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Abstract

In this paper, we study the Atkinson operator and Fredholm operator. We showed that every
Atkinson operator with a nonpositive index could be represented as a finite-dimensional
perturbation of a left-invertible Atkinson operator. Similar theorems can then be proved for
Atkinson operators with non-negative index and Fredholm operators with zero and arbitrary index.
With the help of these theorems, we gave a unique characterization of the index except for a rational

factor.

Key words: Atkinson operator, Fredholm operator, index

Articles information : Manuscript Receive : 06/06/2024, Review Date : 04/10/2024Date of Acceptance :
08/12/2024, Publisher : Mahendra Morang Adarsh Multiple Campus, Biratnagar.
DOI : https://doi.org/10.3126/medha.v7i1.73901

Journal Homepage : https://www.nepjol.info/index.php/medha/index/currentJournal homepage

Introduction

In 1999, Christoph Schmoeger proved that T is a generalized Fredholm operator if and only
if T=T; @T,, where Ty is a Fredholm operator with jump j(T; ) = 0 and T5 is a finite-

dimensional nilpotent operator[8]. In 2000, A.G. Ramm defined the Fredholm operator T as one
that satisfies the following conditions:
Index stability: The index of T, defined as dim N(T) - dim N(T*), remains constant under small
perturbations of T.

Finite-rank perturbations: T can be modified by a compact operator of finite rank without

changing its Fredholm property[7].

These conditions imply that the set of Fredholm operators is open in the Banach space
L(X, Y) of bounded linear operators, equipped with the operator norm, and the index is locally
constant [8].

Some of the tasks in Murphy's C-algebras and operator theory that deal with compact
operators and Fredholm theory were solved by A. Delfn in 2018[3]. JI. Miloevi€ and D. Cvetkovié-
i€ also provided necessary and sufficient conditions for the Fredholmness of a sum of two
idempotents in 2018[1].

The Fredholm alternative theorem is a classical well-known result in functional analysis and can

be found in most texts on the subject. Fredholm has proved in his work (19000, 1903) that the

alternative theorem is valid for a certain class of linear integral equations,
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b
x(s) — [, K(s,t)x(t)dt = y(s).

These equations are known as Fredholm integral equations of the second kind. where, K(s,t) is a
continuous function on [a,b] X [a,b] and is called the kernel of the integral equation, y(t) is

continuous on [a,b], and solutions are only allowed from the spaceC [a , b].

Throughout this paper, we take X as a linear space over the field @ of real or complex

numbers, R a saturated and therefore also a normal algebra of operators on X, which contains I.

2. Definitions

2.1. Definition: TE R is called Atkinson Operator(relative to R), if T is left or right
invertible.
2.2. Definition: K € L(X) is known as of finite rank or of finite dimensional if
dim B(K) < oo[7].
Or
A linear map T: X — Y is said to be of finite rank if it is continuous and its image is a finite
dimensional space [5].
2.3. Definition: Let X and Y be Banach spaces. A linear operator T from X to Y is called a
Fredholm Operator if (i) T is closed. (ii) The Domain of T is dense in X.
(i) o (T), the dimension of the null space N(T) of T is finite.

(ivy Therange of T is closed in y. (v)B(T), the co-dimension of R(T) in y is
finite[9].
OR
TE R is called Fredholm Operator or ¢ — transformation (relative to R), ifT is
invertible[ 10].

2.4. Definition: If T € L(X) and if at least one of the defects at(T), B(T) is finite, then
ind(T) = a(T) — B(T) is called the index of T. ind(T) is + ©0 if and only if a(T) = oo
and B(T) < 00, ind(T) = - ©0 if and only if ®(T) < o0 and B(T) = 0. We then say

that T possesses an index[4,8].

2.5. Definition: Let A be an algebra with a unit e. An element x of A is called regular if there is an
element b of A such that xbx = x[2].

3. Lemmas/Theorems

3.1. Lemma: If R is an operator algebra on X containing I and T € R is relatively R - regular,

then there exist S € R such that T S is a projection on B(T). I-ST is a projection on N(T). If S is so

chosen that STS = S then E = B(T)EDN(S), where TS is the projection of X onto B(T) along N(S).
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Proof: Since T € R is relatively - regular, then there exist S € R such that T ST=T; andso T S
and S T are projections. Also, N(T) © N(ST) © N(TST) = N(T)
and B(T) = B(TS) 2@ B(TST) = B(T). So, N(T) = N(ST) and B(T) = B(TS) hence TS is a
projection of X onto B(T) and I — ST is a projection of X onto N(T).
Hence, X = B(TS)EDN(TS) = B(T)EBN(TS), ..vevvveeeiieeeiiee (A)
Moreover, if STS =S, then from N(S) © N(TS) © N(STS) = N(S) and from (A), we have,

X =B(T)EBN(S).
3.2. Lemma: If T € R is relatively regular, therefore TST = T for some S € R, then TS and ST
are idempotent elements of R. If R possesses a unit element e, then ST=¢P; - and TS=¢- P,
holds with the idempotent elements Py, P, givenby P; =e¢ - ST, P, =e - TS.
Proof: From the relative regularity of T it follows that: (TS)Z =TSTS=TSand (ST}Z =ST

S T=S T ; from which it follows that Py, P> are idempotent.
3.3. Theorem:

(@aga B and Z are semi-groups.

b)) IfSTE Ay, thenT € A ; in particular, if T € ag, for nE N then TE g, -

c (1p, then (g, 1 particular, 1 (lp forn then p.
()IfSTEﬁh SE ,3. icular, if T™ € ,B’f € N th TEﬁ’

(d) IfSTE A, and TE ), then T € a .

(e)IfSTE ag and S € Z, then TE ag.

(f) IFSTE ) and TE ), then SE Y.

(g IfSTE ZandSE Z,thenTE Z

hIfTE a, — p resp, g — Qg 1eSP. Z and K € 3(}3}, then T +K lies in @, — @pgresp,
aﬁ — Q@ resp. Z

The proofs follow from the definitions (2.1 & 2.3)[10]

3.4. Theorem (Index theorem): If S,T € L(X) are operators with finite index, then ST has also a
finite index and we have, ind(ST) = ind (S) + ind (T).

Proof: For S,TE ¥ (L(X), we have STE ¥ (L(X), we prove the index equation.

If N(ST) = N(T)EDA, then the operator T is injective on A and A = T(A) =T(AB N(T) =
T(N(ST). We then prove that T(N(ST)) = T(X)N N(S), in fact it yE T(N(S T)), theny = Tx,  x
€ N(ST) or Tx € N(S) and hence y € T(X)NN(S).

Conversely, if y € T(X)MNN(S), then y = Tx, TXEN(S) and so y € T(N(ST)). We then obtain
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a(ST) = dimN(ST) = dim A + dim N(T) =dim(T(X) N N(S)) + «t(T). ........ @)

We can write the vector space X as the direct sum

X=X;B TX) NNES) BXoBX3, oo (ii)
where T(X) = X1 B T(X) N N(S) and N(S) = S(X) N N(S)PX,.

Since S(N) = S(X1) @S (X3), X can also be written as
X=SX1) BS(X3)BX 4o (iii)

Since by (ii) S(X; ) = ST(X),we have B(ST) = dimS(X3) + dimX,.

From (ii) we obtain further: S(X3) = X3, so dimS(X3) + dimXs.

Since by (iii), dimX, = co-dim S(X) = B(S). B(ST) = dimX5 + £ (S).

From (ii) it follows that

dimX, + X3) = dim X, + dim X5 = co-dim T(X) = B(T), so dim X3= B(T) — dim
X5 and

B(ST) = B(S)+B(T) —dimXog. ..ooooveieoiiiieeiieeieeee, (iv)

From (ii) it follows that dim (T(X) N N(S)) = dim N(S) — dim X5 and by (i)

a(ST) = a(S) + a(T) — dim X,. Then we have

ind ST=a(ST) — B(ST) = a(S) — B(S) + a(T) — B(T) = ind S+ ind T.

We now wish to generalize the index theorem to Atkinson operators.

3.5. Theorem (Generalized index theorem): If S, T € L(X) are operators with finite null defects
resp. finite image defects then ind (S T) = ind (S) + ind (T)[10].

3.6. Theorem: If T € L(X) has an index and K & Z(X) then ind(T +K) = ind(T).

Proof: If T € L(X) has a finite index, then there exist SE L(X) and FE&E f:f(:X ) such that
ST =1-F. We then have ind(S) = - ind(T). Since S(T +K)=ST+SK=1-F+SK=1-F;,
F; € > (X)and T+ KE Y ( L(X))(b), we have, ind(S) + ind(T + K) = ind(I - F ) =0,
< ind(T + K) = - ind(S) = ind(T).

3.7. Theorems: TE R is an Atkinson operator with &(T) < S(T), i.e. indT)=< 0 if T=R+K,

where R € R possesses left inverse SE R and K € F(H).

Proof: By (Lemma-3.1) for TE @ (:R} there exist projections PE R onto N(T) and QE R onto a
complement space to B(T). Since (I(:T) = [(T) we have (I(:T) << 00, so PE 3(93) If

a(T) = 0, then we can choose R = T and K = 0. Then R is relatively R - regular and hence
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R possesses a left inverse in R . SO, we can let A(T) = 0. If {X; X5, ..., Xp, } is a basis of
N(T), then since (T) = B(T), there exist a linearly independent set, {¥1 Vo, .., Yy } in
B(Q). Since R is saturated, there exist SE R with SX; = Vi, 1=1,2,..., 1.

We then set K = QSP and R =T — K, then since Q€ J(R) we have K € F(R). It follows that
RE a(R), therefore R is relatively R - regular. If we also show that §(R) = 0, then R
possesses a right inverse in R. If yE X, then

y:Z?zl a;y; +Txo, X, € X.

Then there exist UE R with U y; = X;, 1= [ = n. If we put z = UKX,, then since
Kx, € B(Q) wehave KX, = B1y1 + -+ BpVn.

So, z = UKX,= ?:1 B;x; EN(T) and Kz = QSP(fyxq + -+ Bn,X,) =

iz Biyi = Kx;,
Ifweputu=X, — Z?:l a; X; — Z, then we have
Ru=Tu-Ku=TX, —Kx, + X" @; Kx; + KZ=Tx, +}—; @; V;=y.
Thus, ,t'_?(:T} = 0.

In the following theorem we show that index is uniquely determined except for rational factor.

3.8. Theorem: Let d be an integral valued function on Z with the following properties:

(a) d(ST)=d(S) +d(T)

(b) d(S+T)=d(T), provided KE F(R)

(c) d(T) = 0 if T possesses an inverse in .

Then there exists a rational number r such that d(T) = r ind(T) for all TE Z

Proof: If ¥, = {TE ) : ind(T) = n}, then for TE ¥ ,,, we have T = Ty, R + K [10] and by the

Index theorem and the above index properties (i), (ii), we also have d(T) = d(T},); hence d is

constant on Zn' We wish to denote by d resp. ind maps of the set {Zn} , defined as follows:

d(Ep) = dTp). Ty € Xy

md(¥,,) =ind(T,) =n, T, € ¥, :

The [ndex is one-one. On account of the index theorem we have TuTm € X 1i4+m from which it

follows thath = d o I?lud “lisa homomorphism of the subgroup

U = {ind(T): TE Z } of the additive group Z of integers into Z. In fact if n, m € U and hence

h(n+m) = dind *(n+m)) = d(Tpem) = dTy Ty = d(Ty) +d(Ty) =
d(Xn) + d(Zm)

= d(ind"Y(n)) +d(mmd"t(m)) = h(n) + h(m).
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In U there exists a smallest positive number R, such that u = {kn,: k € Z}. Forn € U, we

have n=k(n) N,. If T lies in ), then TE ), for an n =K(n) N, € U and it follows that

- . . h(n,
dT)=d(E,) = (hownd)( },)=hand) ¥.,) =h(n) =hEKn)(1n,))=Kmn) h(n,)= 1[: )
=h () ind(T) =r ind(T) , where r = hTEn).

If U = Z, therefore N, = 1, then d is an integral multiple of ind.
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