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ABSTRACT
We find some sufficient conditions that a homotypical identity be preserved under epis of
semigroups in conjunction with any nontrivial permutation identity.

INTRODUCTION

The general question of which identities are preserved under epis has been studied in
semigroup theory, ring theory and elsewhere (Burgess, 1975). For example, in (Gardner,
1979) Gardner has shown that certain identities weaker than commutativity are not
preserved under epis of rings athough commutativity is preserved under epis of rings
(Bulazewska, 1965). It has been shown by Higgins (Higgins, 1984), that identities for
which both sides contain repeated variables are not preserved under epis of semigroups.
In (Howie, 1967), Howie and Isbell have shown that commutativity is preserved under
epis of semigroups. The author (Khan, 1982, Khan, 1985) has extended this result and
shown that al identities in conjunction either with commutativity or semicommutative
permutation identity are preserved under epis of semigroups. In (Clfford, 1967, Proof of
Theorem 8.3), Higgins has shown that, in general, al homotypical identities for which
both sides contain repested variables are not preserved under epis in conjunction with any
non trivial permutation identity. In (Khan, 1985, Theorem 4.7), the author has found
some sufficient conditions that a homotypical identity containing repeated variables on
both sides be preserved under epis of semigroups in conjunction with any nontrivia
permutation identity. In this paper we extend further [Khan, 1985, Theorem 4.7(iii)] by
finding some sufficient conditions that a homotypical identity containing repeated
variables on both sides be preserved under epis of semigroups in conjunction with any
nontrivial permutation identity. However, finding a complete determination of all
identities containing repeated variables on both sides which are preserved under epis of
semigroups still remains an open problem.*

Preliminaries;

Amorphisms o: A—B in the category C of semigroups is called an epimorphisms (epi for
short) if 0 C U C and for al morphisms g, y: B — C, o ff = ay implies f = y. It can be
easily verified that a morphism a: S—T isepi if and only if the inclusion map i: So. —»T
Is epi, and the inclusion map i: U —S from any subsemigroup U of Sisepi if and only if
Dom (U, S) =S
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The following, Isbell’s zigzag theorem, provides a most useful characterization of
semigroup dominions.

Result 2.1([9,Theorem 2.3] or [7,Theorem V11.2.13]). Let U be a subsemigroup of any
semigroup S and let d be any element of S. Then d U Dom (U, S) if and only if either
de U ortherearedementsag a1, a2, . aom U U; tg to t, Vi1, Y2,-. Ym L) Ssuch that
d=apty ao = yiau

agi-iti = &gitiva,  Vida = Yir1@2i+1 i=123 ..m1 (1)

amatm = am, Ymom = d.
These equations are called a zigzag of length m over U with value d and spine ap a;,
a, .. aom.
An identity of the form

X1X2X3.. Xn = Xi1Xi2. .. Xin (n>3),

Is called a permutation identity, where i is any permutation of the set {1,2,...,n}. Again a
permutation identity of the form
X1X2X3. Xn = Xi1Xi2 .. Xin )

is caled nontrivia if i is any nontrivial permutation of the set {1,2,...,n}. Further a
permutation identity is said to be semicommutative if i; # 1 and i, # n. A semigroup Sis
said to be permutative if it satisfies a nontrivial permutation identity (2) and a
permutative semigroup Sis said to be semicommutativeif i; # 1 and iy # n.

Anidentity u = v is said to be preserved under episif for all semigroups

U and S with U a subsemigroup of S and such that Dom(U, S) = S, U satisfying u = v
implies S satisfiesu = v.

Result 2.2 ([12], Theorem 3.1) All permutation identities are preserved under epis.

Result 2.3 ([11], Result 3). Let U be any subsemigroup of a semigroup S. Then for any
d ¢ Dom(U, S)\U, if (1) be a zigzag of shortest possible length m over U with value d,
theny, t; U S\WU O j=1.2,..m.

In the following results, let U and S be any semigroups with U a subsemigroup of S and
such that Dom(U, S) = S.
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Result 2.4 ([11], Result 4). For any d 1 S\U, if (1) be a zigzag of shortest possible length
m over U with value d and k be any positive integer, then there exist &, &, ..., & 0 U
anddi LI S\U suchthat d =a; & & dk

Result 2.5 ([11],Corollary 4.2). If U be permutative, then
SX1 Xo. Xyt = SXj1Xj2 ...Xjkt

O X1, X2, .. Xk U S, s, t 1 S\U, and any permutation j of the set {1,2,...,k}.

Result 2.6 ([12], Proposition 4.6). Let U be a permutative semigroup. If d [ S\U and (1)
be a zigzag of length m over U with value d and withy; [ S\U(for example if the zigzag
(1) is of the shortest possible length), then di = at,* for any positive integer k.

The notations and conventions of Cllifford and Preston or Howie will
be used throughout without explicit mention.

3. Main Result: An identity u = v is said to be homotypical if C(u) = C(v); where C(u),
for any word u, isthe set of all variables appearing in u; otherwise heterotypical.

Theorem 3.1. Let (2) be any nontrivial permutation identity. Then any nontrivial
homotypical identity | (one which is not satisfied by the class of all semigroups) of the
following form is preserved under episin conjunction with (2):

X1P1%2P2. . XX I x (+)

where0< pr<pr1<. <P ppand0< 1 < Q<...< 1= grand r > 0.

Proof: Take any semigroups U and S with U epimorphically embedded in S, and such
that U(and hence, S, by Result 2.2) satisfies the identity (2). We show that the identity(+)
satisfied by U is also satisfied by S. Assume that U satisfies the given identity(»).

For k = 1,2,...,r; consider the word x;P1x2% ...xP of length py + p2 + ... + px. We shall
prove that S satisfies () by induction on k , assumming that the remaining elements X .1,
X ks2,+-4 Xr [ U. First for k = 0, the identity is satisfied by S vacuously. So assume next
that the identity(+) is satisfied 0 Xg, X2,..., Xk:1 I Sand O Xk, Xk+1,..., Xr O U. Without
loss we can assume that xx LI S\U. Asxx I S\WU and Dom(U, S) = S, by Result 2.1, we
may let (1) be a zigzag of shortest possible length m over U with value xx. We assume
firstthat 1< k<.

Now

X1P1XoPa. X P = XP1xaPs L X Pre@o it Pk 1Pk XePr (by eg. (1) and Result 2.6)

3
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(Dp (l)pk_ N br(l)pkt l(l)p

= X1"1%2"% ... Xk1Pk180 kb1 P2 X1 ke X r

(by eqg. (1) and Results 2.4 and 2.5, for some b1 b2, b 0 Uand t,Y O S\W)

= X1P1%2%s ... X1k 180kt PPus b Praz. brP WP, WPy z

(where w® = by PP P b o™ P Pt bR and 7 = XiraPer.. X%, by Result 2.5)
=x,%%2% .. -Xk-lqk-lankbk+1(1)qk+1bk+2(l)qk+2- . -br(l)qu(l)tl(l)ka

(by inductive hypothesisas ay [1 U)

- Vyl(l)qk Cl(l)chz(l)qk ...Cx. 1(l)qkalqkbk+ 1(1)qk+ 1bk+2(l)qk+2- ) .br(l)qu(l)t l(l)lokZ (by eg.(1) and
Result 2.5 and dual of Result 2.4, for some ¢;?,c,Y,....ci® U U; where v = x3%x.%
< X% and y @, 6,0 0 S\w)

— Vyl(l)qu(l)Cl(l)q 102(1)qz. ..Cr. 1(1)qk'1a1qkbk+ 1(1)qk+ lbk+2(1)qk+2. § br(l)qu(l)t l(l)lokZ (by Result 2.5,
wherev® = ¢G4} o WG} o D60 3 a5y, @ O U

=y, W9y De PP, 6 PPy OP b Py, b OO, P, 2

(asU satisfies (+))

= vy DB, P WP, P sanPibi PPebis o PPy b PP D, P, 7

(by Result 2.5, asyl(l) , tl(l) [ S\U andw® = bk+1(l){ pk_pk+1} bk+2(l){pk-pk+2} ...br(l){ pk-pr})

= vy My D, P, P, ¢ WP, APt OP, 5

(by Result 2.5, as ;P = brsMPibis sy .. o PPt P

= vy DB, P, WP, 6 1 DP saP Pz

(by Result 2.5 and equations (1))

= VYm-l(l)qu(m_l)Cl(m_l)p1C2(m_l)p2- Gk ™ P 18om Pk tPkZ
= VW l(l)qu(m'l)c l(m'l)p 1C2(m-1)p2- ..Cx. 1(m'1)pk_ 1%m- 2pkbk+ 1(m)pkbk+ 2(m)pk_ N br(m)pktm(l)pkz

(by Results 2.4 and 2.5 as yim 1, trn® O S\U for some br™ bie™ ....o™ O U )

k-lan-Zpkbk+1(m)pk+1bk+2(m)pk+2. . br(m)pr W(m) tm(l)ka

= Vym. l(l)qu(m'l)c l(m'l)p 1C2(m-1)p2- ..Ck. 1(m-1)p
(by Result 2.5 asym.l(l), tm(l) U S\U, where W(m) = bk+1(m){pk-pk+l} bk+2(m){ pk-pk+2} mbr(m){pk-pr})

k-lan-qubk+1(m)qk+1bk+2
(since U satisfies (+))

= VYm-l(l)qu(m-l)Cl(m-l)quZ(m-l)qk- . -Ck-1(m-l)qkaZm-zqkbk+1(m)qk+1bk+2(m)qk+2- . br(m)qr W(m)tm(l)pkZ
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(by Result 2.5, as V(™D = ¢,(™Ma a}te mDa-a} o  mDig-q 3
and ym1® t:P 0 S\W)
= Vym1%@om 2%k 1™ e 1bics 2™ 2. . oM WMt (DR, 7
(by Result 2.5, as Ym-1% = Y1 D% ™% ™9 g ™9 and yina ™ 1P L S\WU)
= Vqukan-lqkbk+1(m)qk+1bk+2(m)qk+2- b ™9, W™, WP, 7
(by Result 2.5 and equations (1) as ym1® tn® O S\U)
= Wy ™™ G 1™ g b ™ 1biess™ .. by ™ WM, P, 7
(by Result 2.5 and dual of Result 2.4 for some ¢,™ c,™ . ¢i™e U andy,® U S\WU)
= WM™, M, e, M, o 1™ a1 Oebi s ™ 1bies ™. b M WMt WP,z
(by Result 2.5 as Y, l(l) ’ tm(l) 0 S\U, where vim = Cl(m){qk-ql} Cz(m){qk-qz} ...C. l(m){qk-qk_ 1})
= Wy DM, MR MR, o B2 B b ™P 1B ™ e . by TP WM P, 7
(as U satisfies (+))
= W™, MM, o 1™ dom 1 Pebi s ™Piebi 2 ™Pr. .. b MR (Mg, (WP, Z

(by Result 2.5, as ym? tn® O S\WU

and W™ = bt ™P P, b, ™R b ™R P
= vy Dy Mg, P W o B o Pt Pz
(by Result 2.5, as Y™ tm O S\WU  and tnPs = bs™Pebie2™Py... b MP wMt, (D)
= WM™, P, e, (P, o s M o Piz
(by Result 2.5 and equations (1), asym™® tm U S\U)

_ 1
= Vym( )qu(m)cl(m)plcz(m)pz. . .Ck-1(m)pk-1agmpk Xk+1pk+1Xk+2 pk+2- - Xr pr

(85 Z = Xp1 ke Xk 2 Pk 2. Xe )

= Vym(l)qu(m)cl(m)q 1C2(m)q2- ..Cr. l(m)qk_ 180m % XierrHer X2 Trnn . X O

(as U satisfies (+))

= VymP%v™e M9 6™ o™ @omh X ka1 Hr1X ke Herzenn Xe

(by Result 2.5, 8 Ym® tm 0 S\WU and v™ = ;™G9 e, Mg 4} ¢ (MHa.a by
= VYm k@om k X k+1 k1X ke2 ke2... Xrr

(by Result 2.5, asyk = Ym(l)chl(m)chz(m)qk- ) -Ck-l(m)qk)

= X191%2%. .. % (by Result 2.6 asv = v = X3 %1x2% ... Xk1%1),

asrequired.

Finally, aproof in the remaining cases, namely whenk =1ork =r,
can be obtained from the proof above by making the following conventions:
Firstwhenk =1,

(i) theword v =1,
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(i) the word

Cl(i)quQ(i)qk. . .Ck-l(i)qk = Cl(i)qlCz(i)qz. . .Ck-l(i)qk.l =1fori= 1, 2,....m.

and

Cl(i)plcz(i)pz...Ck-l(i)pk-l = V(i) =land yi(l) =i fori = 1 2,...m.

Dually whenk =,

(iYwordz=1,
(i) the word

bk+1(i)pkbk+2(i)pk---br(i)pk = bk+1(i)pk+1bk+2(i)pk+2---br(i)pr: 1 fori=12...m.

and

bk+1(i)qk+1bk+2(i)qk+2...br(i)qr = W(i) =1fori= 1, 2,....m.

Remark. The Theorem 3.1 extends [12, Theorem (iii)].
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