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ABSTRACT

We provide a survey of the literature on the issue of weighted inequalities of
operators in harmonic analysis. Some features of A, weight functions are
discussed and elaborated in this note that will assist in the comprehensive study
on the theory of weights.

1. NTRODUCTION
1.1 Background and Literature Review

The concept of A, weight was introduced by Muckenhoupt [1]
in 1972. Weighted inequalities deals with boundedness
features of an operator T on weighted Lebesgue space LP (w),
where T is commonly maximal function, square function and
other classical operators of harmonic analysis. Basically strong
and weak-type estimates of the form

Jenl TFQOIP u(x)dx < ¢ [palf(O)Pv(x)dx  and

u(fx € R TFGO| > 2D < 5 [l f (0P v(x)dx are
included in the study of weighted norm inequalities. Either a
single weight (u = v = w) or a pair of weights (u, v) could be
the issue [2].

Muckenhoupt [1] first proved that both the weighted strong
and weak type estimates for Hardy-Littlewood maximal
function M holds if and only if w satisfies the 4, condition.
The same class of weights also characterizes the boundedness
of the Hilbert transform on LP(w), was proved by Hunt,
Muckenhoupt and Wheeden [4] shortly after. In 1974,
Coifman and Fefferman [5] proved that the general Calderon-
Zygmund operators and their analogues are bounded on
LP (w) whenever w satisfies the A4, condition. In addition, the
proof of the boundedness of maximal operators and singular
integral operators on weighted spaces were built on the
foundation of A.. condition, the reverse Holder’s inequality
and A, implies A,_, that are based on A,, condition.
Discussing and elaborating on certain aspects of A, weight
functions that could improve knowledge of weight theory is
the primary goal of this work.

Analytical methods and basic analysis tools are used to
present the work on the spirit of close to the books [9, 10].

1.2 Weighted Norm Inequalities

For the past three decades, mathematicians have studied the
connection between the so-called A, characteristic of the
weight and the norm of certain operators for singular integrals
in a weighted space in the strong type (p, p) inequality.

The Jones factorization theorem and the Rubio de Francia
Extrapolation theorem are two essential and closely

connected findings in the study of weighted norm inequalities.
Jones factorization theorem resembles with the property 3.4.
The study of optimal quantitative estimates for the
norm, ||T||Lp(w), whenever w € A4, is a crucial topic in theory
of weighted norm inequalities.

Buckley [6] first studied the question for the Hardy-Littlewood

maximal operator M, and proved the estimate
1

Ip-1
IMf ey < Cn,p[W]A: 1S 1 e w-
For the chronology of the linear estimate of the type
ITfll 2wy < CIwla, lIf Nl 2wy we refer, page 173 in [7].

1.3 Significance of the Study

Weighted estimates holds significant importance in several
domains, including Fourier analysis, complex analysis,
approximation theory, partial differential equations, theory of
quasi-conformal mappings, operator theory, regularity theory
of Beltrami equations [7]. The idea of A,weight is
fundamental to weight theory and serves as a stepping stone.
For more detail of weight theory, we refer [8, 9, 10, 11, 12].

2. BASIC NOTATIONS AND DEFINITIONS

The necessary notations and definitions used in this work are
as follows.

2.1 Notations
e w(E)= fE w(x) dx denotes the w-measure of the
setE

e |Q|is Lebesgue measure of the set Q
o (W)= ﬁfQ w(x)dx
o LP(R™w) orsimply LPW):= {f: Ifllewnrw) <

oo denotes the weighted Zp space, where
1

11l ey =Sl F GO [PW () dxc)P.

2.2 Definitions
Definition 2.2.1
A weight is locally integrable function on R™ that takes values
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in the interval (0, e2) almost everywhere. So by definition a
weight function can be zero or infinity only on a set whose
Lebesgue measure is zero and w-measure of the measurable
set E is defined as

w(E) = [,w(x)dx [9, 10].

Definition 2.2.2

Let, 1 < p < eo. A weight, w € L} .(R™), with w(x) = 0 for
almost every x € R" is said to be an Ay, weight if there exists
a constant C, independent of Q, such that

1
IQIf w(x)dx (IQIf w(x) »t dx) < C forevery Q € R™
The Muckenhoupt characteristic constant or simply A4,

constant of w represented by [W]Ap is the smallest constant C

for which the inequality is true, where the supremum is taken
over all the cubes whose sides are parallel to coordinate axes.
Thus

_1 P71
f w(x) p1 dx) .
[7,9,10, 11,

1
[Wla,: = Supgin g (IQ_If w(x) dx) (IQI
w is said to be in 4, class and we denote w € 4,,

12, 13].

Definition 2.2.3

A finite, strictly positive and locally integrable function w is
said to be an A; weight or in A, class if there exists a constant
C > 0 such that Mw(x) = Cw(x) for x € R" a.e. and M is
uncentered Hardy Littlewood maximal function. [W]A1 is the
minimum of C satisfying the inequality [9, 10, 13].

Definition 2.2.4
Given a locally integrable function f on R™ the Hardy-
Littlewood maximal function Mf of f is defined by Mf(x) =

SuperﬁfQIf(y)ldy,xeR" , where the supremum is

taken over all cubes containing x. The operator, M: f — Mf is
called Hardy-Littlewood maximal operator [8, 10, 11].

3. PROPERTIES [9, 10]

Property 3.1
[TZ(W)]Ap = [W]Ap , where t?(w)(x) = w(x — z),z € R™.

Proof: We have by definition,
[T*W)]a, =
L f TZ(w) dx) (

lo|
1
= [t? (W), = Supginge (IQ_If w(x

1 p-1
_Z)dx><|Q|fW(x_Z) p- 1dx>

Put, x —z=y=>dx=dy
[r*(w)a,

1 p-1
= SUpPq in R <|Q—|fQW(y) dy> (IQIIW(Y) P 1dy>

= [W]Ap~

TN
Suinan( IQIf 7% (w) p—ldx) .

Property 3.2
If w € Ap, then the function Aw € A,. Moreover, [/IW]AF =

[W]Ap-
Proof: We have,

1 1 \P7!
[W]a, = Supg i rr <|Q_| L (Aw) dx) ((ﬂw)_ﬁdx>

77

= [ﬁW]Ap

1 p-1
SupQ inR" > <|Q| f W(X) dx) (W(x)_pTldx>

1 1\t
= [iW]Ap = SupQ in R" (lQ—|f w(x) dx> (W(x) p—1dx>
Q
= [iW]Ap = [W]A,,
Property 3.3
If € A, , for some 1 < p < = and non-negative measurable

function k such that k, k™! are in L(R™) then kw € A,,.
Proof: We have,

1 p-1
(IQIf(kW)(x) dX><|Q|f(kw) ()" 1dx>
1 1 p-1
) (lQ_lf kW) dx) (|Q—| f k() PT(w) (x)‘rldx>

p-1
(IQIf”k”L W(")d"><|(z|f”k T P 1‘“‘)

< lrell= e = [Wla, < e

1 1 1 p-1
= Supqingr <|Q_|J;2(kW)(X) dx> <|0—|L(kw) (x) P—ldx>

< oo,

Property 3.4

Ifwy, w, € A4, then wiwzl_p € A,.

Proof: Let, wy,w, € A;. Then by definition there exists a

constant C such that
Mw;(x) < Cw;(x), i=1,2.

1
> mei(x) dx < [wi]s,wi(x) =

[Q]
Alf w;(x) dx

—< [Wi]A1 lQl forx e R"a.e.

1
w; (x)

< [wi]

e oS
Now, IQIf wy (x) Wz(x)1 Pdx = IQIf wy (x) (ﬁ)p_1 dx
—1( 0l > i
< [wall, (Wz(Q) |QILW1(X) dx
w1(Q)

o ( [ >”‘1
w \m@) el
Also,
p-1
(lQil fQ (0 (O, ()1P) T dx)

1 p-1
<|Q|fwl(x) =T, (x) dx)

1 p-1

= %L (ﬁ)pTl w, (x) dx

lol (1 P
< [wilga, _W1(Q) (lQ—|LW2(x) dx)

0| (wﬂQ))“
4 W1(Q) |Q]

= [wyq]

Thus we have,

1 1-pgy ) (= ) <
(a0 wa01-2ax) (& o W, (17 P dx) <
[Wl]Al[WZ] T <o,

Property 3.5
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If weApand a € R,a # 0, then the function §,w € 4,
where §,w(x) = w(ax). Moreover, [W]Ap = [5aw]Ap.

Proof: We have,

1 p-1
SumelR"<|Q|fW(ax) dx>(|Q|fw(ax) p- 1dx)

d p-1
=Supomw<|Q|f 62} y><|Q|IW(y) p=1dy/a P~ 1>

1 p-1
= Supq inr® (lQ—lfQW(x)dx> (IQlfw(x) - 1dx>

Hence the property follows.

Property 3.6

1

p-1

1
w P-l] = [w].
Ap Ap

Proof: We have,

1

1 g\t p-1
-1 _ 5T
wly, = >

Supo(w)o <W_P‘1

1 1
= .S’upQ(W)Z_1 <w_pTl>
Q
L __1\p-1
= SupQ< 1> (w P—1>
Q
1

Property 3.7
[w]Ap >1forallwe€A4,

constant.
Proof: We have,

1
01 = [ weor (o) @

01 < (Jweor” dx);<fQ ()

inequality, we have

. Equality holds if and only if w is a

1

dx), using Holder’s

o=
=

1 1

1
= (Lw(x) dx)l[_J L(ﬁ)pﬂ dx '

1 1

” (lQJW(")d") <|Q|I(W(")) . 1d">
P

= 1< Sup, (@Lw(x)dx> <|Q|fw(x) = 1dx>p

p-1
= 1< Supg (lQi'wi(x) dx> <|Q|J.w(x) p11 dx>

Hence, [W]A >1.

Again we have, 1 = f dx

lel 1 N
>1= lQ—le(x)Pw(x) Pdx

Equality holds in Holder’s inequality only when
alfIP = Blg|P" for any constants a, B.

Sa WP —ﬁ‘

_r
Saw=pw P

78

Sw= (i)pfp which

is a constant.

Property 3.8
The classes A, are increasing as p increases; precisely for
1 < p < eowe have

A, c Aq,and [W]Aq < [W]Ap.

Proof: We have, 1 < p < q < o°.Since,p < q = 1_%<1_

1 1 1 . . ’ .
—e =< = <p'=>q'—-1<p’ -1
PRI q <p q p

o7g1)
1
.
-1 -1
( (e |Q|>
1
(whpr-t >p -
0]
1
1
IQIf (e 1dx>q

(]
(
<|Q|f (W= 1‘”)
(
(@

= ||w—1||Lq._1(Q%) < ||w‘1I|Lp._1(

U

IN

q-1

o’

-1
|Q|f(w )‘1 Tdx

p-1
f(w_l)l’ 1dx>
Which implies,

1 1\
Supg inwn (m w(x) dX><|Q|L(w‘1)q—1 dx>

1 1\
< Supginme (IQ_ILW(X) dx> (IQ_IL(W_I)p_l dx>
<

[W]Aq [W]Ap-

IN

Property 3.9
If p> 1 then w € A, if and only if wl P e Ap:, where p’ is
the conjugate exponent of p such that % + 5 =1

Proof: " = " We have,

(ks )pf o=
QQJW(XH )(léJW(")dx) " |
I<|Q|IW(X) ildx>p (nlufwu)dx)r_l 1

1 1 P19 p—1
< [SupQ (IQ_IJ. w(x) - dx> (IQI J. w(x) dx>]
1

—1

= (Iwla, )"
This shows that w(x)'™P € A,-.
"&" Conversely assume that w(x)'P € Ay with

1 < p < eo. We have,
1

1 p-11p-1
<|Q|fw(x)dx> <|Q|fw(x) p- 1dx> }
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= 1 1 P L
(lQlJ-W(X) dx> (lQlJ-W(X) = 1dx> <|Q_|fQ|f(x)|dx> = (lQ—lL|f(x)|w(x)Pw(x) de)

p-1 1-p’ Applying Hélder’s inequality for the functions If(x)lpw(x)rl’
<|Q| J. w(x) dx> (lQ—lf (W(x)) dx> _1
Q

and w(x) ? with conjugate exponents p, p’,

- »
= [— (w(x)l‘p')_ﬁ dx]p 1( J.W(x)1 P dx) (if |f(x)|dx>
1l Jy el lQlJ,

1 1 1 p'-1 ) 1 o 1 P
— "\ p—1 1 1 P
< Sup, (me(x)l (2 dx> [|Q_|L(W(X)1 PP 1dx] Sm%l(f (If(x)lw(xﬁ) dx)p (f (W(x)_5> dx) \
Q Q

= [w@)'?], >we4,

BN <8
Propertv 3.10 = _<f |f(x)|p W(x)dx> (f W(x)_% dx)p
Let, v, w € A, for 1 < p < eo.Then, max{v(x),w(x)} € 4,,. lQlP Q -
f: Since, v, Ay, ) i ight. 1 __1 -
:;(\)/:, Since, v, w & dpmaxtp(xhw(x)} Is 2 welght. We :Q_<f |f(x)|”w(x)dx> (Lw(x) p-1 dx)
1 1 1
lQ—leax{v(x),w(x)} dx < |Q—|Lv(x) dx +|Q_|f w(x) dx = (IQ_If If GOl alx)l[J

1-p

1 1 V1
=i fQ v(x) d"(m fQ v() 7 1dx> <|Q| f v(x) P 1dx> (W(Q) f |f(x)|”w(x)dx><|Q| f W) dx)

! dx = =y " 14 w 1 1 \PT?
+|Q_|-[2W(X) x(lQ—le(x)1 p x> (IQIIW(X) x> <|Q|J.W(x) = 1dx> (Q)f If GIPw(x) dax [wla,
1 1 - 1
< [v] p<— v(x) P‘ldx> 1ol f (Ol dx
4 |Q|J— - > 1(|Q| ¢ ) < [W]Ap -~
i, (l |fw(") E 1dx> Q) ol PP wx)dx |
¢ Also set f=Ww+ s)_% in

1-p
< ([v] + [w] A (lQlfmax{v(x) w(x)} P- 1dx> (ﬁlef(t)Idt)p }

SupQ in ,RnSupf in LP(Q,wdx),|f|>0 a.e.on Q { T ropwoal

1 \P1 w@lo
J.max{v(x), W(x)fﬁ) have

= lQ—|Lmax{v(x),W(x)} dx <|Q_| .

( P
S[U]Ap+[W]Ap | (IQI (w+ &)(t) Pdt) |
Thus, max{v(x)' W(x)} S Ap- SupQ in ]Rnsupf in LP(Q,wdx),|f|>0 a.e.on Q { }
Property 3.11. f w+e®)Pw) dt}
limqu[w]Aq = [w],, ifw € A;.
Proof: A weight w is said to be of class A if = SUpg in RPSUPF in LP(Qwdx),|f|>0 a.c.on 0 mW(Q) (IQ_If (w
[W]Aq Q
- o Pl w(t) !
1 L -t + p(t)dt — | ———————dt
= SUpPq in R <|Q_|J.W(x) dx><|Q|J.W(X) a- 1dx> <o & r® Q1) (w + &) (t)P
e 1 1
= [W]Aq = SupQ in IR"S”pf in LP(Q,wdx),|f|>0 a.e.on Q |Q_|W(Q) (lQ_lf (w
1 L\ , » o ¢
= suvqie (g o) ) [ e 70 vorboa) ([ £00 ,)
>
= wl,, EEIROS 1
a-1 = Supg in R*SUDf in LP —w(Q) (—f (w
Sume R™ (ﬁ W(x) dx> o (J. w(x)~ l)q 1 dx> QinR f in LP(Q,wdx),|f|>0 a.e.on Q |Q| |Q| 0
’ ’ yoFar) (L[ ¢
+e&)(t) Pdt — | (w
= [wl,, = Su | W(x) dx) — w2l > IQIf
PoinR <|Q| lQ LT (g0 5 e
When g = 1 +, we have + g)(t)l—p'dt>
[W]A = Supgin " (lQ_l W(x) dx) 1071 ||W_1||L°°(Q,dx)
1 1
hm [W]Aq (w] Ay = SupQ in Rnsupf in LP(Q,wdx),|f|>0 a.e.on Q |Q_|f w(t) dt (lQ_lf (w
Property 3.12. 1 p-1 ¢ ¢
An equivalent characterization of A, constant of w is +&)(t) P1 dt>
[W]Ap =
» = [w], ,whene - 0.
(g1 Jolr ®1at) »
Supg in RPSUDS in 1P (Qwdx),|f1>0 a.e.on Q W

Proof: We have,

79
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= SupQ in R"Supf in LP(Q,wdx),|f|>0 a.e.on Q

: p
( (IQLI Jow + SOX dt> )
1 , } z[wly, o )
— Ay -p
(@ Jow + 8O Pw(t) dt}

From inequality (1) and (2) the property follows.

Property 3.13
The measure w(x)dx is doubling, precisely for all A > 1 and
all cubes Q we have w(1Q) < A™ (W]a,w(Q).

Proof: Set f = Zo and AQ for Q in the inequality
1 p
(rarlelr 1)

1 < [wla,
mfolf(t)lpw(t) dt
we have % < [W]Ap
1 p
_, _lar (Jo 7 4¢) B _woo) (J,7pdt)”
-1 . __ s — Qe J
W(;,Q)_ Jo Aqw(® dt ! Joxow(® dt

< Wy, 1Q1P = wQleIP
< [wla, 12Q1Pw(Q) = w(AQ)1QIP
< W, 77101PW(Q) = w(2Q)
< W], AP w(Q).

4. CONCLUSION

We revisit the literature on weighted inequalities and discuss
some properties of A, weight functions with proof that will
enhance the understanding of weight theory and set the
course for further study and research in this domain.
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