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ABSTRACT

The innovative concept of fuzzy mathematics has become one of the interesting areas of
research since last fifty-five years, which was first introduced by Zadeh in 1965. Many researchers
connected the fuzzy concept in different forms of metric spaces. The results about the point sets
have discussed, mainly topological properties of sets, connecting with the fuzzy metric space. The
propose of this paper is to study the point set topology in fuzzy metric space, especially by
introducing the concept of open and closed balls and discuss some of the common properties.
Moreover, we introduce the concept of compactness and pre-compactness in fuzzy metric space.
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INTRODUCTION

A. L. Zadeh (1965) proposed the fuzzy set concept, which was a brand-new idea in
mathematics. This serves as the cornerstone for removing the ambiguity from our day-to-
day lives. As a result, numerous academics in a variety of domains, including artificial
intelligence, computer science, and mathematics, have extensively expanded the idea of
fuzzy sets and fuzzy logic. Which is also used in mathematics, engineering, game theory,
and optimization theory. Additionally, they introduced the novel concept of the space
concern with fuzzy and used several forms of the fundamental topology of fuzzy sets. In
this study, we employ the fuzzy metric space notations developed by George and
Veeramani (1994), which are a modified version of the fuzzy metric space symbols
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previously investigated by Kramosil and Michalek (1975). Which has a wide range of
analytical applications and outcomes, and there are numerous notations and findings
derived from classical metric spaces that can be expanded upon and applied to the study
of fuzzy metric spaces. Additionally, Grabiec (1988) demonstrated how the principle of
contraction in fuzzy metric spaces works.

By utilizing the idea of continuous t-norm, George et al. (1994) provided the
modified notation of fuzzy metric spaces. In this article, we adapted the fuzzy metric
space notions utilized by Kramosil and Michalek (1975) and provided a formulation of
Hausdroff topology that included the fuzzy metric space concept. We demonstrate that
each metric results in a fuzzy metric. We also demonstrate that any separable fuzzy metric
space has a pre compact fuzzy metric and that a fuzzy metric space is compact if it is pre
compact and complete, demonstrating that the topology generated by the fuzzy metric
space is metrizable. By utilizing the idea of fuzzy metric spaces, George et al. (1994)
provided the modified notation of fuzzy metric spaces. Additionally, we define the
Hausdroff topology on fuzzy metric space, which was first utilized by Kramosil and
Michalak (1975), and we demonstrate some established findings about the connections
between fuzzy metric space with open ball and closed ball.

There were still numerous expansions of the terms for metric and metric space, in
other words, fuzzy metric spaces. Bakhtin (1989) and Czerwik (1993) offered the new
conceptions about a space where the triangle inequality, a generic condition was applied,
with the basis of generalized version of the Banach Contraction principle (1922).

PRELIMINARIES

Here we will introduce the following definitions which are frequently used in our
work.

Triangular norm: A mapping *: [0,1] X [0,1] = [0,1] is said to be continuous triangular
norm (t-norm) if for all m,n, o, p € [0,1], the following properties are satisfied.
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(m=*1=m

i)m*n=n*m

(i) Ifm<oandn<pthenp*n<oxp

ivym*(n*xo)=(m=+n)=*o

(V) * is continuous.

Example: As an example of continuous t-norm, the usual product, in which the binary
operation *: [0,1] X [0,1] = [0,1] is defined by a * b = ab, then it is clear that * is
commutative and associative.

Now, f(a,b) =a*b = ab, foralla,b € [0,1]

Let A =[a,b] € [0,1]

Hence f~1(A4) = [c,d] € [0,1]

Then a * b is continuous.

Also,a *1 =a, forall a € [0,1].

Finally,

a*b=ab,ifa<c, b<dandcd =c*d,foralla,b,c,d € [0,1].

Therefore, a * b = ab is continuous t-norm.

Moreover, T,,(a, b) = min(a, b) and T, (a, b) = max(a + b — 1,0) are the examples of
continuous t-norms.

Fuzzy metric space: An ordered triple (U, N,*) is called to form a fuzzy metric space if
U is an arbitrary set,* is a continuous t-norm and N is a fuzzy set on U2 x (0,1)
satisfying the following conditions:

1) N(u,v,t) >0,

(i) N(w,v,t) =1forallt > 0ifand only ifu = v

(i) N(u,v,t) = N(v,u,t),

(iv) N(u,v,t) * N(v,w,s) < M(u,w, t +s) forall t,s > 0,

(v) U(u,v,.):(0,0) = [0,1] is continuous

Where N (u, v, t) is the degree of nearness between u and v in the basis of t > 0.

Example: Let U = R assume that a * b = ab and

N(u,v,t) = [exp . (|u ; v|)]_1
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forallu,v € U and t € (0, o). Then (U, N,*) is a fuzzy metric space.
Proof: clearly,

O U(u,v,t) >0and

(i) U(u,v,t) = 1 ifand only ifu = v.

(ii1) In order to prove

N(u,v,t)-N(v,w,s) < M(u,w,t +5s)

as we have,
t+s t+s
u—wls[—]lu—v|+[ ]|v—w
t S
ie.
lu—w| Ju—v| |Jv—w
< +
t+s t S
Iu—WI] < ) [Iu—UI] . [Iv—WI]
exp. [ s | S exp | exp . thus

N(u,v,t)-N(v,w,s) < N(u,w,t + ).

(iv) Let us consider a sequence {t,,} € [0, ) such that the sequence {t,,} converges to t €
[0, 00) then

lim |t,, — t| = 0.
n—oo
Let us assume that for u, v € U. Since the function e is continuous on R we have

Jlu—v| Jlu—v|

e tn convergestoe t ast, converges to t, with respect to the usual metric. Therefore

(U, N,#): (0,00) — [0,1]

is continuous. i. e. N(u, v,.): (0,) — [0,1] is continuous. Thus (U, N,*) is a fuzzy
metric space.

RESULTS AND DISCUSSION

Open ball: Let (U, N,*) is a fuzzy metric space consider an open ball B(u, r, t) with
centre x € U and radius r suchthat 0 < r < 1 and > 0, we have

Bu,r,t)={veU:Nu,v,t) >1-r}
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F-bounded: Let (U, N.* ) be a fuzzy metric space. A subset A of U is said to be F-
bounded if and only if there exists t > 0 and 0 < r < 1 such that

Nuwv,t)>1—r

forallu,v € A.
Remark: If (U, N,*) be a fuzzy metric space induced by a metric d on U. Then 4 € U is
F-bounded iff it is bounded.

Convergent sequence: A sequence {x,} in a fuzzy metric space (U, N,*) is said to be
convergent to u € U if lim,_,, N(x,,u,t) = 1forallt > 0.

And is Cauchy sequence if for each 0 < € < 1 and t > 0 there exists ny € N such that for
all m,n = n, we have

N(Qop, xm,t) >1—¢€

Closed ball: Suppose (U, N,*) is a fuzzy metric space. Now, a closed ball is defined as
having a centre u € U and radius r such that 0 <r < landt > 0 as

Blu,r,t]={veU,Nuvt)=1-r}
Now we discuss some theorems as follows:
Theorem: Every open ball in a fuzzy metric space (U, N,*) is open set.

Proof: Let us assume that an open ball B(u,r,t). Nowv € B(u,r,t) = N(u,v,t) > 1 —
rsince N(u,v,t) >1—r

we can find a ty; 0 < ty, < t such that N(u, v, ty) >1—7r

since

also we have

rg9>1—5s>1-r
now for a given 1y and s such that r; > 1 — s, we can find r1; 0 < 1y < 1 such that
To*1y =1—35
If we consider the ball B(v, 1 — 1, t — t,). We claim
B(w,1—1,,t—ty) € B(u,r,t)

Now
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weEBWW,1—r,t—t)) > Nwv,w,t—ty) >n
Therefore

N(u,w,t) = N(w,v,t;) * N(v,w,t — ty)
Zrg*xnn=21—-s>1-r

Therefore w € B(u,r,t) and hence
B(w,1—r,t—ty) € B(u,r,t).

Thus every open ball is open set.

Theorem: Every fuzzy metric space is Hausdroff.
Proof: Let (U, N, * ) be a fuzzy metric space.

In order to complete the proof we will show that distinct points have disjoint
neighborhoods.
Let u, v be any two point of U, such that u # v then

O<Nuuwvt)<l1

Let N(u, v, t) = r; for some r where;

0<r<1.
for each ry;r <71y < 1;
We can find a r; such that
L *x19 21
let us assume any two open balls
Bt -t
u, "5

and B (v, 1-— r,%t)
Clearly

1 1
B(u,l —r1,§t> NnB (17,1 —r1,§t> =¢

If there exists
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1 1
w E B(u,l —7‘1;§f) N B(v,l —7‘1»§f)

Thenr = N(u,v,t) = N(u,w,%t) *N(W,U,%t)

S kT =T >T.

That contradicts our assumption.
Hence (U, N *) is Hausdroff.

Theorem: Let (U, N,*) be a fuzzy metric space and T be the topology induced by the
fuzzy metric. Then for a sequence {u,} in U, u,, - u if and only if

N(u,,u,t) » lasn —» o

Proof : Let us assume t > 0.
Suppose u,, = u. Then for 0 < r < 1 then there exists ng € N such that x,, € B(u,1,t)
foralln = n,.

It follows that

N(u,u,t) >1—r
So

1-NQuyut)<r
Hence

N(u,,u,t) >lasn - oo

Conversely, if for each t > 0 N(u,,u,t) » 1 asn — oo then for 0 < r < 1, there is ny €
N which gives 1 — N(u,,u,t) < r foralln = n,

thus u, € B(u,r,t) foralln = n,

and hence u,, = u.

Theorem: Every closed ball in a fuzzy metric space (U, N,*) is closed set.

Proof: Let v € B(u,,t). As U is countable, so there exists a sequence {v,,} in B[u, 1, t]
such that

Vp DU
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So, N(v,,v,t) = 1forallt > 0.
Now for a given € > 0 we have
N(u,v,t +€) = N(u, vy, t) * N(v,, v, t)
Hence, N(u, v, t + €) = lim,,_, o, N(u, v, t) * limy,_, o, (V, V1, 1)
>2(1-rsx*1=1-r

If N(u, v,, t) is bounded, so the sequence {v,} has a subsequence which is denoted by
{vnk} for which

lim N(u, Vn,» t)

n—co
exists.
In particular, forn € N, take € = %then N (u, v,t+ %) =1-r
hence,

1
N(u,v,t) = limN(u,v,t+;) =1-r

n—oo

Thus v € Blu,r,t]
Therefore Blu, 1, t] is a closed set.

Pre-compact: A fuzzy metric space (U, N,*) is called pre-compact if for each r, with 0 <
r < 1 and each t > 0 there exists a finite subset A of U, where

U =Ugea B(a, 1, t).

In such condition we can say that M is a pre-compact fuzzy metric space on U.
A fuzzy metric space (U, N,*) is known as compact if (U, N,*) is compact topological
space.

Theorem: A fuzzy metric space is compact if and only if it is pre-compact and complete.

Proof: Let us assume that (U, N,*) is a complete fuzzy metric space for each r; with 0 <
r <1 and each t > 0 the open cover {B(u,r,t):u € U} of U has a finite subcover.
Hence (U, N,*) is pre-compact. On the other hand, every Cauchy sequence {u,} forn € N
in (U, N,*) has a limit point v € U.
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Also (U, N,*) be a fuzzy metric space. If a Cauchy sequence has a limit to a point
u € U, then the sequence converges to u. Then {u,} converges to v, thus (U, N,*) is
complete.

Conversely, let us assume that {u,} be a sequence in U as we know that the
completeness of (U, N,x) follows that {u,} has a cluster point. As (U, N,*) is metrizable
and every sequentially compact metrizable space is compact and hence we conclude that
(U, N,*) is compact.

CONCLUSION

This study generalized the concept of fuzzy metric space in the sense of George
and Veeramani by presenting the definition of fuzzy metric space and point set topology.
The proof of some known results of point set topology connecting with fuzzy metric space
are discussed. The common properties of point set topology in fuzzy metric space are
discussed. At last, we discussed the concept of compactness and pre-compactness in fuzzy
metric space by using some properties.

REFERENCES

Bakhtin, I. A. (1989). The contraction principle in quasimetric spaces, funct. Anal. UnianowskGos.
Ped. Inst. 30, 26-37.

Banach, S. (1922). Sur les operations dans les ensembles abstraitsetleur applications aux equations
integrals. Fundamenta Mathematicae, 3, 133-181.

Czerwik, S. (1993). Contraction mapping in b-metric space. Acta Mathematicaet Informatica
Universitatis Ostraviensis, 1 (1). 5-11

George, A., & Veermamani, P. (1994). On some results in fuzzy metric space. Fuzzy sets systt,
64(3). 395-399.

Grabiec, M. (1988). Fixed points in fuzzy metric space. Fuzzy Sets and Systems, 27 (3).385-389.

Kramosil, O., & Michalek. (1975). Fuzzy metric and statical metric space. Kybernetica.l1. 326-
334.

Zadeh, L. A. (1965). Fuzzy sets. Information Control, 8, 388-353.



