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Abstract
In this article we establish a common fixed point result for two pairs of mappings of compatible type(A) in dislocated
metric space which generalizes and extends the similar results in the literature.
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Introduction
In 1922, S. Banach established a fixed point theorem
for contraction mapping in metric space. Since then a
number of fixed point theorems have been proved by
many authors and various generalizations of this
theorem have been established. G. Jungck (1976)
initiated the concept of commuting maps and
generalized it with the concept of compatible maps
(Jungck 1986, 1988) and established some important
fixed point results.  G. Jungck, P. P. Murthy and Y. J.
Cho (1993) initiated the concept of compatible
mappings of type (A) in metric space.

The study of common fixed point of mappings
satisfying contractive type conditions has been a very
active field of research activity. S. G. Matthews
(1986)introduced the concept of dislocated metric
space under the name of metric domains in domain
theory. P. Hitzler and A. K. Seda (2000)  generalized
the famous Banach Contraction Principle in dislocated
metric space. The study of dislocated metric plays
very important role in topology, logic programming
and in electronics engineering.

The purpose of this article is to establish a common
fixed point theorem for two pairs of mappings of
compatible type (A) in dislocated metric spaces which
generalize and improve similar results of fixed point in
the literature.

Preliminaries
We start with the following definitions, lemmas and
theorems.

Definition 1  Let X  be a non empty set and let

XXd ×: )[0, ∞→  be a function satisfying the

following conditions:

(i) ),( yxd  = ),( xyd

(ii) ),( yxd = ),( xyd  = 0 implies .= yx
(iii) d(x, y) ≤  d(x, z) + d(z, y)
for all x, y, z ∈ X.

Then d is called dislocated metric(or simply d-metric)
on X.

Definition 2  A sequence }{ nx  in a d-metric space

),( dX  is called a Cauchy sequence if for given

ε >  0, there corresponds 0n ∈ N such that for all

nm, ≥ 0n  , we have <),( nm xxd ε .

Definition 3  A sequence in d-metric space
converges with respect to d (or in d) if there exists

Xx ∈  such that 0),( →xxd n  as .∞→n
In this case, x is called limit of }{ nx  (in d)and we

write nx → .x
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Definition 4  A d-metric space ),( dX  is called

complete if every Cauchy sequence in it is convergent

with respect to .d

Definition 5  Let ),( dX  be a d-metric space. A map

XXT →:  is called contraction if there exists a

number λ  with 0 ≤ λ <  1 such that

),( TyTxd ≤ λ ).,( yxd
We state the following lemmas without proof.

Lemma 1  Limits in a d-metric space are unique.

Theorem 1  Let ),( dX  be a complete d-metric space

and let XXT →:  be a contraction mapping, then

T  has a unique fixed point.

Definition 6  Let A  and S  be two self mappings on

a set X . Mappings A  and S  are said to be

commuting if SAxASx = Xx∈∀ .

Definition 7 Let A  and S  be two self mappings on a

set X . If SxAx =  for some Xx ∈ , then x  is

called coincidence point of A  and S .

Definition 8  Two mappings S and T from a metric

space (X, d) into itself are called compatible of

type(A) if
0=),(lim nn

n
TTxSTxd

∞→
 and

0=),(lim nn
n

SSxTSxd
∞→

whenever }{ nx  is a sequence in X such that
XxsomeforxTxSx n

n
n

n
∈

∞→∞→
=lim=lim

Proposition 1  Let S and T be mappings of compatible

type(A) from a metric space (X, d) into itself. Suppose

that

XxsomeforxTxSx n
n

n
n

∈
∞→∞→

=lim=lim

If S is continuous then   SxTSxn
n

=lim
∞→

.

Proof. Since S is continuous, so

SxSSxxSx nn →⇒→

and .SxSTxxTx nn →⇒→
Therefore,

),(),(
),(),(
SxSTxdSTxSSxd

SSxTSxdSxTSxd

nnn

nnn

++
≤

Now taking limit as ∞→n  and using above relations
we get

.=lim0=),(lim SxTSxSxTSxd n
n

n
n ∞→∞→

⇒

 Now we establish the following result

Main Results
Theorem 2  Let (X, d) be a complete d-metric space.

Let XXTSBA →:,,,  be mappings satisfying

the condition

)()(&)()( XBXSXAXT ⊂⊂    (1)

 
)(

),(&),(

Atypeof
compatible

areASBTpairsThe

(2)









+

+









+

≤

),(),(
),(),(

),(),(
),(),(

),(

AxSydTxAxd
ByTydAxTxd

AxSydTxAxd
AyBxdSyAyd

SyTxd

β

α

       (3)









+

+









+

+

),(),(
),(),(

),(),(
),(),(

TyBxdTyAxd
SyAydTxBxd

AxSydTxAxd
AySydSxAxd

δ

γ









+

+









+

+

),(),(
),(),(

),(),(
),(),(

TyAxdAyBxd
TyBydSxAxd

SyBxdTxBxd
SyTxdAyBxd

µ

κ

for all Xyx ∈,  and 0,,,,, ≥µκδγβα  such that

1<0 µκδγβα +++++≤ . If any one of A, B, S,

T is continuous then A, B, S and T have a unique
common fixed point in X.

Proof. Let us define a sequence Xyn ∈}{  such that
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1,2,3,...==
,=,=,=

22

2212222212

nforyBx
ySxyAxyTx

nn

nnnnnn ++++
(4)

 Let us consider









+

+
++

+++

),(),(
),(),(

222122

2212122

nnnn

nnnn

yydyyd
yydyyd

µ  

 
therefore 

),()(
),(

122

2212

+

++

+++++≤ nn

nn

yyd
yyd

µκδγβα
 

 
1<)(= µκδγβα +++++hLet  

 
),(),( 1222212 +++ ≤ nnnn yyhdyydThen  

 
Similarly we can obtain  
 

),(),( 212122 nnnn yyhdyyd −+ ≤  

),(...),(

),(),(

10212
2

1222212

yydhyydh

yyhdyydHence
n

nn

nnnn

≤≤≤

≤

−

+++
 

 This shows that  
),(...),(),( 0111 yydhyyhdyyd n

nnnn ≤≤≤ −+  
 
For every integer 0>q  we have  

),(),(

...),(),(

112

1

nnnn

qnqnnqn

yydyyd

yydyyd

+++

−+++

++

+≤
 

),(1)...( 1
21

nn
q yydhhh +

− ++++≤  

),(1)...( 01
21 yydhhhh nq ++++≤ −  

 Since 1<h , so 0→nh  as ∞→n . 
 
Therefore 0),( →+ nqn yyd  as ∞→n .  

 
This implies that }{ ny  is a cauchy sequence. 
 
Since X is complete, so there exists a po int Xz ∈
such thart zyn →}{ . Consequently subsequences  
 

.}{=}{
&}{=}{

12112

22

zTxSx
zBxAx

nn

nn

→
→

++

  (5) 

 
Since the pair (T, B) is compatible of type(A) and let T 
is continuous, then by proposition (1) we have  

 
→→ TzBTxandTzTTx

 

.
22

∞→

→→

nas

TzBTxandTzTTx nn

(6)
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12222
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Now,  


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++

+++

++
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Now, we show that z  is the fixe d point of T  i.e 
.= zTz  For this,  






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
+

≤

+

+++

+
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),(
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Now taking limit as ∞→n  and using relations (5) and 
(6) we have  
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),(),(
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which is a contradiction, hence 
 

.=0=),( zTzzTzd ⇒  
 

Again, since the pair ),( BT  is compatible of type(A) 
and B is continuous then  
 

BzTBxBzBBx nn →→ 22 &         (7) 

We show that z  is the fixed point of B i.e .= zBz  
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Now taking limit as ∞→n  and using relations (5) and 
(7) we have  

),(
3
1
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which is a contradiction, hence 
 

zBzzBzd =0=),( ⇒  
 

Again, Since the pair ),( AS  is compatible of type(A) 

and if S  is continuous, then by proposition (1) we have  
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SzASxandSzSSx nn →→ 22  
 
If we consider 12= +nxx  and nSxy 2=  in 

relation (3) and proceed as in above cases, then 
we obtain  

zSz =  
Similarly one can show that if the pair ),( AS
is compatible of type(A) and A  is continuous 
then  

zAz =  
Therefore from above relations, we have  

zTzSzBzAz ====  
Thus z  is the common fixed point of the 
mappings .&,, TSBA  
 
Uniqueness : 
Let z  and w  are two common fixed points of 
the mappings SBA ,,  and T . Then  
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which is a contradiction.  
Therefore .=0=),( wzwzd ⇒  
Hence SBA ,,  and T  have a unique common 
fixed point. 
Now we have following corollaries. 
If we put AB =  in  theorem (2) , then it is reduced 
to following corollary 
 
Corrollary 1 Let (X, d) be a complete d-metric 
space. Let XXTSA →:,,  be mappings 
satisfying the condition  
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for all Xyx ∈,  and 0,,,,, ≥µκδγβα  such that 

1<0 µκδγβα +++++≤ . If any one of A, S, 
T is continuous then A, S and T have a unique 
common fixed point in X.  
If we put T = S and B = A then the above theorem 
(2) is reduced to the following corollary 
Corrollary 2 Let (X, d) be a complete d-metric 
space. Let XXSA →:,  be mappings satisfying 
the condition  
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If any one of A, S is continuous then A and S have a 
unique common fixed point in X.  
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If any one of S and T is continuous then S and T have
a unique common fixed point in X.

If we put T = S in the above theorem (2) then we obtain

Corrollary 5 Let (X, d) be a complete d metric space.
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XXS ⊂)(  

)(
),(

Atype
ofcompatibleisISpairThe

 

and 

for all Xyx ∈,  and 0,,,,, ≥µκδγβα  such that

1<0 µκδγβα +++++≤ . If S is continuous
then S have a unique common fixed point in X.

If we put A = B = I in the above theorem (2) then we
obtain the following corollary

Corrollary 4 Let (X, d) be a complete d-metric space.

Let XXITS →:,,  be mappings satisfying the

condition

)()(&)( XIXSXT ⊂
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Let XXSBA →:,,  be mappings satisfying the

condition

)()(&)()( XBXSXAXS ⊂⊂

)(
),(&),(

Atypeofcompatible
areASBSpairsThe

and


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


+

+





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


+
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),(),(
),(),(

),(),(
),(),(

),(

AxSydSxAxd
BySydAxSxd

AxSydSxAxd
AyBxdSyAyd

SySxd

β
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







+

+









+

+

),(),(
),(),(

),(),(
),(),(

SyBxdSyAxd
SyAydSxBxd

AxSydSxAxd
AySydSxAxd

δ

γ

 









+

+









+

+

),(),(
),(),(

),(),(
),(),(

SyAxdAyBxd
SyBydSxAxd

SyBxdSxBxd
SySxdAyBxd

µ

κ

 

 
for all Xyx ∈,  and 0,,,,, ≥µκδγβα  such that

1<0 µκδγβα +++++≤ . If any one of A, B,
S is continuous then A, B and S have a unique common
fixed point in X.
Now we have the following theorem
Theorem 3 Let (X, d) be a complete d-metric space.

Let XXTSBA →:,,, . Suppose that any one of

A, B, S, T is continuous and for some positive integers
p, q, r, s which satisfy the following conditions

)()(&)()( XBXSXAXT qrps ⊂⊂

)(
),(&),(

Atypeofcompatibleare
ASBTpairsThe

and

 








+

≤
),(),(

),(),(),(
xAySdxTxAd

yAxBdySyAdySxTd
prsp

pqrp
rs α









+

+









+

+

),(),(
),(),(

),(),(
),(),(

yTxBdyTxAd
ySyAdxTxBd

xAySdxTxAd
yAySdxSxAd

sqsp

rpsq

prsp

prrp

δ

γ

 

 









+

+









+

+

),(),(
),(),(

),(),(
),(),(

yTxAdyAxBd
yTyBdxSxAd

ySxBdxTxBd
ySxTdyAxBd

sppq

sqrp

rqsq

rspq

µ

κ

 

for all Xyx ∈,  and 0,,,,, ≥µκδγβα  such that

1<0 µκδγβα +++++≤  then A, B, S and TT

have a unique common fixed point in X.

Proof. The proof of this theorem is similar to the above
theorem (2).
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