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Abstract

Inthisarticlewe establish acommon fixed point result for two pairs of mappingsof compatibletype(A) in dislocated
metric space which generalizes and extends the similar resultsin the literature.
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Introduction

In 1922, S. Banach established a fixed point theorem
for contraction mapping in metric space. Since then a
number of fixed point theorems have been proved by
many authors and various generalizations of this
theorem have been established. G. Jungck (1976)
initiated the concept of commuting maps and
generalized it with the concept of compatible maps
(Jungck 1986, 1988) and established some important
fixed point results. G. Jungck, P. P. Murthy and Y. J.
Cho (1993) initiated the concept of compatible
mappings of type (A) in metric space.

The study of common fixed point of mappings
satisfying contractivetype conditions hasbeen avery
active field of research activity. S. G. Matthews
(1986)introduced the concept of dislocated metric
space under the name of metric domains in domain
theory. P. Hitzler and A. K. Seda (2000) generalized
thefamous Banach Contraction Principlein dislocated
metric space. The study of dislocated metric plays
very important role in topology, logic programming
and in electronics engineering.

The purpose of this article is to establish a common
fixed point theorem for two pairs of mappings of
compatibletype (A) indislocated metric spaceswhich
generalizeand improvesimilar results of fixed pointin
the literature.
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Preliminaries
We start with the following definitions, lemmas and
theorems.

Definition 1 Let X beanon empty set and let

d: X~ X ® [0,¥) bea function satisfying the
following conditions:

@ d(xy) =d(y,x)

(i) d(xy)=d(y,X) =0implies X =Y.

(iii) d(x, y) £ d(x, 2) +d(z, y)

fordlx,y,z| X.

Then discalled dislocated metric(or simply d-metric)
on X.

Definition 2 A sequence { X,} in a d-metric space
(X, d) iscalled a Cauchy sequenceif for given
€ > O, therecorresponds Ny | N such that for all

m,n 3 n,,wehave d(Xx,, X )<e.

Definition 3 A sequence in d-metric space
converges with respect to d (or in d) if there exists

xT X suchthat d(X,,X)® 0 asn® ¥.

Inthiscase, x iscalled limitof {X } (ind)and we
write X, ® X.
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Definition 4 A d-metric space (X,d) iscalled
completeif every Cauchy sequenceinit isconvergent
with respect to (.

Definition 5 Let (X,d) bead-metric space. Amap
T : X ® X iscalled contraction if there exists a
number | with Q £] < 1suchthat

d(Tx,Ty) £1 d(xy).

We state the following lemmas without proof.
Lemmal Limitsin ad-metric space are unique.

Theorem 1 Let (X, d) beacompleted-metric space
andlet T : X ® X beacontraction mapping, then
T hasa unique fixed point.

Definition 6 Let A and S betwo self mappingson
aset X .Mappings A and S are said to be

commuting if ASx=SAx" xI X.

Definition 7Let A and S betwo self mappingson a
set X .If Ax= S for some x| X ,then X is
called coincidence point of A and S.

Definition 8 Two mappings Sand T from a metric
space (X, d) into itself are called compatible of

type(A) if

|i(r£ d(STx,,TTx,) =0

and

Ii&rl d(TSx,, S,) =0

whenever { X } isasequencein X such that _

lim S, =lim Tx, =x for some x| X
n® ¥ n® ¥

Proposition 1 Let Sand T be mappings of compatible
type(A) fromametric space (X, d) intoitself. Suppose
that

im S =limTx,=x for some xI X
n® ¥ n® ¥

If Siscontinuous then I,!g:; TS, =X

Proof. Since Sis continuous, so

X ® xp SX, ®

and TX, ® xpP SIx, ® .
Therefore,

d(TS,,SX) £d(TSX,, S5X,,)
+d(SX,, STx,,) +d(STX,, X)

Now takinglimitasn ® ¥ and using aboverelations
we get

lim d(TSX,, ) =0b  |im T, = S

n® ¥ n®¥
Now we establish the following result

Main Results
Theorem 2 Let (X, d) be a complete d-metric space.

Let A,B,S,T: X® X be mappings satisfying
the condition

TX)T AX) & S(X)T B(X) @
The pairs (T,B) & (S,A are
compatible
of type(A)

@

é d(Ay, Sy)d(Bx, Ay) U

&d(A%,Tx) +d(Sy, A

+p & (% AX)d(Ty, By) U &)
&d (A, Tx) +d (S, A Y

d(Tx,9)) £a

¢ d(AXAS,AY U, é d(Bx AYd(Tx S) U
AT+ (AR &(BXTY) +d(Bx Sy
+gS A(BXTYA(AYS) U € d(Ax SYd(By.Ty) U
&(AXTY) +d(BXTy)g  &d(Bx, Ay) +d(Ax Ty)l

*g

forall X, yT X and a,b,g,d,k, 3 0O such that

Ofa +b+g+d+k +m<l.ifanyonecfA,B,S,

T is continuous then A, B, Sand T have a unique
common fixed pointin X.

Proof. Let us define asequence { ¥, }T X such that
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TX2n+1 y2n+2 ’ X2 y2n ’ 2n+l — y2n+2 ’
Bx, =y,, for n=123,..
Let us consider
d(TXZn ' S(2n+1)
a gd (AX2n+17 S(2n+1)d (BXZn ’ AX2n+1) 3
EA(AX,,, TXy, ) + d(SKXppy, AXy,) (i
b e d (TX2n1 Zn)d (TX2n+1’ BX2n+1) l:l

G (A i) + 1S Ay

+ gd(AXZni S(Zn)d(S(Znﬂ! AX2n+1) l\'l
BA(AY,, T, ) + (96, A%,) g

2n+1?

d e d(BXZn 'Tx2n )d(AX2n+l’ S(2r1+1) U
ed(AXZn’ AX2n+1) + d(BX2n ’TX2n+1) u

i S0 A, ) (1, ) U
ed ( BX2n ! TX2n) + d ( BXZn ’ S(2n+1) 0

o & A0A%, 96)d(B,,, T
ed(BXZn Ao ) + A (A0, o)

Now,

d (y2n+1’ y2n+2) £
5 €9 (Yansas Yons2) A(Yan: Yona) U
&A(Ys0s Yarea) + AV V)
b gd(y2n+l’ yZn)d(y2n+2’ y2n+1)
ed(yZn’ y2n+1) d(y2n+2! yZn) u
+ g ~ d(y2nl y2n+1)d(y2n+2’ y2n+1)

ed(yZn’ y2n+1) + d(y2n+Zl y2n) u
+ d e d(y2n1 y2n+1)d(y2n+1! y2n+2) U

€ U

ed(yZn! y2n+1) + d(y2n1 y2n+2)
+k ?d(yZn’ y2n+l)d (y2n+1’ y2n+2) lﬁl

€ u

Ed(Yan, Yana) + A(Yans Yons2) 0

2n+1) l;l
U
u
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+ méd(yzn’ y2n+l)d(y2n+ll y2n+2) l‘:l
ed (y2n! y2n+l) (yzna y2n+2) u

therefore

d(y2n+1’ y2n+2)
E@+b+g+d+k+md(yy, Yonu)

Let h=@+b+g+d+k+m<1

Then d(Yanis Yons2) £ hA(Yans Yona)

Similarly we can obtain

d (yZn’ y2n+1) £ hd(yZn-1' y2n)
Hence d(y2n+lf y2n+2) £ hd(yZn ' y2n+l)

£ hzd(y2n_1, Yon) £ £N"d(Y,.Y,)
This shows that

d (Yo Ya) £0d(Y,, Y,.0) £..£0°d(y,, Y,)

For every integer > 0 we have
d(yn+q 1 yn) £ d(yn+q ’ yn+q-1) +"'

+ d(yn+2’ yn+1) + d(yn+l’ yn)
E(h™ +..+h +h+1)d(y,..,)

£(h*'+..+h*+h+1)hd(y,,Y,)
Snce N<1l oo h"® 0asnN® ¥

Therefore d(Y,,,, ¥,)® 0asn® ¥.

Thisimpliesthat { y,} isacauchy sequence.

Since X is complete, so there exists a point zl X
suchthart {y,} ® Zz. Consequently subsequences

{AX} ={Bx,,} ® z &

©)
{S(2n+11} = {TX2n+1} ® z

Since the pair (T, B) is compatible of type(A) and let T
is continuous, then by proposition (1) we have

TTX,, ® Tz and BTx,, ® Tz
as n® ¥. ©)
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Tz = z Forthis,
d(TTX,, opig) £

o & (A1, 96, ) (BT, Atyyy) U

& (ATX,,, TTX,,) +d(SG,.0, ATX,,)

+ bé d(-erZn ' ATXZn)d(TX2n+1' BX2n+1)

+

Now taking limitas N® ¥ and using relations (5) and

k é d(BTXZn, AXZnﬂ)d(-ITin!S(Znﬂ) >

u
U
u

Ed(ATX,,, TTX,,) +d(S, ATy, )

g d (ATXZH’ SI-XZn) (S(2n+11 AX2n+1)
éd(ATXZH ’-ITXZn) + d(S(2n+1’ ATXZn)

ded(BTXZn'-erZn) (AX2n+l' 2n+l)

G (ATx,,, Arg,) + d(BTXyy Ty )

u
ed(BTXZn’TrXZn) + d( BTXZn ) S(2n+1) H

né d(ATXZn’ STXZn)d(B)(2n+1’-l-x2n+1) L‘,'l

€ u
éd (BTXZn ' AX2n+1) + d(ATXZn ’TX2n+1) 0

(6) we have

d(Tz,2 £k

€ d(Tz2)d(Tz2) U
&d(TzT2) +d(Tz,2)]

k
£—d(Tz,
L4122

which is a contradiction, hence

d(Tz 2)

Again, since the pair (T,B) is compatible of type(A)

=0pb Tz=1z

and B is continuous then

BBx,,® Bz & TBx,,® Bz (7)
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We show that Z isthe fixed point of Bi.e Bz=1Zz

For this put X = BX,,
(3), we have

& Y= X,,, intherelation

d(TBXy,, Xppy) £
a é d(AX2n+1’ S(2n+1)d(BBX2n ' AX2n+1) l‘jl
&d(ABX,,, TBX,,) + d(Synes, ABX,, )

& d0TB, AB AT, B)
S0 (B, TBYy) +0(Styr.r, ABY, ) o

ge d(ABXZn’ s'D’)(Zn)d(S(Znﬂ’ AX2n+1) l‘ﬁl
&d(ABx,,., TBX,,) + d(S%.., ABX,,) )

e d(BBX2n ’TBXZn)d(AX2n+l! S(2n+1) U
ed (ABXQn' AXZ ) + d(BBXZn’TX2n+1) u

?d BBXZn’AX2n+1) TbXZn’S(Znﬂ) l:J
gd(BBXZn’TBXZn) + d(BBXan S(2n+1)ld

mé d (ABXZn ' 83)(Zn)d ( BX2n+1' TX2n+1) l;l
u
&d(BBX,,, AXy,.) +d(ABX,0, TXonea)

Now taking limitas N® ¥ and using relations (5) and
(7) we have

d(Bz2) £k d(Bz 2)d(bz, 2)

d(BzBz)+d(Bz2)

£k %d (Bz,2)
which is a contradiction, hence

d(Bz,2=0b Bz=2

Again, Since the pair (S, A) is compatible of type(A)
andif S is continuous, then by proposition (1) we have
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SX,,® Sz and A, ®

If we consider X=X,,,, and Y=, in

relation (3) and proceed as in above cases, then
we obtain

S=z
Similarly one can show that if the pair (S, A)

is compatible of type(A) and A is continuous
then

Az=12

Therefore from above relations, we have
Az=Bz==Tz=12

Thus z is the common fixed point of the
mappings A,B,S & T.

Uniqueness::
Let Zz and W are two common fixed points of

the mappings A,B,S and T . Then

d(z,w) =d(Tz,Sw) £
aéd(AW, Sw)d(Bz, Aw) U
€d(AzTz) + d(Sw, A2) §
be d(Tz, Az)d(Tw, Bw) U

€d(Az,Tz) + d(Sw, Az) |}

é d(Az S2)d(Sw, Aw) 0

€d(Az,Tz) + d(Sw, A2 i

é d(BzTz)d(Aw, Sw) u

ed(Az Aw) + d(Bz, TW) o

€ d(Bz, Aw)d(Tz,Sw) U
tke a

&d(Bz T2) +d(Bz, Sw)

€ d(Az,S2)d(Bw,Tw) U

€d(Bz, Aw) +d (Az, Tw)
€ d(z z)d(w,w) U
&d(z,2)+dw,2)0
€ d(z,z)d(w,w) U
&d(z,w) +d(z,w){
€ d(z,2)d(w,w) U
&d(z,w) +d(zw){

éd(w, w)d(z w) u
ed(z Z)+d(w, z)u

N é d(z,2)d(w, w) u
&d(z,2) +d(w, Z)u
é d(z,w)d(z,w) u
ed(Z z) +d(z, W)u

£B2,909 oG em+ Lz w
e 3 3 3g

which is a contradiction.

Therefore d(z,w) =0bP z=w.

Hence A,B,S and T have a unique common
fixed point.

Now we have following corollaries.

If weput B = A in theorem (2) , then it is reduced
to following corollary

Corrollary 1Let (X, d) be a complete d-metric
space. Let A,ST: X ® X bemappings
satisfying the condition

T(X) & S(X)I AX)

The pars (T,A & (SA) ae

compatible of type(A)
and
d(Tx 3) 2SS N(AL AY) U

&d(Ax,Tx) +d(S/, A)H
be d(Tx, AX)d(Ty, Ay) U
(A TX) +d(Sy, A9 Y
gg d(Ax, S))d(Sy, Ay) U
&d (A Tx) +d(Sy, A §
de d(AxTx)d(Ay, ) U
&d(Ax Ty) +d(Ax Ty)
ke d(Ax Ay)d(Tx, &) U
Ed(AX,Tx) + d(Ax, 9) §
€ d(Ax,SX)d(Ay,Ty) u
&d(Ax Ay) +d(ATy)

foral x,yl X and a,b,g,d,k,m3 0 such that
Ofa+b+g+d+k+m<1. If any oneof A, S,
T is continuous then A, S and T have a unique
common fixed point in X.

If weput T = SandB = A then the above theorem
(2) isreduced tothefollowing corollary
Corrollary 2Let (X, d) be a complete d-metric
space. Let A, S: X ® X be mappings satisfying
the condition
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S(X)T A(X)

The pair (S,A) is compatible of

type(A)
and

€ d(Ay, Sy)d(Ax Ay) U
IS ) g 59 + (5, AR
be d(Sx, AX)d(Sy, Ay) U
8 (A% ) +d (S, A
+g§ d(Ax )d(Sy, Ay) @
&d(Ax ) +d(Sy, AX)
4 g d(Ax S9d(Ay, ) U
Sd(A ) + d(Ax )
ke d(Ax, Ay)d(, ) u
&(A% S9 + d(Ax Sl
, € d(AXS)d(AY, 9) U
&d (A, Ay) +d(Ax Sy)t
for all x,yT X ad a,b,g,d,k,m3 0 such that

Ofa+b +g+d+k +m<1.

If any one of A, Sis continuous then A and S have a
unique common fixed point in X.

If weput A =B =1and T = Sin the above theorem (2)
then we obtain

Corrollary 3Let (X, d) be a complete d-metric space.

Let S| : X ® X bemappings satisfying the
condition

S(X)1 X

The pair (S,I) is compatible of
type(A)

and

d( §) £a £ 30, Hdxy) U

&d(x, ) + d(Sy, X {
be d(S,x)d(Sy,y) u
&d(x.S9 +d(3, %)}
4 € d(x S9d(Syy) @
&d(x, 39 +d(S/,X) b

pqf G0xS9d(%9) o
&d(Ax,Sy) + d(Ax, )1
(a0 DA b
&d(x, ) + d(x, )
ed(x X)d(y, ) u
&d(x y) +d(x, )
fordl X,yl X anda,b,g,d,k, 3 O such that

Ofa +b +g+d +k +mr<1.If Sis continuous
then S have a unigque common fixed point in X.

If we put A = B =1 in the above theorem (2) then we
obtain the following corollary

Corrollary 4 Let (X, d) be a complete d-metric space.
Let S,T,l : X ® X be mappings satisfying the
condition

T(X) & S(X)I 1(X)

The pairs (T,I) & (S/1) are
compatible of type(A)

¢ d(y, )d(x Ay) U

& (x, Tx) +d(Sy, X

be d(Tx, X)d(Ty, y) u
&d(x,TX) +d(, )1

d(Tx,Sy) £a

(oS O S.Y) U,
&+ d(sy0f]

é d(x,TxX)d(y,Sy) u
&d(x Ty) +d(x,Ty) 1

L £ VAT Sy) b, ed(x.S9d(y.Ty) U
Ed(x ) +d(x,Sy) 8  &d(xy)+d(xTy) g

for all X,yT X anda,b,qg,d,k, 3 0 suchthat

Ofa+b+g+d+k +mr<l.

If any oneof Sand T iscontinuousthen Sand T have
a unique common fixed point in X.

If weput T = Sinthe abovetheorem (2) then weobtain

Corrollary 5Let (X, d) bea completed metric space.
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Let A B,S: X ® X be mappings satisfying the
condition

S(X)1 A(X) & S(X)I B(X)

The pairs (S,B) & (S,A) are
compatible of type(A)

and

(s, 9) £.2 5 3(AY, H)d(Bx Ay) U

&d (Ax, ) +d(Sy, A {
be d(Sx, Ax)d(Sy,By) U
& (Ax, ) + d(Sy, A i
€ d(Ax S)d(Sy, Ay) ©
&d (Ax, ) +d(Sy, A {
de d(Bx,Sx)d(Ay,Sy) U
Ed(Ax, ) +d(Bx 9) |
I(e d(Bx, Ay)d($,9y) U
ed(Bx ) + d(Bx, a/)u
& d(Ax,S)d(By,Sy) U
&d(Bx, Ay) + d(Ax, )

foral x,yI X anda,b,g,d,k,m3 O suchthat

Ofa +b+g+d+k +m<l.ifanyoneof A,B,

Siscontinuousthen A, B and Shave aunique common
fixed pointin X.

Now we have the following theorem

Theorem 3 Let (X, d) be a complete d-metric space.

Let A B,S,T: X® X. Suppose that any one of

A, B, S, Tiscontinuousand for some positiveintegers
p, g, r, s which satisfy the following conditions

TS(X)1 AP(X) & S'(X)I BYX)

The pairs (T,B) & (S,A)
are compatible  of type (A) &

€ d(A%,S"y)d(B"x,A”y) U

d(T°x,S'y) £a
(T Y) &d (AP, T°x) +d(S"y, APx) o

be d(T°x, A’X)d(T °y,B%y) U
ed(Apr °x) +d(S' y,A”x)u
€ d(A"x,S'x)d(S"y,APy) U
Ed(APX,T°x)+d(S"y, A’X) §

de d(B%,T°x)d(APy,S'"y) u
ed(A”xT y) +d(B%,T*® y)

kg d(Bx, A’y)d(T*x,S"y) U
&d(BIx,T°x)+d(B'x,S"y){}
e d(APx,S'x)d(B%y,T°y) U
ed(qu APy) +d(APXT*® y)“

fordll X,yT X anda,b,g,d,k, 3 O suchthat

Ofa +b+g+d+k +m<lthenA,B,SandT
have a unique common fixed point in X.

Proof. The proof of thistheoremissimilar totheabove
theorem (2).
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