c—(a+b+1)z]d—y—aby=0 (11)
dz dz
In term of operator the above equation can be expressed as
[0 @+c—-1)—z(@+a)@+b)]w=0 (12)

d
where 8 = Zd_ . The series is convergent if |z| <1 and divergent for |z| >1 and z =1 for R(c—a—b)>0
'z

Some classical summation for the hypergeometric series and generalized hypergeometric series as
mentioned by Rainville [8] are as follows:

Gauss’s theorem

2 F{“’ b; I}ZF(C)F(c—a—b) 13

I'(c—a)(c—-b)

b

12
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Kummer’s theorem

F(1+a—b)1“(1+1aj
a, b; 2
2F‘[ 1+a—b _1}: 1 ()
a F(1+a)F(1+2a—bJ
Gauss’s second theorem
a b r l)r(la+1b+lj
> ’ 1 2 2 2 2
By 1 R (15)
5(1+a+b)’ 2 r 1a+11“1b+1
2 2 2 2

In 1908, Barn used the generalized hypergeometric function with p numerator parameters and g
denominator (p and ¢g) being non negative integers) with the notation of the form. (see,[8][11])

F

P q

(a,)
Apseees o (g a,), o= N 1,:1[ o
|:b1,. b :|_zn|(b) (b) _z q z (16)

q n

is convergent for all |z] <o if p <gand for |z| < 1if p = ¢ + | while it is divergent for all z # 0 if

p>q+ 1. When |z| =1 with p =g + 1, the series (5) converges absolutely if

q )2
Re(D b, =Y a,)>0 (17)
Jj=1 Jj=1
Where p and ¢g are integers in the application such that g=p+1.

2. Laplace Transformation of Hypergeometric Functions

Transform theory in mathematics relates a function in a domain to the other function in the next domain.
The transformation is done to yield the mathematical solution of the complex problems from a simple
function. To start with the transformation, it is known that

(-2 =@ (s)

n=0 n'

(I_Z)azF'1|:a, c—‘b; _Z }:i i(a)k(c_b)k(—l)kzk

per e (P (B Z)k+a k!

:ii (@), (c—b), (a+k), (1) z*

par (c), k!n!

(19)

& (@), (= b), (=)
PR

o (c), k'n!

Since (@) (a + k)n = (@n+k

13
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& (@), (c=b), (=D)f 2"
_Z;,; (), kl(n—k)!
_$3 Cmule=b), (@),
o o (c), k! n!
The sum on the right hand side of (20) is a terminating hypergeometric series so from (13) we get,

a c—b; _L:“’F(c)l“(bJrn)(a)nz”
(I-2) - { 1—2} Z;' T(c+ (bl

(20)

-> (a)(c()b) © - Flabics) 1)

n=0

Definition 2.1 : Let f{¢) be the function of a variable ¢ which is defined for all value of ¢. Then the Laplace
transform of f{¢) is defined as

LIEt)] =F(s) = je‘“ f(0)dt (22)

provided that the integral exists in the Lebesgue sense. In this case, the inverse of Laplace transform is
represented as £ [F(s)]=f{t). Laplace transformation is used to solve the ordinary differential equations
having the constant coefficients. Laplace transforms are tested and evaluated according to the criteria of
application of the problems to various types of functions for numerical accuracy, computational efficacy
and ease of programming and implementation [6]

Definition 2.2 : The Laplace Transform, in terms of Gamma function, is expressed as

0

et 'dt =T (a)s™ (23)

o,

provided that R(s) > 0 and R(a) > 0.

Many researches are done to find out the Laplace transformation of the hypergeometric functions. Herz
F

pH=q
hypergeometric functions. Rathie studied the Laplace transform for the generalized hypergeometric

used a Laplace transformation (and inverse Laplace transformation) to transform from , F, to

function , F, and ; F; (see, [6],[7]). The convergence of the hypergeometric series, Laplace transforms

and their relations are briefly introduced/ reviewed in this paper.

3. Main Results

The hypergeometric series in terms of power series is given in (2) then the nth term is given by
_ ata+)..(a+n-1)bb+1)..(b+n-1) .
" 1.2.3...nc(c+1)..(c+n-1)
Then the (n+1)th term is given by
ata+)..(a+n-1bb+1)...b+n) ,,
T 23 e e tn)
For the test of convergence, using De Alembert’s ratio test[5] from (24) and (25)

24

(25)

14
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a, | 1
= - (c+D)(c+n)— = p ——>—asn —>o (26)
a,, (a+n)b+n) z (1"'62)(1"') z z
n n
The series z a, converges if 0 <z <1 and diverges as z> 1
n=0
If z=1, then from (26), we get
1 ? +l-a-b

T (ctDctn).= - rlerbnre o exlzazb [

a,, (a+n)(b+n) n°+(a+byn+ab n n
A +E

o A=c—ab-(a+b)c+1—a—b) and B=—ab(c+1—a—Db)

Thus S, —A and f, is bounded. Hence if n =1 the hypergeometric series converges if (¢ +1—a—b) > 1

where

i. e.if ¢ > a + b and diverges if ¢ < 1, Otherwise

o (5 (5 CE NI
ool s

where O represents the order notation.

_ {1+C_+1+ O(izj}{l— arbh, 0(%}} _ppetlmash, 0(%} (28)
n n n n n n

Hence Zan converges ifc+1—a—b>1anddivergesifc +1—a—-b <1.
n=0

3.1 The convergence of Laplace transform

For a complex exponential function f'(¢) = e u(t), for | ,u(t)| =1 we have

T —at _—s T —(a+s -S 1 hm -
F(s)= _[e ‘e dt z_[e (@)™ dt =— e 1] (29)
o s s+a|t—>w
. . . . lim —(s+a)t . .
The relation (20) will tend to infinity when e tends to infinity.
t—
. hm —(s+a)t hm —(o+jw+a)t hm —(o+a)t _—jwt
Lets = o+ jw . Then e = e = e e’ (30)
t—> 0 t—> ®© ! —> o

Here e ™ is sinusoidal o +a is positive. The exponential will be a negative power which will tend to
infinity cause the function tends to zero as t tends to infinity If o + a is negative or zero, the exponential
will not be a negative power which will prevent it from tending to zero and the system will not converge.
So the condition of convergence is Re(s) > —a and the condition of anti-casual convergence is Re(s) < —a.

15
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3.2 Laplace transforms of some Hypergeometric functions

Now we will present the results involving the hypergeometric function and the Laplace transforms.

Now using the Laplace transform in (10), Rathie[12] has obtained the results which are given below.

% a a, ... a.. Vo aa,... a. w

et RN ETT w =T(w)s™ L F beaTe 2 31
-([ P79 by,b, ...a, W5y fy b,b,...a, s GL
provided that 1) Ifp <gq, R(v) >0, R (s) >R(w) and w is the arbitrary or

(i)p=g>0R(»v)>0, and R (s) >R (w)

q )4
Especially (i) [fp = ¢ > 0.5 =w, R(") > 0, R(s)> 0 and R(Y b, =D a; —=v) >0

Jj=1 j=1
Laplace transform for Kummer’s confluent Function ,F;

In particular if p = ¢ = 1 in (31), The Laplace transformation of the Kummer’s confluent hypergeometric

function F}, is

T —st ,v-1 a, —y a, ba w
Ie L F] owt | =T(v)sT L, F = (32)
0 c; c, s

provided that (1) R(b) > 0, R (s) >max{ R (w),; 0} and w is the arbitrary or

(i)s=w,R(s)>0,and R (c—a —b)>0
Laplace transform for generalized Hypergeometric Function ,F,

When p = g = 2 in (22) then the Laplace transformation of the generalized hypergeometric function is

given by
< a,, a,; - v, a,, a, w
et F. [ P wt} =I'(v)s™",F voE (33)
Il). 2 2 bl , b2 ; 3 2 bL bz; S
Provided that (1) R(v) > 0, and R (s) >max{ R (w); 0} and w is the arbitrary or

(i) s =w, R(s) > 0, and R (b, +b,—a;—a,—v) >0.
Laplace transform for generalized Hypergeometric Function ;F;

Now replacing p = ¢ = 3 in (22) then the Laplace transformation of the generalized hypergeometric
function is given by

% a, a a,, v, a;,, a,a, w

etV R Y wtldt=T(v)s™, F. : e D 34
I'). 3 3|:b1, bz, b3; ( ) 4+ 3 b]ﬁ bZ, b3, s ( )
provided that (1) R(v) > 0, and R (s) >max{ R (w), 0} and w is the arbitrary or

(i) s =w, R (s) > 0, and R (b,+b;, bs—a,—a,—as;—v) >0.
By using these theorems Kim et.al [12] has obtained a large number of Laplace transform s for the

confluent hypergeometric functions |/ and generalized Hypergeometric function ,F,. These are listed as
follows;

16
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Laplace transform for Guass Theoem for Hypergeometric Function (F,

. : r(p)r N P
a 1 2/ 27 27 2
J‘e’“tb’llF1 Lasbror —wt |dt =s7" SRSV EIE (35)
2 ’ F(a+ jr(mj
27 2) 27 2

provided that R(v) > 0, and R (s) > 0,
. o - a)l"(; cjl"(;c + ;j
andJ.e_Stt_a 1Fl|: ’ 5tsj|dt =5 { N " 1 1 (36)
0 I -a+—c|l| -c——a+—
2 2 2 2 2

provided that R(1—a ) > 0, and R (s) > 0

N

Laplace transform for Kummer Function ,F,

B F(ljr(b)l“(l +a—b)
—st y—a a; —b~~-a 2
Ie t K L B ts}dt =52 1 1 1 (37)
0 Tamn r[a+Jr(l+a—bj
27 2 2

provided that R(b) > 0, and R (s) >0
Laplace Transform for ,F; (a, b; ¢ ; —t)

The Laplace transformation for the Hypergeometric series ,F; as mentioned by Weinstein[14], is

LLFIF : ‘fﬂm :Fﬂ—a)r(b—wﬂc)z“‘lﬁ{ }
C

T'(h)[(c - a) a—b+1;
T(1-b)'(a —b)I(c)z"" I b-c; Z
| I'(a)[(c—b) -b+a
c—1 { 1 2-c¢ }
+——— F, z|;/Re(z) >0 (38)
(a-Db-1)>"*2-a 2-b;

Laplace Transform of ,F(a, b; c ; t)in terms of Gamma function

From definition,
a b’ 0 b tn
2 F‘i t — z (a) n ( )I‘[ _
c; — (o), n

en Jei R e [SO00 |y S OOy

0 0 n=0 (C) l’l' n=0 n'(c 0

(a), (), T(n+y)
nz(; nl(c), "7 (39)

where D €_Stt”+y_ldt} = —F(nnj—/)
s
0

This relation is validif n+y —1>—1.

17
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Laplace transform on Generalized Hypergeometric Function

The generalized form of the hypergeometric function ,F is

(@,),(a,), e (a,), [+
”F"{(bl)” -39 PSS b,), }E (40)

) 1 .
Now replacingp=3,9=1,a1=a, a;=b, as=v, by = ¢, t =—, then the above series(30)reduces to
K

i (@),), T(n+y) _ T(o) i F(a+mb+nml(c+I(y)
= nl), "7 I'(a)'(b) & nT(c+nm)I(y)s"”

_ LOXG) ;5 Dat ml b+ m)

rre») = nl(c+n)s”
_TEr) "
N@)(b) s” F(a,b,y;c; ; ) (41)

Laplace transform for Guass Function ,F,

The Laplace Transform for the Guass function [13] is

o0

a b;
—st yc—1
!e RS %(a+b+l); 20, S|

r(llr(c)r(lmlmljr[c—la—lmlj
_ 2 270 2 2 27 2

1 1 1 1 1 1 1 1 1 1 (42)
1"[ a+ jl"(bjt jl"[c—a+ jl"(c—bﬁtj
2 2 2 2 2 2 2 2 2
provided that (i) R(c) > 0, and R (s) > 0
(@) R (2¢c—a—b)) > —1.

K —st yc—1 a b’
Also, [e™t" | F, ts |dt

0 (I+a+bd); l+a-c;

—C

F(c)l“(l + ;ajl"(l +a-b)(1+a- c)l"(l + ;a ~b- cj

s 1 1 (43)
(1 +a)F(1 +5a —bJF(l+2a —cjl“(l +a—-b-c)

provided that (i) R(c) > 0, and R (s) > 0 (i) R (a—2b—2c) > -2

Also,

0 b;

J'e—sltc—l 2F2|:a Sti|dt — S—c ﬁ(C)F(d)F(e)

0 d, e

2% la+ld I la+le
2 2 2 2

1 1 1 1 )
F(b + djf(b + ej
2 2 2 2
provided that(i) R(c) > 0, and R (s) >0

(ii) 1+b=1, d + e=1+2c

18
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4. Application of Shifting Theorems

Shifting theorem of Laplace transform on ,F,
The Laplace transform of a generalized hypergeometric function is

ol o
L, K z(1-e) =—F z
1 S s+1;

LetA:lF{“ b, Z}%M:liwmnz" 1

s | 1+s; S (s+D),nl 5o n! s(1+5s),

Taking Inverse Laplace transform to both sides

(a),(0),z" 1
L=t [S,,Z;‘ n! s(1+s),
Now for ! = Id+s)(+n) :LF{_ nos 1} :L & (—n), (),
s(s+1), snaT(+s+n)I(1) nls 1+s; sl kKl(1+5),
. . -1 (n) l _i\n
implies L [ Gt kz(; n. e™)

Therefore from (44) and (45)

Ly, F z(1-e) =—F z
1 S s+1;

Laplace Transform of ¢” sin af in terms of Hypergeometric series

( l)k 2k+l 2k+1
Here sinat = Z
o (2k+1)!
( l)k 2k+l n+2k+1
Then from (50) t"sinat = Z
=0 2k +1)!
C(m+1)

We know, L(")=

m+1

Henceﬁ(t’"sinat):z( ) a*'T(n+2k+2) aF(n+2)Z( D (n+2),,a™

= (2k + 1)!Sn+2k+2 n+2 et (2)2kS
(_l)k{n+2} [n+3} gen
:aF(n+2)i 2 L2 4
Sn+2 part ‘:3:| o
k= s
2
n+3
B
Sn+2 E S2
29
1+n 3+n~
. T 2 L 2
Hence,L(t"smat):[$i):|2F1 232 2 _:_2
Ea

19
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(44)

(45)

(46)

(50)
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5. Conclusion:

This paper aims to establish the Laplace transformation of some hypergeometric functions. The
nature of convergence of Laplace Transform and Hypergeometric function is observed in 3.1.The Laplace
transform of Hypergeometric series of Kummer’s confluent function ;F;, Generalized Hypergeometric
Function ,F, and ;F;, Kummer’s Hypergeometric function F; and ,F; in 3.2.It has also shown the
relationship between Laplace transform and Hypergeometric function. The application of first shifting

theorem of Laplace transform to Hypergeometric Function ,F; and the Laplace transform of ¢” sin at are
well illustrated in section 4. The list of formulae presented here are applicable in Mathematics,
Engineering, Biology and Applied Physics.
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