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Abstract: The hypergeometric series is an extension of the geometric series. The confluent hypergeometric
function is the solution of the hypergeometric differential equation [§(0+b—1) —z(0+a)jw = 0. Kummer’s
first formula and Kummer’s second formula are of significant importance in solving the hypergeometric dif-
ferential equations. Kummer has developed siz solutions for the differential equation and twenty connecting
formulas during the period of 1865-1866. Each connecting formula consist of a solution expressed as the
combination of two other solutions. Recently in 2021, these solutions were extensively used by Schweizer
[13] in practical problems specially in Physics. Here we extend the connecting formulas obtained by Kum-
mer to obtain the other six solutions wi(z), ws(2), ws(z), ws(2), ws(z) and we(z) as the combination of three
solutions.
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1 Introduction

So far, numerous works are done in the field of hypergeometric functions. Before proceeding with the main
work, we shall state some definitions, Kummer’s Theorems and connection formulas in hypergeometric
functions.

1.1 Hypergeometric series [11]

The series
l+a+a®+a®+a*+-- (1)

is the geometric series with the common ratio a. In 1655, John Wallis extended the ordinary geometric
series to the hypergeometric series in his book Arithematica Infinitorium [I1I] as

1+a+a(a+b)+ala+d)(a+2b)+ ala+b)(a+2b)(a+3b)+---

with the nt" term

a(a + b)(a + 2b)(a + 3b)...[a + (n — 1)b] 2)

When b is replaced by 1 then the n” term in the expression (2) is now called the Pochhammer symbol

I'(a+k)

an =ala+1)(a+2)(a+3)..[a+ (n—1)]= =0

3)

for ke Z7.
Similarly, Euler [11] introduced the power series expansion of the form
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) ab z ala+1)bb+1) 22  ala+1)(a+2)b(b+1)(b+2) 23

T T dery et D)(ct2) 3!
The expression (4) is denoted by 2Fi(a,b;c; z), where a, b and ¢ are rational parameters, is called the
hypergeometric function and may undergo several transformations [9]. It is convergent for |z| < 1 and for
|z| > 1, it is divergent. For Re(c —a — b) > 0, Re(c) > Re(b) > 0, the hypergeometric function can be
represented in terms of gamma function as follows;

(4)

L(e)T'(c—a—0)

oF(a,b;¢;2) = m

()

The hypergeometric functions are the solutions of the second order ordinary hypergeometric differential
equations throughout the complex plane. Barne [2] systematized the generalized hypergeometric function
defined as

Q1. Qpl 2 = (ay)k, -(ap)p 2"
F ) P :| _ p/k <~ 6
p q|: bl,...bq; kz=0 (bl)kwn(bq)k k! ( )
where p and q are integers. If p =1 and ¢ = 1 then (6) reduces to

U @

n=0

for b # 0, and a a non-negative integer. The equation (7) is convergent for all finite values of z. It is
also called the Pochhammer-Barnes confluent hypergeometric function [I3]. The confluent hypergeometric
equations are known as Kummer’s equations. According to Mathews [5], the equation (7) can be written
as

1F1(a; b; 2) = ¢(a; b; 2) = M(a; b; 2) (8)

The solution M (a;b; z) in terms of power series, is called the Confluent Hypergeometric Function of the
first kind. These functions are widely used in Landan levels [7] and Boundary value problems in Coulomb
problem for Hydrogen [3]. The equation (8) is the solution of the differential equation

00 +b—1)—2(0 +a)w=0, (9)
For 6 = zd%. The equation (9) can be written as [11]

2w” 4+ (b—2)w’ —aw =0 (10)

If the value of b is the non-integral, then the solution of (10) is given by

w=A1F(a;0;2) + Bz 1 Fi(a+1—b;2—b;2) (11)

where A and B are arbitrary constants.

1.2 Kummer’s formulas [11]

The Kummer’s First formula is given by

btz = Yo (12)

n=0

and the Kummer’s second formula is

. 1,2
e_lel(a; 2a; 22:) =0 F1 [ a ’ . 4 :| (13)
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1.3 The solutions at the singularities

A hypergeometric differential equation [I1] is given by

d? d
A(1-2) 5 +[e—(a+b+ 1)1 5= —abw =0 (14)
The equation (14) has a regular singularity at z = 0,1 and oo. [I5, [I7]. The corresponding exponent pairs
are thus (0,1 —¢), (0,c —a — b). The complex values for a and ¢ may exist [8]. The fundamental solutions
for the real values of @ and c are given below.

1.3.1 For singularity at z =0,

e
and
fg(z):zlcF[a_c+1’ b;i—g;l; z} (16)
such that
W(fi(2), f2(2)] = (1 =)z~ *(1 — 2) 707! (17)
1.3.2 For singularity at z =1,
e =r| (19)
and
such that
W(f1(2), f2(2)] = (a+b—c)z"(1 — 2)7* "7} (20)
1.3.3 For singularity at z = oo,
and
fg(z):zl_CF[a_C+1’ b;i—z;l; z} (22)
such that
W(fi(2), f2(2)] = (1 = b)z~(z = 1) (23)

The irregular singularities of the confluent hypergeometric functions are exactly the same as the exponential
functions, obtained by using Gauss power series expansion|[10].

1.4 Kummer’s formula for ,F; [1]

The Kummer’s formula for o Fy(a;b;1 + a — b; 2) is

I(1+a—bI(1+ ia)
I(1+a)(1+ 3a—0b)

oF (a;b;1+a—b;2) =
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1.5 Kummer’s solutions and connecting formulas
1.5.1 Basic solutions [12]

The solutions (15)-(23) can be transformed into six other basic solutions through the equation

2Fi(a,bici2) = (1— 2)° ) { c-a, c—b 2 ] (25)

G

The equation (25) will give six solutions which are known as the Kummers solutions [12]. Morita et al. [6]
has obtained the solutions to Kummer’s solution through fractional calculus. The six solutions obtained
by Kummer [I7] are as follows

() = (L=t | 70 T (26)

wa(2) = (2)1=°(1 — 2) b, Fy [ 1—a, b;izl; P } (27)
B T

wi(z) = ()" (1 = 2)" "o Py [ T g } (29)
ws(2) = DT (2)17¢(1 = 2)e=ab, R, { 1—b, Z:gi 1: =+ ] (30)
we(z) = eV ()1=e(1 — L)1,y [ 1—a, 2:2‘:_17’ T ] (31)

1.6 Connection formulas

By using the property (5), the six solutions (26)-(31) of the three parameters a, b, ¢ and on combining any
three solutions, there are C3 = 20 connection formulas as the principle branches of Kummer’s solution
[15, [17). They are as follow

'l—ol(a+b—c+1) Fle—DI'(a+b—c+1)

ws(2) = Foer Do —cr )1 T(a)T(b) wa(2) (82)
wn(z) = PO A i)y o) 4 KO T am 0 D (33)
s = Faor Br o5+ ey i
wn(e) = p Iy, () om0t D), (35)

(o) - DT =a=b) T(e)T(a+b—c) .

Ne—ate—p &~ Tarp )

o1
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r2—-c¢l(c—a—"b)
Il-—a)'(1-0)

re2—-col(a+b—c)
IFa—c+1I'(b—c+1)

we(z) = w3 (2) wy(2)

aniL(@=b+1)(c—a—1D)
L1 —bT(c—b)

a—b+1Dl'(a+b—1)
T(a)T(a—c+1)

T
ws(z) =e ws(z) + ele=H (

we(z) = €' AU ;((11 t BI{‘EZ : Z)_ o) w3 (z) 4 elemV™

'b—a+1I'(a+b—c)
INOINCERCENY

— S(1=c)mi F<2 — C>F(b — a)
T —aT(b—ct1)

I'2—c)'(a—0b)
T—or@—cr "

U}5(Z) + 6(1—0)7rir

Ila+b—c+1)I'(b—a)
LGB —c+1)

Tla+b—c+1)I'(a—b)
F(a)'(a—c+1)

—ami —bri

ws(z) =e ws(2) wg(2)

(bfc)mT(c —a—-b+1T(b—a)
I'(l—a)l'(c—a)

I'c—a—b+1)'(a—b)
Ta—ore—p ¢

wy(z) =e ws(z) + el

I'e)'a—c+1)
I'a+b—c+1)I'(c—b)

Te)l(b—c+1) )
T(@D(b—a+1) "

b w3(2) + e(a—c)ﬂ'i

wi(z) =e

_ _ami F(C)F(b —Cc+ 1) a—c)7Ti
walz) = ¢ MNa+b—c+ 1) (c— a)w?’(z) el

T()T(b—c+1)
T(a)T(b—a+1)

we(2)

_ —c T F(2 _ C)F(a) —c)mi F(Q — C)F(a)
wl(z) —e(b +1) I‘(a+b_c+1>r(1 _b)w3(2)+e(b ) F(a_b+1)F(b_c+ 1)11)5(2’)
_ (a—c+1)mi F(Q — C)F(b) a—c)mi F(2 B C)F(b)
wﬂd_e(-+)Fw+b—c+DH1—@wﬁd+é ) Th—at a1

T(e)T(1=0)
Fa)l'(c—a—-b+1)

T(cI'(1-0)
IFa—b+1I'(c—a)

wy (Z) — e(c—a)m w4(z) + e—aﬂi

ws(2)

L)' (1 —a)
r)r(c—a—-b+1)

L(e)I'(1 —a)
I'b—a+1)I'(c—

w1 (2’) _ e(cfb)m

wy(z) + e~ ) wg(2)

I'(2—c¢)T'(c—b)
INa—c+1I(c—a—b+1)

I'(2—c¢)T'(c—b)
@bt )ra-1"®

— e(l—a)Tri

wa(2) wy(2) + e T

(1—b)mi [2-ol(c—a)
'b—c+1I'(c—a—b+1)

2 —c¢)'(c—a)
T(b—a+ I(1—0)

wa(z) =e wy(z) + e weg(2)
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2 Main Results

In section 1, we have presented the six solutions and twenty connection formulas previously obtained by
Kummer. The relationship among any three solutions is precisely shown in the connection formulas. The
relationship between any of these four solutions is not yet established. So the objective of this research
paper is to establish the combination relationship between three solutions from the set of above (32)-(51)
identities. One of the solutions will be expressed as the linear of the other three sets of solutions. By
this process we will evaluate the extension solutions for wi(z), ws(2), ws(2), ws(2), ws(z) and we(z). The
extended solution is evaluated through the method of elimination of the common solution between any two
identities.

2.1 Extension of connection formulas

The connection formulas for the three solutions of the hypergeometric differential equations are derived by
using the relations in the subsection 1.6. The two equi solutions obtained from the Kummer’s solutions are
simplified to obtain the linear combination of three solutions. That is a solution is expressed as the linear
combination of three solutions. Altogether six solutions are obtained through this process.

From (32) and (42), we get

I'(l—c)I'(a+b—c+1 I'lec—=1)I'(a+b—c+1 —amil(a+b—c+1)T'(b—a i L(a+b—c+1)'(a—b
rga—c)Jrl()r(b—chlgwl(z)* : 12(;)1"(1)) hun(z) = e (F(b)F(b—)c-&-(l) bws(z) e (F(a)l"(a )c-&El) Lug (2)
I'(l—c) (c—1 —ami___I'(b—a) —bmi I'(a—b)
O, Fa—eriri—ern w1 (2 )+ 17 T ()T ()) 2(2) = e g ws(2) e rara—er we (2)
D(c—1) _ —ami_ T(b—a) —bmi__ D(a=b) r(1—c)
or, r(a)r(b)w2(z) =e T (b—ct1) ¥ ws(z) + e T(@)(a—ct) W we(z) — T(a— c+1) b—cr) ¥ wy(2)
or,

1 [e(bfc)'frir(b — a)F(l — b) ’LU5(Z) + e(afc)ﬂ'i]:‘(a’ — b)F(l — a)

wil?) = 5= T(c—a) Te—p  wo) 52)
7F(c -1 —a)'(1 - b)w )
T(c—a)l(c—b) ?
From (33) and (43), we get
I'(l—c)I'(c—a—b+1 T'(c—1)T'(c—a—b+1 i (c—a—b+1)T(b—a a—c)mi) '(c—a—b+1)T'(a—b
(F(l)—(z()f‘(l—b) )wl(z)+ (F(c)—a()l"(c—b) )wg(z) = e(b=) (1"(1 a)r()c (a) ) ws(z)+el@=m) (F(l—b)l"()c—(b) )wg(z)

I'(l—c I'(c—1 o —e)mi I'(b—a) a—c)mi I'(a—b
Ors Ta— a)F(i b)“’l( z) + T(c—a)l (2 b)w2(z) = (b= Tl—a)l(c—a) ¥ ws(2) + e~ )I‘(lf(b)l“(gfb)u%(z)

I'(c—1) —e)mi I'(b—a) —e)mi T'(a—b) I'(l—c)
O Tle—a)T(c— b)w2( z) = elt=e) Ta—a)T(c— a)w5( z) +elem) )r(17b)r(cfb)w6(z) - F(lfa)F(lfb)wl(Z)

or,

1 T(b—a)l'(a)

_ -~ I(a—b)I'(b)
T(c—1) T(b—c+1)

ws(2) + e~ FEa)w6(z)

- or@re)
"Tla—c+1)T(b—c+1)

From (34) and (38) we get,
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T'(1—c)'(a—b+1) wy (Z)+e(c,1)ﬂi T'(c—1)I'(a—b+1) 'U)Q(Z) — pami F(a—b+1)I'(c—a—d) wg(z)_’_e(cfb)wi T(a—b+1)T'(a+b-1) ’LU4(Z)

T'(a—c+1)I'(1-b) T'(a)T'(c—b) T'(1-b)I(c—b) I'(a)l'(a—c+1)
ami__L'(c—a—b) c—b)mi__ I(a+b-1) _ I'(l—c) c—1)mi_ I'(e—1

or, e r(1(fb);(cfb) ws(z) + el e W4(?) = raarnrapwi(2) + el V) F(a§§(clb) wa(2)
ami I'(c—a—b) _ I'(l—c) c—1)mwi  I'(e—1) c—bwi T(a+b—1

or, € F(l—b)F(c—b)w?’(z) = F(a—c+1)F(1—b)w1(z) +eleh T(a)T(c—b) wa(z) — el F(a)(l—‘(a—c-ﬁ)—l)w‘l(z)

Wwalz) = eiaﬂ—i 7(1 — C)F(C _ b) w1 (2 6(671)7\'1]‘—‘(0 — 1)F(1 — b)w Py
3(2) F(c—a—b)[ Fa—c+1) (2) + I'(a) 2(2) (54)
(c—pyri L(a+b—1I(1 —b)I'(c —b)
¢ T(a)(a—c+1) wa(z)]

From (35) and (39), we get

I'(l—co)I'(b—a c—1Dmwi L(e—1)I'(b—a i —a c—a— c—a)Ti —a a+b—c
A=At oy, (2)ele-Dmi Do UEEatl) ), () = bmi DatUElem0 by () pe(emeymi et DI =0y ()

T(b—ct1)I(1—a) W1 T (c—a) T(1—a)(c—a)
wi I'(c—a—b) c—a)wi T(a+b—c o I'(l—c c—1)7wi I(e—1
or, ¥ ) g (2) + elemOmi =)y (2) = et (2) + el DT Gy (2)
c—a)wi T(a+b—c o I'(l—c c—1)7i I(e—1 i L(c—a—b
or, el it wa(2) = rrm ey (2) + €T i wa(2) — e T s (2)
or,

ele=am (1 —¢)T(b)

B T(c— DI(b—c+1)
vl = =gl Tz

I(c—a)
Flc—a—bTO)T(c—b+1)

e TA—alc—a  “e¢)

wy (Z) + 6(671)7Ti

wa(2)

From (36) and (40), we get

Hetun () + DR (2) — FIRE=gus(2) + RIRegue(2)

T(c—a)l(c—b) W3 T'(a)T(b) = T®)T(c—a) W5
or,
T'(b—a _ TI(c—a—bd I'(a+b—c T'(a—b
F(b)(F(cja) ws(2) = F(cfa)F(cf)b) ws(z) + F(a)F(b))w4(Z) - r(agr(czb)wfi(z)
or,
_ 1 I'(c—a—b)I'(b) Ta+b—c)l'(c—a) T'(a —bI'(b)(c—a)
=5 e T(a) i) = e e (56

From (32) and (43), we get

T'(1—c)I'(c—a—b+1) T'(c—1)I'(c—a—b+1 _ —e)wi D(e—a—b+1)I'(b—a —¢)mi) D(e—a—b+1)I'(a—b

g w () FS S g (2) = e(bme)mi Elirim il HO ) () elome)mi) HEa g EC=b g (2)

b—c)mi L'(b—a) a—c)7i C'(a—b) — M(l—c F(c—1
or, (=) T(—a)(c—a) ws(2) + e~ )F(l—b)r‘(c—b) we(z) = F(l—a)F(i—b)wl(Z) + r(c—z)r(g—b) w(2)

a—c)mi I'(a—b _ I'(l—c I'(c—1 —c)mi I'(b—a
or, (=) et we(2) = ety (2) + et ea(2) — €O s iy (2)
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or,

T1—b(c—b), T(-c) T(c—1)
Ta—b)  Ta-ara-n"** tezare—n2®?
)

I'(l—al(c—a)

wg(z) _ e(cfa)m')

(57)
_e(b—c)ﬂ'i

3 Conclusion

The hypergeometric differential equation of second order has a solution in terms of hypergeometric function.
The confluent hypergeometric function 1 F (a; b; z) can be evaluated through the novel integration technique
which arrives in wave propagation problems [4]. As the solution of the hypergeometric differential equation,
Kummer has obtained six solutions (26)-(31) and twenty connection formulas (32)-(51). By the help of these
connection formulas, we have obtained six extensions formulas (52)-(57) for wy (2), wa(z), w3(z), wa(z), ws(2)
and wg(z). Every extension formulas are expressed as the linear combination of other three solutions. These
formulas are highly applicable in physics, social sciences, chemistry and engineering.
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