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1 Introduction and Preliminaries

In 1952, frame theory was introduced by Duffin and Schaefer [7] to study some deep problems in nonhar-
monic Fourier series by abstracting the fundamental notion of Gabor [9] for signal processing.

In the year 2000, M. Frank and D. R. Larson [§] have extended the theory for the elements of C*-algebra
and Hilbert C*-modules. Eventually, frames with C*-valued bounds in Hilbert C*-modules have been
considered in [I]. The basic idea was to consider module over C*-algebra instead of linear spaces and to
allow the inner product to take values in the C*-algebra. After the fundamental paper [5] by Daubechies,
Grossman and Meyer, frame theory began to be widely used, particularly in the more specialized context
of wavelet frames and Gabor frames [9].

During this century, frame theory developed rapidly and experienced several generalizations either in Hilbert
spaces or in Hilbert C*-modules. For more details see [10, [13], 14} [15] [16], 17, [I8], 19].

In this paper, we introduce the concept of positive operator frame, L-positive operator frame, x-positive
operator frame and *-L-positive operator frame for the set of all adjointable operators on a Hilbert C*-
module denoted Endy(V) where L is a positive operator. Also, we establish some new properties. Some
illustrative examples are provided to advocate the usability of our results.

In the following we briefly recall the definitions and basic properties of Hilbert B-module, where B is a
C*-algebra. Our references for C*-algebras are [4, [6].

Definition 1.1. [4]. Let B be a unital C*-algebra and V be a left B-module, such that the linear structures
of B and V are compatible. V is a pre-Hilbert B-module if V is equipped with an B-valued inner product
(., )8 : V xV — B, such that is sesquilinear, positive definite and respects the module action. In the other
words,

(i) (f,f)p >0, forall f €V, and (f, f)g =0 if and only if f = 0.
(ii) (af +g,hyg=alf hys+ (g9,h)s, for all « € B and f,g,h € V.

(111) <fag>5 = <gaf>?35 for all f,g e .
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For f € V, we define ||f|| = ||(f, f)5||2z. If V is complete with ||.||, it is called a Hilbert B-module or a
Hilbert C*-module over B. L
For every b in C*-algebra B, we have |b| = (b*b)2 and the B-valued norm on V is defined by |f| = (f, NE
for all f € V.

Let V; and Vs be two Hilbert B-modules, a map L : V; — Vs is said to be adjointable if there exists a map
L* : V3 — V; such that (Lf,g)g = (f,L*g)p for all f € V; and g € Vs.

We reserve the notation Endg(Vi, Vs) for the set of all adjointable operators from Vi to Vo and Endg(Vi, V1)
is abbreviated to Endgz(V1).

In what follows, let Z and J be finite or countable index subset of N.
We will give lemmas and definitions that will be useful to prove the results of this work.
Lemma 1.2. [1]. Let Vi and Vo be two Hilbert B-modules and L € Endz(Vi, Vs).
(i) If L is injective and L has the closed range, then the adjointable map L*L is invertible and
I(L* L)Y Iy, < L*L < ||L|*Ty, .

(i) If L is surjective, then the adjointable map LL* is invertible and
I(LL*) Y™ y, < LL* < |[LIP Ly,

Lemma 1.3. [I2]. Let V be an Hilbert B-module. If L € Endy(V), then
(Lf,Lf)s < |ILIP(f f)s,  feV.

Lemma 1.4. [2]. Let V; and Vy be two Hilbert B-modules and L € Endg(V1,V2). Then the following
statements are equivalent,
(i) L is surjective.
(ii) L* is bounded below with respect to norm, i.e., there is my > 0 such that |L* f|| > mal | fl|, for all
fEVs.
(#ii) L* is bounded below with respect to the inner product, i.e., there is mg > 0 such that (L*f,L*f)p >
mao(f, f)n, for all f € Vs.

Definition 1.5. Let L € Endj(V), where V is a Hilbert B-module. Then L is called a positive operator
if we have (Lf, f)g >0 for all f € V.

The set of all positive adjointable operators is denoted End’[; V).

Definition 1.6. [2I] A sequence {®; € Endz(V,V;) : i € I} is called a g-frame for a Hilbert C*-module V
with respect to {V; : i € T} if there exist constants E, F' > 0 such that

E(f, /)5 <> (®if,®if)s < F(f, f)s; eV (1.1)
ieT
The constants E and F' are called the bounds of {®;};cz. If E = F = a # 1, the g-frame is called a-tight.
If only the right side of the inequality (1.1]) holds, we call it a g-Bessel sequence.

Definition 1.7. [3] Let L € Endg(V). A sequence {®; € Endi(V,V;) i € I} is called a L-g-frame for a
Hilbert C*-module V with respect to {V;};cz, if there exist constants E, F' > 0 such that
B(LF, L f)s < S (@i, 0 f)s < FUf, flss f € V. (1.2)
=
The constants E and F are called the bounds for {®;};cz.
A L-g-frame {®,};c7 is said to be tight if there exists a constant E > 0 such that

B(L*f,L*f)s =) (®if,®if)s, [feV. (1.3)

i€l
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Definition 1.8. [II] A sequence {L;};,ex C Endg(V) is said to be an operator frame for Endj(V), if there
exist constants E, F' > 0 such that

E(f, f)s <Y (Lif, Lif)s < F(f, fls; feV. (1.4)

i€l

where F and F are called the bounds for the operator frame. An operator frame {L; };c7 is said to be tight
if E = F # 1. If only upper inequality of (1.4) holds, then {L;};cz is called an operator Bessel sequence
for Endi (V).

Definition 1.9. [20] Let L € Endj;(V). A sequence {L;};cz on a Hilbert C*-module V is said to be a
L-operator frame for Endg(V), if there exist constants E, F' > 0 such that

E(L*f,L"f)s <> (Lif, Lif)s < F{f,f)s; f€V, (1.5)

i€l

where E and F are called the bounds of {L;};cz. A L-operator frame {L;};cz is said to be tight if there
exists a constant F > 0 such that

E(L*f,L*f)s = > (Lif, Lif)s; fe€V. (1.6)

i€

2 Positive Operator Frame

Definition 2.1. A sequence of adjointable operators {L;};cz on a Hilbert C*-module V is said to be a
positive operator frame for Endj(V), if there exist constants E, F' > 0 such that

E(f,f)s <Y (Lif. [)s < F(f,[)s; eV (2.1)

i€l

The numbers E and F are called the bounds of {L;};,cz. If E = F, the positive operator frame is called
tight. If E = F =1, it is called a normalized tight positive operator frame or a Parseval positive operator
frame. If only upper inequality of (5.1)) holds, then {L;};cz is called a Bessel positive operator frame for
Endg (V).
Example 2.2. Let V be a Hilbert C*-module and (f;);ez be a frame for V), then there exist constants
E,F > 0 such that

E(f, £)s <D (f. fyslfi f)s < F(f. fls;  fEV. (2:2)

=
We define the sequence of operators {L;};,cz C Endg(V) by L; = f; ® fi, i € Z, so we have for all f €V,
M ALif, s =Y ((fi@ fi)f s =Y _{f fidsfi s = > _(f, f:)8(fi )5,

i€l i€l i€l i€l

Then by , we have
E(f,f)s <> (Lif. f)s < F{f. f)s;  feV.

e
Thus {L; };ez is a positive operator frame for Endg(V).

Theorem 2.3. Let {L;},cz be a positive operator frame for Endi(V). Then {L;}icz corresponds to an
operator frame. The converse is also valid.

Proof. Let {R;}icz be an operator frame for Endg(V), then there exist constants E, F' > 0 such that

E(f,N)s <> (Rif,Rif)s <F(f,f)s; [€V,

i€l
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SO

E(f,f)s <Y (RiRif,f)s < F(f,f)s; [€V.
=
Thus {R} R, }ic7 is a positive operator frame for Endg(V).
For the converse, let {R;};cz be a positive operator frame for Endj (V).

Since R; is a positive element in Endg(V), then there exist R; € Endg(V) such that R, = R'R;, i€l

{R;}icz is a positive operator frame for Endj(V). Then there exist constants E, F > 0 such that

E(f,)s <Y (Rif. s <F(f./ls [€V,

€T
so
E(f.f)s <Y (RiRif.f)s < F(f.f)s feV,
i€T
thus
E(f,f)s <Y (Rif,Rif)s < F{f,f)s feV,
ez
hence {R;};ez is an operator frame for Endg(V). O

Corollary 2.4. Let {L;};cz be a positive tight operator frame for Endg(V). The sequence {L;};cz corre-
sponds to a tight operator frame. The converse is also valid.

Corollary 2.5. Let {L;}icz be a Bessel positive operator frame for Endg(V). The sequence {L;}ict
corresponds to an operator Bessel sequence. The converse is valid.

Theorem 2.6. Let {®; € Endz(V,V;) : i € I} be a g-frame for V with respect to {V;}icz, then the
sequence {®; };ez corresponds to a positive operator frame for Endg(V). The converse is valid.

Proof. Results from the properties of the positive elements in a C*-algebra. O

Definition 2.7. Let {L;},cz be a positive operator frame for Endj (V). The operator Sy, defined by
SL Y —V
fr—Spf=>Y_Lif.

icT
is called the frame operator associated to {L;};cz or frame operator only if there is no confusion.

Proposition 2.8. Let {L;}icz be a positive operator frame for Endi(V) with bounds E and F' and frame
operator Sy, then the operator Sy is positive, self-adjoint and invertible. Moreover, we have EIy, < Sp <
FI,, and the following equality,

F=Y_S;'Lif =Y LiS;'fi feV, (2:3)
= =
called the reconstruction formula.
Proof. From the definition of frame operator, it’s easy to show that the operator Sy, is positive and self-

adjoint.
Moreover, we have

<Ef7f>B:E<f7f>B SZ<szaf>B: <SLf7f>BSF<f7f>B:<f7f>B

i€l

This shows that
Ely, < Sp < Fly,
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which implies that Sy, is invertible. Further, for any f € V, we have

F=8180f =8> Lif =Y S, 'Lif,
€L €T
and

f=80S, =) LiS;'f.

ieT
O
Theorem 2.9. Let Vi and Vs, be two Hilbert C*-modules over a C*-algebras B and A respectively. Let
{®;}icz be a positive operator frame for Endg (V1) with bounds E, F and frame operator Se. Let {V;};cs
be a positive operator frame for End’y(V2) with bounds M, N and frame operator Sy. Then {®;®@V;}ict jer

s a positive operator frame for End}kg®A(V1 ® Va) with bounds EM and FN and frame operator Sepgy =
Se ® Sy.

Proof. From the definition of {®;};cz and {¥;};cs we have,

E<faf>B§Z<q)Lfaf>BSF<f7f>B7 f€V1.

i€l
Mg, g)a <> (¥;9,9)a < N{g,g)a g€ Va.

jeT

Therefore,
EM(f, )8 ©(9,9)a <> (®if, [)5® > (V;g,9)a
€T JjET
<SEN(f,fis®@(9,9)a, fEV1, g€V

Then,

i€, jed

SEN(f®g,f®g)Bza;
Consequently, for all f ® g € V1 ® V5 we have:

EM{(f®@g,f@gBea< Y. (®:if@Vg,f®g)soa
i€Z,jedg

<FN(f®g,f®g)Bsa-

Then,

EM(f@g,f@g)sea< Y, (2i®T)(f®9),f®g)Bsa
i€Z,jeT

<FN(f®g,f®g)BsA-

The last inequality is satisfied for every finite sum of elements in V; ®q14 V2 and then it’s satisfied for all
h € V1 ®@Vs. It shows that {®; ® ¥ }icz jes is a positive operator frame for Endjg 4 (V1 ®Vz) with bounds
EM and FN, respectively.

By the definition of frame operator Sg and Sy, we have

Sef =) ®if, feVu

i€l

Sug=>» Vg, g€V
JjeET
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Therefore:
(Sp @ Su)(f®g) = Saf® Swg

=Y P f®Y Vg
€T JjET

Z O, f@V¥;g
i€Z,5€T

Y. (@ev)(feg).

i€L,jeT

By the uniqueness of frame operator, the last expression is equal to Segw(f ® ¢), consequently we have
(So ®@S5u)(f®g) = Segw(f ®@g). The last equality is satisfied for every finite sum of elements in Vi ®q14 Va
and then it’s satisfied for all h € V; ® Vs. It shows that (S¢ ® S¢)(h) = Segw(h), 80 Segpy = Se ® Sg. 0

3 Positive K-operator Frame

Definition 3.1. Let L € Endf; (V). A family of adjointable operators {L;};ez on a Hilbert C*-module
V is said to be a L-positive operator frame for Endg(V), if there exist a positive constants E, F > 0 such
that

E(Lf,[)s <Y (Lif. ) < F(f,f)s, [EV. (3.1)
i€T
The constants E' and F' are called the bounds of {L;};cz. If E = F # 1, the positive L-operator frame
is tight. If E = F = 1, it is called a normalized tight L-positive operator frame or a Parseval L-positive
operator frame.

Example 3.2. Let V be a Hilbert C*-module and (u;);ez be a L-frame for V, then there exist a positive
constants F, F > 0 such that

B(L*f,L* )5 <> (f,us)slui, f)s < F(f, [)s, feV. (3.2)

i€
We define {L;}icz C Endi(V) by L; = u; ® u; for all ¢ € Z.
Then we have,

Y ULt s =Y (w@w)f, f)s =Y (fyu)sui, fls = (fru)s(ui, )s.

€T €T i€ i€
Then by (3.2) we have

E(LL*f, f)s = E(L*f,L*f)s <> (Lif.f)s < F{f,f)s, feV.
i€T
Let @ = LL*, thus {L; };ez is a Q-positive operator frame for Endg(V).

Theorem 3.3. Let {L;};,cz be a L-positive operator frame for Endg(V), then {L;}icz corresponds to a
L-operator frame. The converse is valid.

Proof. Let {L;}icr be a i—gositive operator frame for Endj (V). 3 3
By the definition of L; and L then there exist L;, R € Endj;(V) such that L; = LYL;, i€ Zand L = R*R.
From the definition of {Ei}iel there exist positive constants F/, F' > 0 such that
E(Lf, )5 <Y (Lif. [)s < F(f,[)s; feEV.
i€T
So,
E(LL*f, f)s <> (LiLif, ) < F{(f,f)s [ €V

i€l
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Thus,
E(L*f,L*f)s <> (Lif. Lif )5 < F{f.f)s fE€V.
i€Z
Hence, {L;};cz is a L-operator frame for Endg(V).
For the converse, let {L;};cz be an L-operator frame for Endp(V), then there exist positive constants
E,F > 0 such that

i€z
S0,
E(LL*f, f)s <Y (LiLif.f)s < F{f.f)zs f€V,
ieT
Thus {LL;};ez is a LL*-positive operator frame for Endj (V). O

Corollary 3.4. Let {L;}icz be a tight L-positive operator frame for Endg(V). Then {L;}icz corresponds
to a tight L-operator frame. The converse is also valid.

Theorem 3.5. Let {®; € Endz(V,V;) : i € I} be a L-g-frame for V with respect to {V;}icz. Then {®;}icz
corresponds to an L-positive operator frame for Endg(V). The convers is also valid.

Proof. Just use characterization for the positive elements in a C*-algebra. O

Definition 3.6. Let L € Endz‘; (V) and {L;};cz be a L-positive operator frame for Endgz(V). We define
the frame operator

Sp:V—Y
f'—>5Lf=ZLif

i€l

Proposition 3.7. Let L € Endf;r (V) and {L;}icz be a L-positive operator frame for Endgz(V) with bounds
E, F and frame operator Sy,. Then Sy, is positive and self-adjoint. Moreover, we have EL < S < FIy.

Proof. 1t is clear that S, is positive and self-adjoint.
From the definition of {L;};cz, we have,

(ELf, f)s = E(Lf, f)s <> (Lif, fls = (Suf, f)s < F{f, f)s = (Ff, f)s.
€T
This shows that
EL < SL < FIV)
L]

Theorem 3.8. Let Vi and Vs be two Hilbert C*-modules over a C*-algebras B and A respectively and let
P e Endg+ (V1) and Q € Endj (V). Let {®;}icz be a P-positive operator frame for Endg (Vi) with bounds
E,F and frame operator Sg, let {¥;};cs be a Q-positive operator frame for End’ (Va) with bounds M, N
and frame operator Sy. Then {®; ® V;}icr jes is a P ® Q-positive operator frame for Endgg ,(Vi ® Va)
with frame operator Se ® Sy and bounds EM and FN.

Proof. By the definition of {®;};cz and {¥;};cs we have:

E(Pf,fls <Y (®:if.fls < F{f.fls feW.

i€l

M(Qg,9)a <> (¥;9,9)a < N{g,9)a g€ Va.
Jj€ET
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Therefore,
EM(Pf.f)5®(Qg.9)a <> (®if. )5 ® Y (¥;g.9)
i€l jeT
< EN(f, f)s ®(9,9) A
Then,

EM(Pf®Qg,f@g)Baa< > (2if.f)5® (¥;g,9)a
€L, jeT

SFN{f®g,f®g)Boa-
Consequently, we have for all f ® g € V1 ® Vo

EM(PRQ)(f®©g),f@g)sea< Y, (2if @V, f @ g)paa
1€L,jeT

SFN<f®gvf®g>B®.A

Then,
EM(PRQ)(f®9).f®dBoa< > (2;@U)(f®9),f®g)ssa
i€L,jeT
<FN(f®g,f®g)BoA-
The last inequality is satisfied for every finite sum of elements in V; ®q4 V2 and then it’s satisfied for all
h € V1 @ V. It shows that {®; ® ¥, }iez jes is a P ® Q-positive operator frame for Endgg 4 (Vi ® V2) with
bounds EM and F'N.
By the definition of frame operator S¢ and Sy we have:

Sef =) ®if feW.

i€l

Sq;g = Z \I’jg g < Vs.
JjET

Therefore:
(Se ® Su)(f®@g) =Saf ® Sug

= Z if @ Z Y9
€L JET

Z Cblf ® \I/jg
i€Z,jeT

Y. @V (feg).

i€L,je€T

By the uniqueness of frame operator, the last expression is equal to Segw(f ® ¢g). Consequently we have
(So ®@Su)(f®g) = Seguw(f ®@g). The last equality is satisfied for every finite sum of elements in Vy ®q14 Va
and then it’s satisfied for all h € V; @ Vs. It shows that (Se ® Sg)(h) = Segw(h), so Segy = Se ® Sy. U

4 x-positive Operator Frame

Definition 4.1. Let V be a Hilbert C*-module over a unitary C*-algebra B. A sequence {L;}icx C
Endg(V) is said to be a *-positive operator frame for V if there exist strictly nonzero elements E, F' in B
such that

E(f./)sE" <Y (Lif. /)5 < F(f, f)sF";  feV. (4.1)

i€T
The elements E and F are called the bounds of {L;};cz.
If E=F =1z, it is called a normalized tight *-positive operator frame.
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Proposition 4.2. Let {L;};,ez be a *-operator frame for Endg(V). Then {L;},cz corresponds to a *-
positive operator frame for Endy (V). The convere is also valid.

Proof. =) Let {L;};,ez be a x-operator frame for Endg(V), then there exist strictly nonzero elements
E, F such that

E(f,f)sE* <Y (Lif.Lif)s < F(f, /)sF*; [eV, (4.2)
€L
so, we have,
E(f, f)sE* <> (LiLif, f)s < F(f, [)s; F* feV, (4.3)
1€l

by setting R; = L7L; 1€ Z, we obtain

E(f,/)sE* < (Rif, )5 < F(f,/)sF* [eV, (4.4)

i€L

then {R;}iez C Endg(V) is a *-positive operator frame for V.
<=) Let {L;};,ez be a *-positive operator frame for Endy(V), then there exist strictly nonzero element
FE, F such that

E(f,f)sE* <Y (Lif, [)s < F(f, /)sF* f €V, (4.5)

€T

since L; is a positive operator then L; = R’ R; i € Z, from last inequality we have

E(f, f)sE* <> (RiR:f,f)s < F(f,f)sF* feV. (4.6)
€T
So,
E(f. f)sE* <> (Rif . Rif)s < F(f,f)sF* feV, (4.7)
i€T

which give the sequence {R;};cz C Endg(V) is a x-positive operators frame for V with bounds E and
F. O

Let {L;}iez C Endg(V) be a *-positive operator frame for Endg(V) with bounds E and F.
We define the frame operator associated with {L;};cz by

SL YV —V
frSuf =) Lif
iceZ
Proposition 4.3. The frame operator Sy, is self adjoint, positive and invertible and we have

B2 < IS < P2
Proof. Results from Lemma [1.2 O

Theorem 4.4. Let Vy and Vs, be two Hilbert C*-modules over unitary C*-algebras B and A respectively.
Let {®;}iez be a x-positive operator frame for Endyi(V1) with bounds E,F and frame operator Sg. Let
{W;}jes be a x-positive operator frame for End’ (Va) with bounds M, N and frame operator Sy. Then the
sequence {®; @ W;}ier jeg s a *-positive operator frames for Endgg 4(V1 @ Va) with bounds E® M and
F® N and frame operator Segy = Se @ Sy.
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Proof. By the definition of {®;};cz and {¥;},c7, we have
E(f, [)BE* <Y (®:if, s < F(f, [)sF* e,

i€T
and
M(g,g)aM* <> (¥;g,9)a < N{g,g)aN" g€,
JjET
therefore

< (Z@if, f>zs> © | Y (9,90

i€T JjET
< (F(f, [)sF™) @ (N{g,9) AN")
then, we have :
(E®M)((f,f)s©{9,9) ) ((E" © M")
< Y (@, B (V9,904

i€L,jeT
< (EFEN){f. fls® (g, 9)4)(F" @ N¥)

so,
(E@M)(f@g,f®9)azs)(E" @ F)
< Y (@ifRUg fOg)sea
€T jed
< (F@N){f fls®(9,9)4)((F* @ N¥)
then
(E®@M)({(f®g,f®g)ea)E"©M")
< Y (Bif@Vgf@g)Bea
i€, jed
<(FoN)(f, fis®(g,9)4)(F* @ N™)
which give,

(E@M)({(f©g,f®g)Boa)E e M)"

< D A{@RY)(f@9),fO9)Boa
€L, jET
SFRN)(f®g, f®gBsea)F ®N)".
The last inequality is satisfied for every finite elements in V; ® Vo and then it is satisfied for all h € V1 ® Vs.

It show that {®; ® ¥;}icz jes is a *-positive operator frames for Endgg 4 (V1 ® Vo) with bounds E @ M
and F® N. ]

5 x-L-positive Opertor Frame
Definition 5.1. Let L € End"BJr (V) and {L;};cz be a sequence of adjointable operators for a Hilbert

C*-module V. Then {L;};cz is called a *-L-positive operator frame for V if there exist strictly nonzero
elements F, F' in BB such that

E(Lf, f)sE* <Y (Lif. fls < F{f. /lsF"; feV. (5.1)

i€l
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The elements E and F are called the bounds of {L;};cz.
If F=F =1, it is called a normalized tight *-L-positive operator frame.

Proposition 5.2. Let {L;}icz be a *-L-operator frame for Endg(V). Then {L;}icz corresponds to a

x-L-positive operator frame for Endg(V). The convere is also valid.

Proof. =) Let {L;};ez be a *-L-operator frame for Endj(V), then there exist strictly nonzero elements
E, F such that

B(L*f,L*)sE* < (Lif, Lif)s < F(f, f)sF* [ € V. (5.2)
ieT
So, we have,
E(LL*f, f)sE* <Y (LiLif, f)s < F(f, [)sF"; feV, (5.3)
ieT

by setting R; = L7L; and ) = LL* we obtain

EQf. /BE" <Y (Rif.f)s < F(f. f)sF" feV. (5-4)

i€l

Then, {R;}icz C Endi(V) is a *-Q-positive operator frame for V.
<=) Let {L;}icz be a x-L-positive operator frame for Endg(V), then there exist strictly nonzero element
FE, F such that

E(Lf, f)sE* <Y (Lif,f)s < F(f, f)sF* feV. (5.5)
i€z
Since L; and L are a positive operators for Endg(V), then L; = RfR;, i€ 7 and L = QQ*. From the
last inequality we have

E(QQ*f, f)sE* <Y (RiRif,f)s < F(f, f)sF* feV. (5.6)
€L
So,
E(Q*f.Q" f)BE" <Y (Rif . Rif)s < F{f.f)sF" feV, (5.7)
i€l

which give the sequence {R;}icz C Endg(V) is a *-Q-positive operator frame for V with bounds E and
F. O

Let {L;}iez C Endg(V) be a *-L-positive operator frame for Endg(V) with bounds E and F.
We define the frame operator associated with {L;};cz by

SL Y —V
fr—=8Suf=) Lif
=
Remark 5.3. By the definition, the frame operator Sy, is self adjoint.

Theorem 5.4. Let V; and Vs be two Hilbert C*-modules over unitary C*-algebras B and A respectively and
let P € Endg(V1) and Q € Endy(V2). Let {®;}icz be a x-P-positive operator frame for Endg(Vy) with
bounds E, F and frame operator Se and let {V;};c7 be a x-Q-positive operator frame for End’y(Va) with
bounds M, N. Then the sequence {®;@V;}ic1 jes is a x-(P®Q)-positive operator frames for Endygg ,(V1®
V) with bounds E @ M and F ® N and the frame operator Segw = Se @ Sy.

Proof. By the definition of {®;},cz and {¥,},cs we have

E(P*f.P*f)sE" <Y (®f. fls < F{f.flsF";  feW,

i€l
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and
M(Q*g, Q" g)aM* <Y (Vig.g)a < N{g,g)aN*; g€ Vo

JjET
Therefore
(E(P*f,P"f)pE") ® (M(Q"g,Q"g) aAM")

€L JjET
< (F({f. f)sF") ® (N{g, g)aN").

Then we have

(E@M)((P*f,P*f)s ®(Q"9, Q") A) (E* @ M")
< Y (@if NB@ (¥g,9)a

i€L,jeT
S (F@N)(S fls©(9,9)4)(F" @ N¥).

So,
(E@M)(PfeQ g, P"f®Q"g)pea)((E" @ M")
< Y (@ifRTg fRg)Bsa
€L, jeT
S (EFEN)US fls® (9, 9)4)(F" @ N™).
Then

(EeM)(PeQ)(feg),(PeQ)(f©g))ass)(E® M)

< > (Rif @0, f®9)Bea
€L, jed

S (F@M)(f, s ©(g,9)4)(F@N)".

The last inequality is satisfied for every finite elements in V; ® Vo and then it is satisfied for all h € V1 ® Vs.
It show that {®; ® ¥}z jes is a *-(P ® Q)-positive operator frames for Endgg 4 (V1 ® V) with bounds
E® M and F ® N.

O
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