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Abstract
Vibration control is crucial for safe and effective operation of rotating machinery in industries
such as aerospace, automotive, and power generation. This work studies the modal behavior
of multi-disk rotor systems, a key field in mechanical engineering, utilizing a combination of
analytical and mathematical models, as well as ANSYS-based simulations. The research uses
ANSYS modal analysis to identify natural frequencies and mode shapes, with a focus on
backward and forward spin frequencies. The results demonstrate that the first three natural
frequencies for forward whirl under free response conditions are 67.155 Hz, 72.437 Hz,
and 94.736 Hz, with a divergence of less from theoretical predictions, indicating that the
mathematical model is accurate. Furthermore, the critical speed for the system’s first mode
of transverse vibration was determined to be 459.83 rad/s, which corresponds to important
rotational velocities where considerable vibrations occur. This consistency of computational
and analytical results emphasizes the vital need of identifying and regulating important
frequencies to avoid operational breakdowns. The findings highlight the importance of precise
modeling techniques in improving the dependability and performance of rotor systems, giving
critical insights for the design and optimization of rotating machinery in a variety of industrial
applications, resulting in increased safety and operational efficiency.
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1. Introduction
In various engineering applications, such as power gen-
eration and machinery, the presence of rotating systems
comprising disks attached to shafts is ubiquitous. No-
tably, these systems are integral components in the gen-
eration of power, both producing and consuming it [1].
Take, for instance, the Pelton turbine employed in hy-
dropower plants, an emblematic example of a disk-shaft
assembly. These turbines, serving across a spectrum
from micro hydro to high-power plants, operate under
harsh conditions. The challenge lies in enhancing their
performance, longevity, and reducing weight without
compromising reliability.
The primary concern within this context is the dynamic
behavior of these rotating systems, which is crucial for
their efficient and secure operation. To address this
challenge, an exploration of dynamic behavior is essen-
tial. [2] Researchers have delved into various aspects of
these systems, exploring the dynamic interplay between
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flexible and rigid components. They have examined
flexible shafts modeled as Euler-Bernoulli beams, cov-
ering various modes of vibration, including bending,
torsion, and longitudinal oscillations.
Similarly, the realm of rotating machinery encompasses
a wide array of industries, including industrial, automo-
tive, and aerospace. The operational efficiency of these
systems is paramount for safety and effectiveness. Cen-
tral to the issue of rotating machinery lies the dynamic
behavior of rotor systems—comprising shafts and one
or more disks. The presence of imbalanced masses in
these systems can lead to disruptive vibrations and other
dynamic challenges. These systems find applications in
power generation through turbines, compressors, and
pumps, where imbalanced mass-induced vibrations can
compromise efficiency and accelerate wear and tear.[3]
Beyond power production, rotor systems with multiple
disks and imbalanced masses play a vital role in various
industrial applications, such as manufacturing machin-
ery, wind turbines, and marine propulsion systems. [4]
Controlling vibrations in these systems is critical, given
their direct impact on dynamic behavior.
The complex interplay of components and operating
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parameters influences the dynamic response of these
shaft-disk systems. Past research efforts have under-
taken diverse approaches to comprehend their behavior,
with some assuming a flexible shaft and a rigid disk
while others considered both shaft and disk flexibility.
The bearings have also been a subject of investigation,
with some studies focusing on rigid bearings and others
on flexible ones.[5] Despite this extensive research, the
dynamic behavior of rotor systems with multiple disks
and uneven masses continues to be a fertile area for ex-
ploration. Numerous variables, such as system stiffness,
mass distribution of disks, and the position of the im-
balanced mass, collectively shape the system’s dynamic
response. [6] Comprehensive examination of these el-
ements is necessary to truly understand the system’s
behavior and devise effective strategies for enhancing
performance.
This thesis advocates for a comprehensive approach, uti-
lizing analytical and mathematical modelling in tandem
with ANSYS simulations, to dissect the dynamic behav-
ior of rotor systems featuring multiple disks and imbal-
anced masses. This multi-pronged analysis promises
valuable insights into the performance and reliabil-
ity enhancement of these critical engineering compo-
nents.

2. Development of mathematical
modelling

2.1. Problem formulation using
Euler-Bernoulli beam model

Consider a two rigid disk attached to a flexible shaft as
shown in Figure 1, which is simply supported at the end
by bearings. The axes x, y, and z are chosen such that
x is along the longitudinal direction of the shaft, and
y is along the transverse direction of the shaft on the
vertical plane. Similarly, transverse displacements of
any point of the shaft along horizontal and vertical direc-
tions are respectively v(x,t) and w(x,t). The shaft-rotor
system is characterized by material properties Elasticity
E, Density 𝜌, and Cross-sectional area A.

Figure 1: Diagram of the Shaft-disk assembly, illustrat-
ing the configuration of the flexible shaft connected to
rigid disks.

2.2. System kinematics
A diagram illustrating a flexible shaft connected to a
rigid disk in rotation is presented in the Figure 2. The
shaft rotates around the x-axis at a consistent system x,
y, z. The y and z axes also rotate at the same angular
velocity Ω with respect to the x-axis, keeping pace with
the rotating body. The deflection or bending of the
shaft at any point along its neutral axis can be described
as v (x, t) and w (x, t) along the y and z directions,
respectively. The angular velocity vector and the neutral
axis position vector can be written in vector form as
follows:[7].

𝝎𝑠 = [Ω, 0, 0] (1)

𝒓𝑠 = 𝑣𝐣 +𝑤𝐤 (2)

Figure 2: Rotating flexible Shaft-disk system in a de-
formed position [8]

The velocity of any point on the neutral axis of the shaft
with reference to the inertial frame is given by: [8]

𝒗𝑠 = �̇�𝐣+�̇�𝐤+𝛀×(𝑣𝐣+𝑤𝐤) = (�̇�−Ω𝑤)𝐣+(�̇�+Ω𝑣)𝐤
(3)

2.3. Kinetic and strain energy of rotating
Shaft-disk System

The kinetic energy expression of a rotating shaft is given
by: [1]

𝑇𝑠 =
1
2
𝜌𝐴∫

𝐿

0

[

(�̇� − Ω𝑤)2 + (�̇� + Ω𝑣)2
]

𝑑𝑥

+ 1
2
𝜌𝐽𝑝𝑆 ∫

𝐿

0
(Ω + 𝑣′�̇�′)2 𝑑𝑥

+ 1
2
𝜌𝐼𝑠 ∫

𝐿

0

[

(−Ω𝑣′ − �̇�′)2 + (−Ω𝑤′ + �̇�′)2
]

𝑑𝑥

(4)
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Where 𝜌 is the density, A is the cross-sectional area, L is
the length of shaft, v and w are transverse displacements,
and Ω is the angular velocity.
Avoiding the higher order terms, the Kinetic Energy
of the shaft given by Equation (4) can be expressed as:

𝑇𝑠 =
1
2
𝜌𝐴∫

𝐿

0
�̇�2 𝑑𝑥 + 1

2
𝜌𝐴∫

𝐿

0
�̇�2 𝑑𝑥

+ 1
2
𝜌𝐴Ω2

∫

𝐿

0
𝑣2 𝑑𝑥 + 1

2
𝜌𝐴Ω2

∫

𝐿

0
𝑤2 𝑑𝑥

+ 𝜌𝐴Ω∫

𝐿

0
�̇�𝑣 𝑑𝑥 − 𝜌𝐴Ω∫

𝐿

0
�̇�𝑤 𝑑𝑥 + 1

2
𝜌𝐽𝑝𝑠Ω2𝐿

+ 𝜌𝐽𝑝𝑠Ω∫

𝐿

0
�̇�′𝑣′ 𝑑𝑥 + 1

2
𝜌𝐼𝑠 ∫

𝐿

0
(�̇�′)2 𝑑𝑥

+ 1
2
𝜌𝐼𝑠 ∫

𝐿

0
(�̇�′)2 𝑑𝑥 + 1

2
𝜌𝐼𝑠Ω2

∫

𝐿

0
(𝑣′)2 𝑑𝑥

+ 1
2
𝜌𝐼𝑠Ω2

∫

𝐿

0
(𝑤′)2 𝑑𝑥 + 𝜌𝐼𝑠Ω∫

𝐿

0
�̇�′𝑣′ 𝑑𝑥

− 𝜌𝐼𝑠Ω∫

𝐿

0
�̇�′𝑤′ 𝑑𝑥

(5)
Rigid disk’s kinetic Energy expression takes the form,
𝑇𝑑 = 1

2
𝑀1(�̇�)2

|

|

|𝑥=𝐿∕4
+ 1

2
𝑀1(�̇�)2||

|𝑥=𝐿∕4

+ 1
2
𝑀1Ω2(𝑣)2||

|𝑥=𝐿∕4
+ 1

2
𝑀1Ω2(𝑤)2||

|𝑥=𝐿∕4

+𝑀1Ω(�̇�𝑣)||
|𝑥=𝐿∕4

−𝑀1Ω(�̇�𝑤)||
|𝑥=𝐿∕4

+ 1
2
𝜌1ℎ𝐽𝑝1Ω2 + 𝜌1ℎ𝐽𝑝1Ω(�̇�′𝑣′)||

|𝑥=𝐿∕4

+ 1
2
𝜌1ℎ𝐼1(�̇�′)2

|

|

|𝑥=𝐿∕4
+ 1

2
𝜌1ℎ𝐼1(�̇�′)2||

|𝑥=𝐿∕4

+ 1
2
𝜌1ℎ𝐼1Ω2(𝑣′)2||

|𝑥=𝐿∕4
+ 1

2
𝜌1ℎ𝐼1Ω2(𝑤′)2||

|𝑥=𝐿∕4

+ 𝜌1ℎ𝐼1Ω(�̇�′𝑣′)||
|𝑥=𝐿∕4

− 𝜌1ℎ𝐼1Ω(�̇�′𝑤′)||
|𝑥=𝐿∕4

+ 1
2
𝑀2(�̇�)2

|

|

|𝑥=3𝐿∕4
+ 1

2
𝑀2(�̇�)2||

|𝑥=3𝐿∕4

+ 1
2
𝑀2Ω2(𝑣)2||

|𝑥=3𝐿∕4
+ 1

2
𝑀2Ω2(𝑤)2||

|𝑥=3𝐿∕4

+𝑀2Ω(�̇�𝑣)||
|𝑥=3𝐿∕4

−𝑀2Ω(�̇�𝑤)||
|𝑥=3𝐿∕4

+ 1
2
𝜌2ℎ𝐽𝑝2Ω2 + 𝜌2ℎ𝐽𝑝2Ω(�̇�′𝑣′)||

|𝑥=3𝐿∕4

+ 1
2
𝜌2ℎ𝐼2(�̇�′)2

|

|

|𝑥=3𝐿∕4
+ 1

2
𝜌2ℎ𝐼2(�̇�′)2||

|𝑥=3𝐿∕4

+ 1
2
𝜌2ℎ𝐼2Ω2(𝑣′)2||

|𝑥=3𝐿∕4
+ 1

2
𝜌2ℎ𝐼2Ω2(𝑤′)2||

|𝑥=3𝐿∕4

+ 𝜌2ℎ𝐼2Ω(�̇�′𝑣′)||
|𝑥=3𝐿∕4

− 𝜌2ℎ𝐼2Ω(�̇�′𝑤′)||
|𝑥=3𝐿∕4

(6)

The strain energy of the shaft as a result of bending has
the form.

𝑈𝑠 =
1
2
𝐸𝐼𝑠 ∫

𝐿

0

[

(

𝑑2𝑣
𝑑𝑥2

)2
+
(

𝑑2𝑤
𝑑𝑥2

)2
]

𝑑𝑥 (7)

2.4. Equations of motion
To derive the equations of motion, it is convenient to use
the assumed mode method and define displacements as:

𝑣(𝑥, 𝑡) = (𝜙(𝑥))𝑇 𝑞𝑣(𝑡) = 𝜙𝑇 (𝑥) 𝑞𝑣(𝑡) (8)
𝑤(𝑥, 𝑡) = (𝜙(𝑥))𝑇 𝑞𝑤(𝑡) = 𝜙𝑇 (𝑥) 𝑞𝑤(𝑡) (9)

The spatial function vector 𝜙(𝑥) characterizes the per-
missible transverse shaft deflections. The superscript
𝑇 signifies the transpose operation applied to matrices
or vectors. Furthermore, 𝜙(𝑥), 𝑞𝑣(𝑡), and 𝑞𝑤(𝑡) are the
column vectors consisting of the corresponding time-
dependent generalized coordinates.

Lagrange’s equation:
The Lagrange’s equations is expressed as

𝑑
𝑑𝑡

(

𝜕𝑇
𝜕�̇�

)

− 𝜕𝑇
𝜕𝑞

+ 𝜕𝑈
𝜕𝑞

−
𝜕𝑊ext
𝜕𝑞

= 0 (10)

Lagrange’s equation manipulations, results in :
𝜌𝐴𝑞𝑣 ∫

𝐿

0
𝜙2 𝑑𝑥 + 𝜌𝐼𝑠𝑞𝑣 ∫

𝐿

0
(𝜙′)2 𝑑𝑥

+𝑀1𝑞𝑣𝜙
2|
|

|𝑥=𝐿∕4
+ 𝜌1ℎ𝐼1𝑞𝑣(𝜙′)2||

|𝑥=𝐿∕4

+𝑀2𝑞𝑣𝜙
2|
|

|𝑥=3𝐿∕4
+ 𝜌2ℎ𝐼2𝑞𝑣(𝜙′)2||

|𝑥=3𝐿∕4

− 2𝜌𝐴Ω ̇𝑞𝑤 ∫

𝐿

0
𝜙2 𝑑𝑥 − 2𝜌𝐼𝑠Ω ̇𝑞𝑤 ∫

𝐿

0
(𝜙′)2 𝑑𝑥

− 2𝑀1Ω ̇𝑞𝑤𝜙
2|
|

|𝑥=𝐿∕4
− 2𝜌1ℎ𝐼1Ω ̇𝑞𝑤(𝜙′)2||

|𝑥=𝐿∕4

− 2𝑀2Ω ̇𝑞𝑤𝜙
2|
|

|𝑥=3𝐿∕4
− 2𝜌2ℎ𝐼2Ω ̇𝑞𝑤(𝜙′)2||

|𝑥=3𝐿∕4

− 𝜌𝐽𝑝𝑠Ω ̇𝑞𝑤 ∫

𝐿

0
(𝜙′)2 𝑑𝑥 − 𝜌1ℎ𝐽𝑝1Ω ̇𝑞𝑤(𝜙′)2||

|𝑥=𝐿∕4

− 𝜌2ℎ𝐽𝑝2Ω ̇𝑞𝑤(𝜙′)2||
|𝑥=3𝐿∕4

− 𝜌𝐴Ω2𝑞𝑣 ∫

𝐿

0
𝜙2 𝑑𝑥

− 𝜌𝐼𝑠Ω2𝑞𝑣 ∫

𝐿

0
(𝜙′)2 𝑑𝑥 −𝑀1Ω2𝜙2𝑞𝑣

|

|

|𝑥=𝐿∕4

− 𝜌1ℎ𝐼1Ω2𝑞𝑣(𝜙′)2||
|𝑥=𝐿∕4

−𝑀2Ω2𝜙2𝑞𝑣
|

|

|𝑥=3𝐿∕4

− 𝜌2ℎ𝐼2Ω2𝑞𝑣(𝜙′)2||
|𝑥=3𝐿∕4

+ 𝐸𝐼𝑠𝑞𝑣 ∫

𝐿

0
(𝜙′′)2 𝑑𝑥

− 𝐹 (𝑡)𝜙1
|

|

|𝑥=𝐿∕4
= 0

(11)
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𝜌𝐴 ̈𝑞𝑤 ∫

𝐿

0
𝜙2 𝑑𝑥 + 𝜌𝐼𝑠 ̈𝑞𝑤 ∫

𝐿

0
(𝜙′)2 𝑑𝑥

+𝑀1 ̈𝑞𝑤𝜙
2|
|

|𝑥=𝐿∕4
+ 𝜌1ℎ𝐼1 ̈𝑞𝑤(𝜙′)2||

|𝑥=𝐿∕4

+𝑀2 ̈𝑞𝑤𝜙
2|
|

|𝑥=3𝐿∕4
+ 𝜌2ℎ𝐼2 ̈𝑞𝑤(𝜙′)2||

|𝑥=3𝐿∕4

− 2𝜌𝐴Ω ̇𝑞𝑣 ∫

𝐿

0
𝜙2 𝑑𝑥 − 2𝜌𝐼𝑠Ω ̇𝑞𝑣 ∫

𝐿

0
(𝜙′)2 𝑑𝑥

− 2𝑀1Ω ̇𝑞𝑣𝜙
2|
|

|𝑥=𝐿∕4
− 2𝜌1ℎ𝐼1Ω ̇𝑞𝑣(𝜙′)2||

|𝑥=𝐿∕4

− 2𝑀2Ω ̇𝑞𝑣𝜙
2|
|

|𝑥=3𝐿∕4
− 2𝜌2ℎ𝐼2Ω ̇𝑞𝑣(𝜙′)2||

|𝑥=3𝐿∕4

− 𝜌𝐽𝑝𝑠Ω ̇𝑞𝑣 ∫

𝐿

0
(𝜙′)2 𝑑𝑥 − 𝜌1ℎ𝐽𝑝1Ω ̇𝑞𝑣(𝜙′)2||

|𝑥=𝐿∕4

− 𝜌2ℎ𝐽𝑝2Ω ̇𝑞𝑣(𝜙′)2||
|𝑥=3𝐿∕4

− 𝜌𝐴Ω2𝑞𝑤 ∫

𝐿

0
𝜙2 𝑑𝑥

− 𝜌𝐼𝑠Ω2𝑞𝑤 ∫

𝐿

0
(𝜙′)2 𝑑𝑥 −𝑀1Ω2𝜙2𝑞𝑤

|

|

|𝑥=𝐿∕4

− 𝜌1ℎ𝐼1Ω2𝑞𝑤(𝜙′)2||
|𝑥=𝐿∕4

−𝑀2Ω2𝜙2𝑞𝑤
|

|

|𝑥=3𝐿∕4

− 𝜌2ℎ𝐼2Ω2𝑞𝑤(𝜙′)2||
|𝑥=3𝐿∕4

+ 𝐸𝐼𝑠𝑞𝑤 ∫

𝐿

0
(𝜙′′)2 𝑑𝑥

= 0
(12)

The term Ω represents phrases concerning gyroscopic
effects. These effects are crucial because they intro-
duce coupling between transverse displacements (v and
w), changing the stiffness matrix (K) to account for ro-
tational dynamics. These terms are derived from the
gyroscopic couple generated by the angular velocity Ω,
which is important for proper modal analysis of rotating
systems.
2.5. Equations of motion
For the assumed mode method, it can be assumed that
for 1st transverse mode,

𝜙(𝑥) = sin
(𝜋𝑥
𝐿

)

(13)

𝜙′ = 𝜋
𝐿
cos

(𝜋𝑥
𝐿

)

(14)

𝜙′′ = − 𝜋2

𝐿2
sin

(𝜋𝑥
𝐿

)

(15)

Substituting the Eq(13), (14), and (15) into the equations
(11) and (12)
A system of linear ordinary differential equations for
assumed mode can be obtained as:

𝑀𝑖𝑞𝑣𝑖 (𝑡) − 𝐶𝑖�̇�𝑤𝑖
(𝑡) +𝐾𝑖𝑞𝑣𝑖 (𝑡) = 𝐹𝑖(𝑡) (16)

𝑀𝑖𝑞𝑤𝑖
(𝑡) + 𝐶𝑖�̇�𝑣𝑖 (𝑡) +𝐾𝑖𝑞𝑤𝑖

(𝑡) = 0 (17)
where,

𝑀𝑖 =
1
2
𝜌𝐴𝐿 + 𝜋2

2𝐿
𝜌𝐼𝑆 +

𝑀1
2

+ 𝜋2

2𝐿2
𝜌1ℎ𝐼2 +

𝑀2
2

+ 𝜋2

2𝐿2
𝜌2ℎ𝐼2

(18)

𝐶𝑖 = 𝜌𝐴𝐿Ω + 𝜋2

𝐿
𝜌𝐼𝑆Ω +𝑀1Ω + 𝜋2

𝐿2
𝜌1ℎ𝐼1Ω+

𝜋2

2𝐿
𝜌𝐽𝑃𝑆Ω + 𝜋2

2𝐿2
𝜌1ℎ𝐽𝑃1Ω +𝑀𝐺Ω + 𝜋2

𝐿2
𝜌2ℎ𝐼2Ω

+ 𝜋2

2𝐿2
𝜌2ℎ𝐽𝑃 2Ω

(19)

𝐾𝑖 =
𝜋4

2𝐿3
𝐸𝐼𝑆 − 1

2
𝜌𝐴𝐿Ω2 − 𝜋2

2𝐿
𝜌𝐼𝑆Ω2 −

𝑀1
2

Ω2

− 𝜋2

2𝐿2
𝜌1ℎ𝐼1Ω2 −

𝑀2
2

Ω2 − 𝜋2

2𝐿2
𝜌2ℎ𝐼2Ω2

(20)

𝐹𝑖 =
𝐹 (𝑡)
2

(21)
where,
Modal Mass (𝑀𝑖): The mass associated with the 𝑖th
mode of vibration.
Modal Damping due to Gyroscopic Effect (𝐶𝑖): The
damping associated with the 𝑖th mode caused by gyro-
scopic effects.
Modal Stiffness (𝐾𝑖): The stiffness associated with the
𝑖th mode.
Modal Force of the System (𝐹𝑖): The external force
acting on the system in the 𝑖th mode.
2.6. Solution for free response of the

system
For free vibration analysis, substituting F(t)=0. The
natural frequencies corresponding to backward whirl
and forward whirl are respectively given by:

(
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⎥

⎥
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(22)
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⎤
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3. Modal analysis
3.1. Defining geometry
The modal analysis was conducted using a finite ele-
ment analysis approach. The 3D-model was designed
using CATIA V5 as it provides the ability to visualize
design with ease, its disciplined system, sketching and
rendering technology, Engineering insights, Multiplat-
form development and so on. For this research work, the
system was assumed to consist of a rigid disk, flexible
shaft and rigid, undamped, and simply supported bear-
ings. The two disks were positioned along the length
of the shaft, which was simply supported by bearings
at both ends, spanning a total length of 2.12 meters.
Each disk is situated at 450mm i.e., L/4 from the respec-
tive bearing on either side, resulting in a symmetrical
arrangement. The distance between the centers of the
disks is L/2, effectively dividing the shaft into two equal
segments. The model designed in CATIA is shown in
the Figure 3.

Figure 3: Assembly of Shaft-disk system designed Us-
ing CATIA

3.2. Mesh generation
The mesh was generated using ANSYS workbench de-
fault modal analysis; Mechanical APDL solver. The
element order was set to be program-controlled type by
setting the element size equal to 0.02m. By keeping
all the default settings, the model consists of 4,32,156
nodes and 1,00,018 elements. To establish consistency,
simulations were rerun with mesh sizes of 0.01m and

0.03m. The results, reported in table, reveal low fluctu-
ation in natural frequencies, supporting mesh indepen-
dence.
Natural frequency and deviation for different mesh sizes
and speeds

Mesh
Size
(m)

Speed
(rad/s)

Natural
Frequency (Hz) Deviation

0.01 0 65.02 3.18%
0.01 100 73.16 1%
0.01 200 92.54 2.31%
0.01 300 112.04 1.8%
0.01 400 124.98 0.31%
0.01 500 141.68 0.68%
0.02 0 67.155 Reference
0.02 100 72.437 Reference
0.02 200 94.736 Reference
0.02 300 110.051 Reference
0.02 400 125.380 Reference
0.02 500 140.723 Reference
0.03 0 66.49 1%
0.03 100 72.91 0.65%
0.03 200 93.501 1.30%
0.03 300 111.531 1.35%
0.03 400 126.67 1.02%
0.03 500 141.35 0.45%

Figure 4: Mesh Generation

3.3. Model setup
The simulation’s material for the model configuration
was stainless steel. The simulation’s boundary condi-
tions were simply supported by a bearing at the shaft’s
end. With 100 rad/s intervals, the assembly’s rotational
velocity was varied from 0 to 500 rad/s about the Z-
axis.

4. Results and discussion
To facilitate a comparison between the mathematical
model and simulation results, we have selected specific
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parameters and computed them, as illustrated in Table
1.
Table 1: Parameters of the Shaft and Disks for Euler
Bernouli model

Parameter Value Units
Density of Shaft material,

𝜌 7750 Kg/m3

Density of Disk 1 material,
𝜌1

7750 Kg/m3

Density of Disk 2 material,
𝜌2

7750 Kg/m3

Length of the shaft, 𝐿 2.12 m
Cross-sectional area

of shaft, 𝐴 0.066 m2

Modulus of Elasticity of
shaft and disk material, 𝐸 1.93 × 1011 Pa

Thickness of Disks, ℎ 0.16 m
Area moment of inertia
of the shaft section, 𝐼𝑠 3.472 × 10−4 m4

Area moment of inertia
of the disk 1, 𝐼1 0.0642 m4

Area moment of inertia
of the disk 2, 𝐼2 0.0642 m4

Polar moment of
area of the shaft, 𝐽𝑝𝑠 6.944 × 10−4 m4

Polar moment of
area of the disk 1, 𝐽𝑝1 0.129 m4

Polar moment of
area of the disk 2, 𝐽𝑝2 0.129 m4

Mass of Disk 1, 𝑀1 1035.2 Kg
Mass of Disk 2, 𝑀2 1035.2 Kg

Using Equations (18), (19), and (20), the Equivalent
Mass (𝑀𝑖), Equivalent Damping Coefficient (𝐶𝑖), and
Stiffness (𝐾𝑖) for the first mode of transverse vibration
are found and tabulated in Table 2.

Table 2: Equivalent parameters for the first mode
Equivalent
Parameters First Mode Units

Mass (𝑀𝑖) 1758.48 Kg
Damping

Coefficient (𝐶𝑖) 3880.74 N.s/m
Stiffness (𝐾𝑖) 342530255-1758.47 N.m

The natural frequencies corresponding to backward
whirl and forward whirl were found using equations
(25) and (26). These values are tabulated in given Table
3.
The results obtained from the modal analysis are il-

Table 3: Natural frequency corresponding to BW and
FW

Spin
Speed

(Ω) (rad/s)

BW
Frequency
(𝜆1) (Hz)

FW
Frequency
(𝜆2) (Hz)

0 70.24 70.24
100 53.20 88.11
200 38.13 106.41
300 28.33 124.93
400 29.68 143.59
500 41.05 162.35

lustrated in Campbell’s diagram in Figure 5 . For the
First mode of transverse vibration, mode stability was
found to be stable with a critical velocity of 459.83rad/s.
The natural frequency corresponding to the first mode
of transverse vibration of the system obtained from the
modal analysis were tabulated in Table 4.

Figure 5: Campbell diagram generated from ANSYS

Table 4: Natural frequency corresponding to first mode
of transverse vibration obtained computationally

Spin
Speed

(Ω) (rad/s)

Forward
Whirl

Natural Frequency
(𝜆) (Hz)

0 67.155
100 72.437
200 94.736
300 110.051
400 125.380
500 140.723

The mathematical model and simulation successfully
validated the natural frequency of the first mode of trans-
verse vibration, demonstrating their consistency and
accuracy.
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5. Conclusion
In this study, a rotating Euler-Bernoulli Beam model is
used to investigate the dynamic behaviour of a multi-
rotor system. In this model for bending vibrations in
transverse motion, the governing equations are identi-
fied as a coupled system of differential equations.
Through a comprehensive free vibration analysis, crit-
ical speeds of the system for an operational speed of
omega = 500 rad/s are determined for the first trans-
verse mode within the Euler- Bernoulli beam model.
The critical speeds are found to be 162.35 Hz for a for-
ward whirl and 41.05 Hz for a backward whirl. Modal
analysis using ANSYS reveals critical speeds of 140 Hz
for a forward whirl and 55.21 Hz.
Subsequent steps following the research could involve
a sensitivity analysis to gain insights into how the sys-
tem reacts to changes in parameters, conducting ex-
perimental validation to verify the analytical and nu-
merical results, implementing structural improvements
guided by the critical speed findings, sharing research
outcomes through publication and knowledge dissem-
ination, utilizing the research findings for educational
purposes, and investigating opportunities for interdis-
ciplinary applications to incorporate the research into
interconnected fields.
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