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BRENKE TYPE POLYNOMIALS
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INTRODUCTION

The Brenke type polynomials G™P)(x) defined by
where o (az-1, -2, -3,...), p and n arc independent of each other, satisfies the

n k
G“'"’ (X) = 3 (l+a)n (p)k X

" oo 1+ K@K

differential equation

2
x(1+x)d—‘2/ + {a+1+(1-n+p)xﬂ -npV =0
dx dx

Generating functions of this polynomial in various forms have been obtained by
the authoress [2). (Bajracharya; 1995)

The purpose of this paper is to derive some generating functions for this
polynomial through the L.weisner's group theoretic method [3] which consists in

1-07Ger( )= 3 Ca: G
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—xt a -x
e F|pl+a, ——|= G(“"”(—) t"
! ,[p 1+x 2 G 1+x

n=0
GROUP OF OPERATORS

We Replace d/dx by 6/6x, n by z0/0z and v by v(x,z) in (1.2), we arrive at
the partial differential equation

2 2
x(1+x)% - zx% + (a+l1 + x + px)% -pz %=0

Since v = G{™*P(x) is a solution (1.2), v; = G™P(x) 2" is a solution of the
equation Lv =0, where

2

L =x(x+1) % -u-ﬁ%+(a+l+x+px)§—(-pz§l-.

Let us use two first order linear differential operators B and C defined by

C=zx(1 +x))§+z’§+z(a +px+1).

such that

B[GSP(x) 2"] = ~(@+n) GV (x)

CIG™P(x) z"] = (n+1) G&P (x) ™!
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commutator relations
[AB]=-B,[A,C]=C, [B,C]=-QA+a+1)
where [A,B] = AB - BA.

These commutator relations show that the operators 1,A, B, C generate a three
parameter Lie group . Using (2.4) we can write

xL=CB+AZ+aA

From (2.4) and (2.5), we find that

[XL,C] = [xL,B] = [xL,C} =0.

which shows that each of these operators A,B,C commute with xL.

The extended forms of the group generated by B and C are given by

e”® f(x,z) = f ( —x%,z-b)

andwhere b and c are arbitrary numbers.From (2.7) and (2.8) it follows that

C = - —a-l+p . P _ﬁ.— L
e“f(x,2) = (1-c2) {1-cz(1+x)} f(l_cz(ux)’l-cz)

From (2.7) and (2.8) it follows that
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e e flx,z) = (1-cz)="**{ 1-cz(1+x)}”*

PR
(z-b+cz)l-cz(1+%x) * 1-cz '
CONJUGATE SETS
e** Be™ = Be®

e™ Ce™ = Ce®

e® Ce™ = 22bA -b?B + C -b (a+ 1)

e Ae = 2cA +B - c2C + c(a + 1).

e®Ce®™ = _2pA-b2 +C. b(a+t 1)

We attempt to determine the functions annulled by Land R = nA+ npB
+13C + 14 where the r's are arbitrary constants other than r 1 =12 =13 =r4= 0. Since

the opcrators commute with xL it is sufficient to consider one operator from each of the
conjugate scts into which the operator R fall with respect to the group G. To find the

conjugate scts of operators of the first order for this polynomial we take S= eCCe bB.

Then for each choice of b and c, S(A-n)S'l Tepresents an operator conjugate to  A-n.
We computc the following conjugate operators:

Then for S = ccC ebB . we have
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SAs-l = ecC ebB Ae-hB e-¢:C
= e (A + bB)e™°
= A -¢cC + b[2cA + B -¢*C + c(a + 1)]

= (1 + 2bc)A + bB - ¢ (1+bc)C + be (1 + a).

Therefore for R=r]A + 1oB +13C + 14, (A-n) is conjugate to R if r3=1+2bc,
=b, r3 =-c(1 + bc). From two of these equations, we can find b and c in terms of

ry, rp, and .r3. The third equation then imposes a restrictive relationon rj (i = 1, 2, 3).
Ifrp=0thenb=0,c=-r3and 1} =1, if 19 0 then

-1 r, -1 -1
r, =b,c= dll and r, = RURL) (1 + ﬂ—),i.e.
2r, 2r, 2

rj2 + 4rpr3 = 1. In other words, for all possible choices of b and c, r2 + 4nr3 = 0.
Therefore (A-n) is not conjugate to the set of operators for ry2+4rar3 =0.

GENERATING FUNCTIONS DERIVED FROM THE FIRST ORDER
OPERATOR (A-n)

We know that vi(x,z) = G*P(x) Z" is annulled by L and A-n where A =z

5/8z.We niow transform vi(x,z) by the operator ecC ebB and then consider the
following three different cases:

Case 1. b = 1,c = 0. In this case we have

e” [ G (x)" ] =G (-’iz—) z-1)"

" z-1

We use (2.3) and then replace z-1 by t toarriveat
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ap (~a-n), G ()t
(1-0)"G¢ ’( J Z :

Further by omitting the constant factor
can be written as

oo

(1-2) zf,(c,p;l+az; —xz) =Z

Z—l r=0

r!
» and replacing -n by c, the right side of (4.1)

©),

G@P(x) "
(I+a), (x)z

Case2. b=0,c=1. For these values, we have.

e [z" G&*7 ()]
== {1-z(1+x)}

On the other hand we find that
C ” (a.p) - = (n + l)r
[ G ®] =3 T

r=0

Equating (4.4) and (4.5) and then dividing by zI

U-2)""{i-zq+ )}’ G,f""”(l

( 1- z) ) G'Sa’p)(l - z(’; + x))

G(a P) (x)zn-i-r

n+r

we get

)
-z(1+x)

i ——(”H)' GiP (x)z”

r=

A r!
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WHFWW

1-z)" (1- d )_,, = f: GeP(x) 2"

1-z r=o

which is a familiar generating function for the polynomial Gf,““’)(x) deduced carlicr

by the authoress [2]
Case3. bc#0 . Wechoose c=1and b=-1/w so that for all finite values of w.

z(w—l)+1)

bc = 0. In this case we have
1
7 n a, . —-a—-H -p

e ” B{z" G ()} = (1-2) 7 {1 {1 +x)} ( ow

G‘“””( Xz )
" \QRz+1/w)(l-z—-2x)

The right side of this can be writtern in the form
LD 11
> L2 ca-n,
~ w rlsl

eC e(—l/w)B[zn G'(la,p)(x)] _
. .(n—r +l)s G'(’f;fi(x) zn—r+s

Equating (4.8) and (4.9), we arrive at a new generating relation

Xz

(1 - Z)—a—l”’—n {1 - Z(l + x)}_' {Z(W - 1) + l}nw—n G'('(z,p) ]
2z +—)(1-z - zx)
w

- % » 1 11 o, n s
=> 2 D 7;-!;!(-0!-"),('1—’”), G (x) z

s=0 r=0
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GENERATING FUNCTIONS DERIVED FROM OPERATORS NOT
CONJUGATE TO (A-n)

The operators for which r)2 + 4ror3 = 0 may be considered under the
following three cases;

Case 1. r1 =0,ry3 =1, r3 =0, Now we will solve the system Lu = 0 and B+n)u =0

where n is a non-zero constant. For convenience, we choose n = 1 and write the
equations

Ju J*u
1+ x)—0--
x( x)ék2 Zxﬁzo’k

t(@a+1+x+px) %-pz%=0

and

Solving (5.1) and (5.2) , we find that one solution of this is
u(x,z) = e* F(p; l+a; Xz).

The function u(x,z) can be expanded in the form

© Gfl”"’) x)t"

e \F(p; 1+a; xz) = ¥ 07 a)
n=0 n

Hence u(x,z) represents a generating function for the polynomial Gf,“'p)(x)

Case2. r1=2,ry=1, r3 =-1. In this case, we seck a solution of the system

Lu=0 and QA+B-C+2 Ju=0 where A is a non-zero constant. To solve this
system, we consider the fact that

eCBeC =2A+B-Croa+1l
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and
CB-u)eC=24+B-C+@+1-u).

Let Sq= ¢C, thenwehave, S;(B-wS;'l(Sj@) =0 if B-wu =0
Therefore u isanmulledby L and 2A+B-C+1+a-w

From ES.,, Casel, when n = -w, we obtain

—WZ

S, u(x,~wz) = (1-2)*""(1-z-z)" e

v [p;1+a; - ki }
(1-z-zx)(1-2)

= ,F\[-n,pl+a;-x] LY (W) 2"

5 e

Similar results have been deduced earlier by Abdul-Halim & Al-Salam {1],Rainville |4},
Weisner [5] in different methods. (Abdul, 1963; Rainville, 1960; Weisner, 1955).

Thus we have derived a new bilateral generating function involving Laguerre polynomial
for the polynomial Gg“"p)(x) in the form.

u(x,-wz) = eV |F1 (p; 1 + o -wx2)
as a solution of the system Lu=0 and B-w=0 Further we find that
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l_ ~a-l+p 1_ _ -P r‘) F ;l+a; — wxz
( Z) ( z zx) e 1 l[p (I—Z—ZX)(I_Z)

o {7 (@)
= Z M G,f”")(x) z"
n=0 (1+a)n

Case3. rj=o0, 12.=0,13=1.  Nextwe seek a solution of the system Lu=0 and

(C+2Mu = 0 where A is 4 non-zero constant. To solve this system, we make use of
the solution which we have already obtained in Case 1. i.e, the system Lu=0 and B+
Ju = 0. Now let us find b and ¢ such that

ebB ecC B e-cC e-bB = kC
where k is a non-zero constant. This can be written as
ebB ecC B e-cC e-bB

=e®B[2cA+B.PChc(a+ 1)]ebB

= 20(A+bB)+ B - c2{-2bA - b%B +C +b(-a-1) +e(at)}

= 26(1+bo)A + (1+b6)”B - °C +(a+1)obe+1)
Ifwe choose b = },¢c= -] and let Sy = B eC then we arrive at

SHB Sz'l =-

and hence
Sy (B+nm) 52'1 = -C+n,

If (B+n)u = 0, then S7(B+n) Sz'l(Sz(u)) = 0. Therefore if u(x,z) is annulled by L and
B+n. then Syu(x,z) is annulled by L and Cm. For n= 1, we have

from £5, Case I;
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= oZ . .
ll§ I ﬂ . ] b
The generating function, we now seek is a transformation of u(x,z) given by

Squ(x,z) = eBe'C u(x,z).

2z

S,u(x,z) = e* (1+2) "7 (l+z+2x)"" =

Xz
Flo:1+a;
1 ‘[p’ Mt (1+z+zx)(1+z)]

z-1

= g r(lex) P e Flpl+a; x
z ( ) ! ,[p “ z(l+x)]

1

a- Ly - x
=e*'Q+x)*e" ,F‘[p;la—a;—z(—“—;;]

We employ the relations (2.7) and (2.8) to write in the form
Putting z = -1/t, the right member of (5.10) may be written in the form

-0 A+x)Fe' |F|pil+a x|
o arayre | pira g |

Since

e F\pl+a, —
' l[p 1+x
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we may consider (5.11) as a generating function for the polynomial Gf,“"’)(x)
where z = -x/(1+x).

Again if we restrict o to be a positive integer then we can write the right member of

(5.10) in the form
G2, (—_x )
e(_l)aﬂ (1+x)-p Z (1+x) t"

n=l+a (1 + a)n—a—l

Hence we have established all desired results.
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