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Abstract

We prove that there exist three transcendental entire functions that can have an infinite number of
domains which lie in the pre-periodic component of the Fatou set each of these functions and their

compositions.
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Introduction

We denote the complex plane by C, extended
complex plane by Cw» and set of integers
greater than zero by N. We assume the
function f: C — C is an entire function unless
stated otherwise. For any n €N, f* always
denotes the nth iterate of f. If f(z) = z for
some smallest n € N, then we say that z is a
periodic point of period n. In particular, if f
(z) = z, then z is a fixed point of f. If | (f*(z))’
| < 1, where ' represents complex
differentiation of f" with respect to z, then z is
called an attracting periodic point of the
function f. A family F = {f:f is meromorphic
on some domain X of Cx} forms normal
family if every sequence (f)ien of functions
contains a subsequence which converges
uniformly to a finite limit or converges to o
on every compact subset D of X.

The Fatou set of f, denoted by F(f), is the
set of points z ECsuch that sequence (f ™), n
forms a normal family in some
neighbourhood of z. A maximally connected
subset of the Fatou set F(f) is called a Fatou
component. By definition, the Fatou set is
open and may or may not be empty. Fatou set
is non-empty for every entire function with
attracting periodic points. The complement of
the Fatou set is called Julia set and, is denoted
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by J(f). Classically, it is known that the sets
F(f) and J(f) form a fundamental partition of
the complex plane C.

Let UcF(f) (a Fatou component) such
that f*(U) for some n€N, is contained in some
component of F(f), which is usually denoted
by Un. A Fatou component U is called pre-
periodic if there exist integers n > m > 0 such
that Un = Um. In particular, if Un = Uo = U
(that is, f"(U) c U) for some smallest positive
integer n> 1, then U is called periodic Fatou
component of period n and {Uo, Ui ..., Un1}
is called the periodic cycle. A component of
Fatou set F(f) which is not pre-periodic is
called wandering domain.

Our particular interest of this paper is
whether there are more than two
transcendental entire functions that have a
similarity between the dynamics of their
compositions and the dynamics of each of
these functions. Dynamics of two
transcendental entire functions and their
compositions were studied by Singh, (2003).
He constructed some examples of
transcendental  entire  functions  where
dynamics of individual functions vary
primarily from the dynamics of their
compositions. Also, he constructed some
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examples of transcendental entire functions
where the dynamics of individual functions is
similar to the dynamics of their compositions.
Dinesh Kumar, et al. (2015) extended the
results of Singh, (2003) in a certain sense, to
the possibility of having two transcendental
entire functions that can have infinitely many
domains which may lie in the pre-periodic
component of the Fatou set of each function
and their compositions. We (2019)
investigated three transcendental entire
functions such that there are infinitely many
domains which lie in the wandering
components of the Fatou set of each function
and their compositions. In this paper, we
investigate three transcendental entire
functions such that each of individual
functions as well as their compositions
consists of an infinite number of domains
which lie in the pre-periodic component of
each of functions and their compositions. In
particular, we prove the following result.

Theorem 1: There exist three different
transcendental entire functions f, g and h,
and infinitelymany domains which lie in the
different pre-periodic component of F(f),
F(g), F(h), F(feg) F(gel) F(feh), F(geh),
F(hef), F(hog), F(fogeh), F(fehog),F(gofon),
F(goh of), F(hefog) and F(hogof).

Carleman Set

To work out a Theorem 1, we need a notion
in approximation theory of entire functions.
In our case, we can use the notion of
Carleman set from which we obtain an
approximation of any holomorphic function
by transcendental entire functions.
Definition 1 (Carleman set): Let F be a
closed subset of C and C(F)= {f:F— C:Ais
continuous on F and analytic in the interior
Feof F}. Then F is called a Carleman set (for
C) if for any g€C(F) and any positive
continuous function € on F, there exists entire
function h such that |g(z)-h(z)|<e for all zE€F.

Nersesjan proved the following important
characterization of Carleman set in 1971, but
we cite this from the work of Gaier (1987).

Proposition 1: Let F be a proper subset of C.
Then F is a Carleman set for C if and only if
F satisfies the following conditions:
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a. Cw-F is connected,

b.  Cw -Fis locally connected at ;

c. For every compact subset K of C,
there is a neighborhood V of w0 in Cx
such that no component of F°
intersects both K and V.

Note that the space C »- F is connected if and
only if each component Z of open set C - F is
unbounded. 1, This fact, together with
Propositionlcan be an excellent tool whether
a set is a Carleman set for C. The sets given
in the following examples are Carleman sets
for C.

Example 1 (Gaier, Page 133 (1987)): The
set E={z€ C: |zl=1,Rez> 0} U {z=x: x>
1} UUSs{z =re®:r>1,0 =m/n} is a
Carleman set for C.

Example 2 (Singh, Page 131 (2003)): Let E
=GoUUp-1(Gx U By U Ly U M),
where
Go = {z€ C:|z-2| < 1}, Gk = {z€C: |z -
4k +2)| < 1} U{z€C:Rez=4k +2,
Imz>1}u{zeC:Rez=4k+2,Imz <
-1}, k=1,2,3,... ),Bk = {z €C: |z + (4k
+2)|< 1} Uu{z€ C:Rez=-(4k +2), Im
z> 1} U {zeC:Rez=-(4k +2),Im z
< -1}, (k=1,23,...), Lk={z€C:Re z
=4k}, (k=1,2, ...)and Mk = {z € C:
Re z=-4k}, (k=1,2,3...).
Then, by Preposition 1, we can easily show
that E is a Carleman set for C.

Proof of the main result (Theorem 1)
From the help of the Carleman set of Example
2, Dinesh Kumar, et al., (2016) proved the
following result.

Proposition 2: There are transcendental
entire functions f and g such that there exist
an infinite number of domains which lie in the
pre-periodic component of the F(f), F(g),
F(fog) and F(gof).

Our main result, that is, Theorem 1, is an
extension of Proposition 2. We proceeds for
the following long proof of Theorem 1.

Proof of Theorem 1
Let,
E:GOUUZ;l(Gk U Bk U Lk U Mk )
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Then E a Carleman set for C by Example 2.
By the continuity of an exponential function,
for given € > 0, there exists 6 > 0, may depend
on a given point w,, such that

|wW —wo| <6 = |e¥ — e™?| <e.

If wo = log t, thene"o=¢let=t. Letus choose
€ =%. Then there exist sufficiently small &>
0 and §,/> 0, such that

|w-(m i+ log (4k -2))| <d k= |e¥+ (4k - 2)| <
12, (k=2,3,4...)

and

|w-log (4k -2)| <&, /= |e¥ - (4k - 2)| < 1/2, (k
=1,2,3...)

In particular, let us choose sufficiently small
80> 0, 81> 0, 62> 0, 6;> 0 and 6,> 0 such
that

w - log 2| <8 o= [e 2| < 1/2.

W — (i +log 6)| <d1=> |e¥ + 6] < 1/2.
lw— (i +log 10)| < 8= [e¥ + 10 < 1/2.
[w -log 6|<8,=> e -6| < 1/2.

Iw - log 10] <8,1=> [e¥ -10] < 1/2.

Next, let us define the following functions:
a(z) =
log2, V z€Gy U Upi(LyU My);
i+ log6, Vze€ Gk =1,2,3,..;
i + log 10, Vz€EB;;
wi+(4k—2), Vz€ Bk =2,3,4..;

B(z)=

(log2, V z€ Gy U Up_;(LgU My );
mi + log 6, Vz€EGy;
mi + log 10, Vz€B,;

Nlog(4k —2),  VzeG k=23 4..;
mi+ (4k—2), Vze Bk =2, 3, 4,..;

Y(z) =

( log2, Vze Gy U Upoi(Ly U My);
log 6, Vz€Bk =1, 2, 3,..,;

{ log10, A Z€Gy;

log(4k —2), Vze€ Gk =2, 3, 4..,;

Let us define again the following positive
functions:
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€1(z) =

(6o, VZE€Gy U Up—i(Ly U Mp);
61, Vze Gk =1, 2, 3.,

{8y, Vz€ By;
Ok, V z€ Bk =2,3,4..;

e(z) =

(6, Vz€Gy U Up_i(Lx U My );
61, Vze Gy;

{ 8, Vz€By;
6}(: Vze Bk’k = 2, 3,4 ey
Sy!) Vze Gek = 2, 3,4...;

e3(z) =

(0o, V z€Gy U UpZ(Ly U My );
6y, VzeBk=123..;
62 , V z€ Gy
Sy Vze Gk =2, 3, 4.

Clearly, the functions a(z), f(z) and y(z) are
piece wise constant functions, so they are
continuous on the set E and analytic in E.~
Also, since E is a Carleman set, so there exist
an entire functions f 1(z),g1(z) and hi(z) such
that

Vz€ E, [fi(z) -0 (2)| < e(z), |g1(2) -B(2)| <
€(z) and |hi(2) -y (z)| < e3(2).

Consequently, we get transcendental entire
functions

f(z) =1 g(z) = e91@ andh(z) = e @
which respectively satisfy the following:

If (2) -2|<4, ¥ 2€Gy U Up-;(Ly U My);
If(z) +6/|<1/2,V ze€CGx, k=1,2,3...;

If (z) +10] < 1/2, V¥ z€By;

If (z) + (4k-2)|< 1/2, V z€Bx, k=2,3,4...;

g (z) -2|<5,V 2€Gy U Up_i(Lyx U My );
lg (2) +6|< 1/2, ¥ zEG1;

lg (z) +10|< 1/2, ¥ z€ Bi;

le(2) + (4k-2)|< 1/2, V z€Bi, k=2,3,4...;
l2(2) - (4k-2)|< 1/2, ¥ z€ Gi, k=2.3.4...;

lh (z) -2|<%, ¥ 2€Gy U UZ,(L, U M );
h(z)-6|<1/2,Vz€B, k=1,2,3...;

Ih (z) -10[<1/2, ¥ zEGy;

h (2)-(4k-2)|< 172, V 2€Gi, k=2, 3,4...;

As we did just above, each of the functions f,
g and h map the domain G, U Uj-,;(L, U
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M;,) into smaller disk |z -2|< 1/2 contained in
Go and each of this function is a contraction
mapping. So, Go U Upoi(Ly U
My ) contains fixed points zo, z1 and z2(say)
such that

fh(GO U U;.le( Lk U Mk )) — Zoasn—
(e8]

g"(Gp U Upzy(Ly U My ))— ziasn—
0

h" (Gy U Up—i(Lx UMy ))— z2asn—
0

Thefixed points are respectively attracting
fixed points for each function f, g and h, so
Go U Up—i(Ly U M) lies in attracting
cycle, and hence G, U Up—,;(Ly U M) is
a subset of each of the Fatou set F(f), F(g) and
F(h). In this case, J(f) # C, J(g) # C and J(h)
# C and so Julia set of each of the function f,
g and h do not contain interior-point and
hence Fatou set of each of these function
contains all interior points. In such case,
Fatou set of each of the function f, g and h
contain Carleman set E.

Again, as defined above, function f maps
each Gk into smaller disk contained in B1, B
into smaller disk contained in B2 and each Bk
fork=2,3,4,... into the smaller disk contained
in Bk1. Gk and Bk are contained in the pre-
periodic components of Fatou set F(f) of the
function f. Also, as function g maps each of
the domains Gk into the smaller disk
contained in Gk1 (k =2,3,4,... ), G into
smaller disk contained in Bi, Bi into the
smaller disks contained in B> and Bk for k
=2,3.4, ... into smaller disk contained in Bk-
1. In fact, Gk and Bk are contained in the pre-
periodic components of the Fatouset F(g).
Likewise, domains Gkxand By, (k =1, 2, 3...)
are contained in the pre-periodic components
under the function h. Also, note that as we
defined above, we can see that domains B;
and Bz lie in the periodic component of both
of the functions f and g. From the above rule,
we can say that domains Giand G2 lie in the
periodic component of the function h.

Next, we examine the dynamical
behavior of compositions of the functions f, g
and h. The composite of any two and all three
of these functions satisfy the following:
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Dynamical behavior of fo g

[ (fog)(2)-21<1/2,V2zEGy, U Up—;(LU
Mp);

|(feg)(z)+10<1/2, VzE€eQG

| (fog)(2)+6|<1/2,VzeGK k=2,3,4...;
|(fog)(z)+6|<1/2, Vz€By;
|[(foeg)(z)+10|<1/2, Vz€By

|(f eg)(z) +(4k-6)|< 1/2,Vz € Bk, k=2,34...;
This composition rule shows that the
domains G, U Up_;(Lx U M;), Gkand By,
(k=1,2,3,...) belong to F(feog) and in fact,
each Gxand Bk for each k € N is contained
in the pre-periodic components of F(f og).
In particular, Biand B: is contained in the
periodic component of period 1 under the
function fog.

Dynamical behavior of go f

[ (gof)(2)-21<1/2,V2zEGy U Up,(Ly U
My )

[(gof)(z)+10<1/2,V zeGK, k=1, 2, 3,

| (gof)(z)+6|<1/2,VzE€By;
[(gof)(z)+10|<1/2, Vz€EBy

| (gof)(2) + (4k-6)|< 1/2, Vz €By, k=3, 4,
From this composition rule, we can say that
the domains G, U Up—;(L, U M) and By,
(k=1,2,3,...) belongto F (geof) and in fact,
each Gk and Bk foreach k € N is contained
in the pre-periodic domain of F(f og).In
particular, each Biand B2 is contained in the
periodic component of period 1 under the
function geof.

Dynamical behavior of fo h
|(foh)(2)-2|<1/2,¥V2z€EG, U Up_,(Lx U
M)

[(feh)(z)+6[<1/2, V z€Gy

| (feh)(z) +6[<1/2,V2zeG, k=2,3,4...;
|(feh)(z)+6|<1/2,V z€B, k=1,2,3...;

As we defined in the above composition rule,
the domains G, U Ujp—;(Ly U M) and
Bk, (k=1, 2, 3...) belong to F (f o h). In fact,
each Gy and Bk for all k=1, 2, 3, ... contained
in the pre-periodic components of F(fo h).

Dynamical behavior of h o f
|(hof)(z)-2|<1/2,VzEGy U
Un=1(Li U My );
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| (h o )(2) -6|< 1/2, V z€C, k =1, 2,
| (hog)(z) -6< 1/2, ¥ zEB, k =2, 3,
|(hog)(z)-6]<1/2, ¥ z€By;

3.
4...;

From this composition rule, we can say that
the domains Gy U Up-;(L, U M), Gk and
Bk, (k =1, 2, 3...) belong to F(h o f). In fact,
each Gk and By, forall k=1,2,3... is contained
in the pre-periodic component of F(h o f).

Dynamical behavior of go h
|(goh)(2)-2<1/2,Vz€EG, U

Unzi(Lx U My );
|(geh)(z)-6)<1/2, Vz€eQG
[(goh)(2)+6/<1/2,Vz€ Gk, k=2,3,4...;
l(goh)(z) +6|<1/2,Vz€Bx, k=1,2,3...;
As we defined in the above composition rule,
the domains Gy U Up-;(Lx U My ),
Gikand By, (k =1, 2, 3...) belong to F(g o h).
In fact, each Gk and B, for all k =1,2,3,...is
contained in the pre-periodic component of
F(h o f).

Dynamical behavior of ho g
[(hog)(2)-2[<1/2,VzEGy U Up-;(Ly U
My );

| (hog)(z)-6/<1/2,V z€ Gi;

| (hog)(z)-10[<1/2,V z€ Gz;
|(hog)(z)—(4k-6)<1/2, V z€Byk
=3,4,5,...;

| (hog)(z)-6<1/2,Vz€B, k=1,2,3,...;
From this composition, we can say that the
domains Gy U Up-;(Ly U My ),Gx and
By, (k=1, 2, 3...) belong to F(h o g). In fact,
each Gxand By, forallk=1,2,3... is contained
in the pre-periodic component of F(h o f). In
particular, each Gi and G2 is periodic

component of period 1 under the function he
f.

Dynamical behavior of fo go h
| (fogoh)(z)-2[<1/2,Vz€EG, U

Un=1(Lx U My );
|(fe goh)(z) +10|<1/2, V zEB, k=1,2,
3.
| (fe g o h) (z) +6|< 1/2, V z€G1;
| (fe goh)(z) +10[<1/2, Vz€ Gy
|(fe goh)(z)+6]<1/2,V z€Gk, k=3,4,5...;
The composition rule assigned above tells us
those domains Gy, U Uj-;(Lyx U My )Gk
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and By, (k =1, 2,3...) liein F (f o go h). In
fact, each Gk and B for all k =1, 2, 3 ... is
contained in the pre-periodic component of
F(fo go h).

Dynamical behavior of foho g
| (foheg)(z)-2|<1/2,V zE Gy U

Un=1(Lx U My );
|(fohog)(z)+6|<1/2, Vz€G;
|(fohog)(z)+6|<1/2, Vz€ Gy
|(fe ho g) (z) + 6|<1/2,V z€ G, k=3, 4,
|(fohog)(z)+6|<1/2, VZEBy;
| (fohog)(z)+6|<1/2,V zEBk, k=2,3,
4...;
The composition rule assigned above tells us
that domains Gy U Up—;(Lx U My),
Gkand By, (k =1, 2, 3,...) liein F(foho g)
and in fact, each Gk and Bk, (k=1,2,3,...)
is contained in the pre-periodic component of
F(f o h o g). In particular, domain B; is
contained in the periodic component under
the function fo ho g.

Dynamical behavior of g o fo h
| (gofoh)(z)-2|<1/2,VzEG, U

Un=1(Lx U My );
|(g o fo h)(z) + 10|< 1/2,V z€Gk, k=1, 2, 3...;
| (go fo h) (z) +10|< 1/2, V z € By;
|(g o fo h)(z) + 10|< 1/2, V¥ z€Bk, k =2, 3,
4.

>

The composition rule assigned above
tells us that domainsGy, U Uj-;(Ly U
My ), Gkand By, (k=1,2,3,... )liein F (go
fo h). In fact, each Gkand By, for all k =1, 2,
3, ... is contained in the pre-periodic
component of F(g o fo h). In particular,
domain Bz is contained in the periodic
component under the function g o fo h.

Dynamical behavior of goh o f

| (gohef)(z)-2[<1/2,V zEG, U
Un=1(Lyx U My);

(g ohof)(z)+6<1/2,Vz€EGK k=1,2,3,

| (gohof) (2)+6/]<1/2, VzEBy;

(g o hof)(z) + 6|<1/2,V z€ Bi,k=234...;
The composition rule assigned above tells us
that domains G, U Up—;(Lx U My ), Gk
and By, (k =1, 2, 3...) lie in F (go ho f). In
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fact, each Gk and Bk, for all k=1,2,3, ... is
contained in the pre-periodic component of
F(g o h o f) . In particular, domain B; is
contained in the periodic component under
the function g o fo h.

Dynamical behavior of ho fo g
| (hofog)(z)-2I<1/2,VzEG, U

Un=1(Lx U My );
|(h o fo g)(z) -6|<1/2,V z€ Gk, k=2, 3,4...;
| (h of o g)(2) -6|< 1/2, V z€G1;
|(hofog)(z)-6|<1/2, VzE€By
| (hofog)(z)-6[<1/2, Vz€By
| (hofog)(z)-6/<1/2,V z€By, k=3,4,5..;
The composition assigned above tells us that
domainsG, U Us-;( Ly U M), Grand Bk,
(k=1,2,3...) lie in F(h o fo g). In fact, each
Gk and Bk for all k =1, 2, 3, ... is contained in
the pre-periodic component of F (h o fo g). In
particular, domain Gi is contained in the
periodic component under the function he fo

g.

Dynamical behavior of ho g o f
| (hogoef)(z)-2[<1/2,V zEG, U
n=1(Lx U My );
|(h o go f)(z) -6|< 1/2, V z€Gk, k =1,2, 3,...;
|(hogot)(2)-6|<1/2, VzE€By
| (hogof)(z)-6/<1/2,Vz €Bk, k=2, 3,4,...;

The composition rule assigned above tells us
that domains G U Uj-;(Lx U M), Gk
and Bk (k=1,2,3,...)liecinF(hogo ). In
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fact, each Gk and Bk, for all k=1,2,3, ... is
contained in the pre-periodic component of
F(h og of). In particular, domain Gi is
contained in the periodic component under
the function h o fo g.

From all of the above discussion, we
found that the domains Gk and Bk for all k =
1,2,3, contained in the pre-periodic
domains of the functions f, g, h and their
compositions.
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