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Abstract

This article compares Riemann integrability to Lebesgue integrability. A function must also be
Lebesgue-integrable if it is Riemann-integrable, but opposite is not always true. The Lebesgue
integral is a more generic and flexible idea that may be applied to a larger range of functions.
Lebesgue integration provides a more general framework that expands integration options,
particularly for more complicated functions. The equivalence of the two integrals is a difficult
concept to grasp, and it is regularly covered in advanced real analysis courses.
Keywords: Riemann integration, Lebesgue integration
Introduction

Riemann integral and Lebesgue integral are two different approaches to defining the concept
of integration in calculus. Riemann integral is based on partitioning the domain of integration and
approximating integral using sums of function values on these partitions. On the other hand, Lebesgue
integral in terms of the measure theory, which provides a more general framework for integration
(William,2009).

Riemann-integrable function on a closed and bounded interval must also be Lebesgue-

integrable. Riemann-integrable is Lebesgue-integrable, though the inverse is not necessarily true.
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Some functions are Lebesgue-integrable but not Riemann-integrable.
Riemann integral uses the concept of limits of Riemann sums and requires the function to

be “well-behaved” in a certain sense. The cause for this is due to the many definitions and criteria
for integrability. Lebesgue integral, on the other hand, is more flexible and can handle a wider class
of functions, including those with more complicated behavior (William, 2009).

Riemann integral, which we studied in calculus, is named after German mathematician
Bernhard Riemann and is used in a variety of scientific domains, including physics and geometry.
Other types of integrals have been created and researched since Riemann’s time; nevertheless,
they are all extensions of Riemann integral, and comprehending them or appreciating the reasons
for their development requires a good comprehension of Riemann integral (William, 2009).

Dang and He (2024) compared the similarities and differences between these two-integration
methods in easy way. Their paper gives systematic analysis of basic definitions, concepts, properties,
and characteristics. Also, their paper explains the strength and limitations of both integral methods
(Dang, & He, 2024).

For example, a function that is continuous almost everywhere (meaning it may have a few
points of discontinuity but is continuous elsewhere) is Lebesgue-integrable and it may not be
Riemann-integrable if the points of discontinuity are significant enough to affect the Riemann sum [2].
Preliminary Definition
Partition

Partition (divider) P of an interval [a, b] is a set of points {x;: 0 < i < n}:

a=x<x1<x2<---<x,-1<x, =b.

Upper and lower sum
Calculus presents upper and lower sums, mainly in relation to Riemann sums. Riemann
integrable has upper and lower sums style the same value as the partition’s size decreases

irrationally.
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Let fbe a bounded real-valued function on [a, b].
a=xyg <x1<...<x,=b
a unit of [ a, b]. For every element, upper sum of /'
S = X0 —xi-)my
and lower sum of f over this element become
s= Xy (v —xim)my,
M; = supy, <<y, f(2), m; = SupPy, <<y, f(X)

Riemann integral

When a number L has the condition that any E>0, then map f: [a,b] - R for€ >0 ,
6 > 0, defined as:

|o—L| <e. (2)

let 6 be Riemann sum of fover || P || <3 so, L Riemann integral:

P fayde =L (3)

Riemann upper and lower integral
Assumed that every upper sum is bounded below by any lower sum and every lower sum
is bounded above by any upper sum, real and finite numbers.

Upper Riemann integral is
®) [ f(x)dx = inf S

and lower Riemann integral is

(R) fgb f(x)dx. =sups (4)
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R)f? f(x) dx (5)

Y(x)=c;, definedby x;_; <x <ux;.

For set of the constants c¢; , the step function may integrable,

ie. (R) [} Ydx = By ¢ (x —xim) and (R) [} dx = (R) [ p()dx. ©6)
Keep this notion, the following example explain best.
Example: The upper and lower Riemann integrals can be calculated from

f(x) = O for rational x, and 1 for irrational x. (7)

Figure 1 [2].

JMWMHI >

Figure 1: f(x) in Example 1

If we split this function. Since both are dense in real, each subinterval will include
both rational and irrational numbers. As a result, each subinterval has a supremum of one

and an infimum of zero. According to the definition on the preceding page,

® [ f@dx =ba,  ® [ fdx = 0. ®)
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Upper and lower Riemann integrals are not equal, so this function is not Riemann
integrable. This explains one ofthe Riemann integral’s limits. Some discontinuous functions
cannot be integrated and areas under them is measured using the Riemann integral [2].
Problems with the Riemann Integration

We discoursed one of the Riemann integral’s limits in the preceding scenario. In order to
deliver these descriptions, we would find extra kind of integral that is non-Riemann integral functions-
containing and not only Riemann integral-like.

By excruciating the domain of an allocated function, we may estimate it using piece-wise
constant functions in each sub-interval. Equally, the range ofthe function is shared by the Lebesgue
mntegral.

A countless comparison with Lebesgue integration is provided by [3]. Let’s say we wish
to controlthe total value of coins using both student L (Lebesgue’s method) and student R (Riemann’s
technique). Student R sums the face value of each coin as he selects it at random to find the total.
Equally, Student L will count the number of coins and arrange them conferring on their face value.
By increasing the sum by its matching face value and combining the results, Student L will calculate
the total value [2].

Lebesgue Integration

We want a function of x which is in the measurable set 4. . That function is defined to as
the characteristic function. The following statement provides a prescribed definition of the
characteristic function and introduction to the simple function.

Definition 1.5 Let set A defined by

0, x €A
1, otherwise

xa@) ={ )

is called characteristics function of set A and its linearity is defined as

p(x)=X",a;xa(x) is simple function for measurability of A;.
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Afunction f, with different values (a,, -« - , a,,) then that function is called simple function [7].
fe) = Xiiaxa(x) (10)

A simple expression

o) = X" a;xa(x) , where A; = {x € A:p(x) = a;}. Here A; are disjoint and a; are

distinct.

Lebesgue integral

The Lebesgue integral is a method ofintegrating functions with a larger set of characteristics
than the Riemann integral. It is useful for functions that are not always continuous or well-behaved,
and allows for the integration of functions with complex behaviors, such as infinite values across
certain sets or discontinuities. The Lebesgue integral focuses on the function’s characteristics over
the entire domain, dividing it into measurable sets and assigning values based on the integral’s

behavior.
Let o(x) = Xy a;xs(x) and u(4;) is finite, the Lebesgue integral is
defined as

Jp o) dx= XL a;0(4).
(11)

Upper and lower Lebesgue integrals

Lower Lebesgue integral is the highest lower bound for simple functions, while the upper
Lebesgue integral is lowest upper constraint. Understanding these differences is crucial for analyzing
Lebesgue integral.

Let f'be a finite and limited measurable set defines:

I*fL — fE inf { (x)dx: ¢ is simple and,p>f}, (12)
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I*(f)L — fE sup { @ (x)dx: ¢ is simple and,p<f}, (13)

When both Equation (12) and Equation (13) are equal and f'is called Lebesgue integrable,

Jpf (x) ds. (14)

Equivalency of Riemann and Lebesgue Integration

Riemann integration and Lebesgue integration are two distinct methods for defining and
investigating integration in calculus and real analysis. While they both calculate a function’s integral,
their definitions, characteristics, and circumstances of application differ. Many Riemann integrable
functions have corresponding Lebesgue integrals.

Riemann integral equals the Lebesgue integral, and vice versa. However, certain functions
are Lebesgue integrable which are not Riemann integrable. The Lebesgue integral is more adaptable
and can handle a wider range of functions, making it a more useful tool in some areas of analysis.

Riemann integral divides a function’s domain whereas the Lebesgue integral divides its
range. Riemann integral’s step function has a constant value in each partition’s sub-interval, but the
Lebesgue integral’s simple function produces finitely many measurable sets for each functional
value [4]. The Lebesgue integral recovers on the Riemann integral by providing additional generality.

Inreverse, Riemann integral might suggest Lebesgue integral [5].
Theorem 1. For given a finite f, it is Lebesgue integrable for being Riemann integrable.

®) [/ f) dx= ) f@ dx (15)
Proof:

Now, from definition of Riemann upper and lower integral:

®) [ fG) dx= infs and ®) [} f@) dx= sups.
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All step function is simple with higher sum tops f, that is why, every lower sum < f.

(R) J! f()dx < psuye [} 9()dx < infysy [P P0dx < (R) J) ). (16)

From Definition of upper and lower Lebesgue integrable, fis Lebesgue integrable.
Theorem 2 Assume that fis a finite measurable set. Iffis Lebesgue integrable, then it is
measurable. [6, 7].
Proof.
This theorem is not valid or legal without the limitation of a bounded function. A
measurable function is not continuously integrable.
Conclusions
While Riemann and Lebesgue integrations are compatible for a wide range of functions,
Lebesgue integration provides a more generic framework that broadens the integration possibilities,
particularly for more complex functions. The equivalence of the two integrals is not an easy finding,
and it is frequently studied in advanced real analysis classes.
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