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ABSTRACT 
This study explores the integration of hypergeometric supertrigonometric functions, with a particular focus on 
hypergeometric supersine and hypergeometric supercosine functions, by leveraging the properties and relationships 
of generalized hypergeometric functions. By expressing hypergeometric supertrigonometric functions in terms of 
hypergeometric functions, we derive integral representations that connect these functions to classical results in 
generalized hypergeometric theory. The work emphasizes the role of convergence conditions, parameters and 
highlighting special cases where the results can be expressed in simple form, providing a unified framework for 
evaluating integrals involving hypergeometric trigonometric functions. 
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INTRODUCTION AND PRELIMINARIES 
The integration of hypergeometric supertrigonometric 
functions represents an advanced area of mathematical 
analysis with significant applications in mathematical 
physics, engineering, and computational mathematics. 
Hypergeometric functions serve as a unifying framework 
for various classes of special functions, including 
hypergeometric supertrigonometric functions (Yang, 
2020; Yang, 2021). This study focuses on expressing and 
evaluating integrals of hypergeometric 
supertrigonometric functions using the well-established 
theory of generalized hypergeometric functions in 
Rainville (Rainville, 1960) . The approach enables a 
systematic derivation of integral representations, 
offering insights into their convergence and broader 
applicability (Binet, 1839; Euler, 1772) . 
 
Hypergeometric functions trace their origins to the work 
of Euler, Gauss, and Riemann in the 18th and 19th 
centuries (Bailey, 1935; Euler, 1729; Rainville, 1960). The 
generalized hypergeometric function, introduced in the 
19th century by Clausen. This generalization laid the 
groundwork for studying a wide variety of special 
functions. The concept of hypergeometric 
supertrigonometric functions, arising from extensions of 
trigonometric and hypergeometric functions. Integration 
techniques involving hypergeometric functions have 
been developed, with contributions from 
mathematicians such as Kummer, Whipple, Saalschütz, 
paving the way for their modern applications in 
evaluating complex integrals and solving differential 
equations (Rainville, 1960; Bailey, 1935). This concept 
will be applied to double integrals involving generalized 
hypergeometric supertrigonometric functionst (Basnet et 
al., 2024a), as well as integrals involving two generalized 

hypergeometric supertrigonometric functions (Basnet et 
al., 2024b). 
 
Definition (Gamma Function): Gamma function 
(Euler integral of the first kind) is defined as  
      

Γ(𝑢) =  ∫ 𝑒−𝑥∞

0
𝑥𝑢−1 𝑑𝑥,    for 𝑢 ∈  ℂ  with ℛ𝑒(𝑢) > 0.   

 
This formula was introduced by Euler in 1729 (Euler, 
1729),    

Where Γ(𝑢 + 1) =  𝑢Γ(𝑢),      Γ(𝑢 + 1) = 𝑢!, Γ (
1

2
) =  √𝜋.  

 

The notation Γ(𝑢) was introduced by Legendre in 1814 
(Legendre, 1814). 
 
Definition (Beta Function): The beta function (Euler 

integral of the second kind) of 𝑚 and 𝑛 is denoted by 

𝐵(𝑚, 𝑛) and is defined by 
  

𝐵(𝑢, 𝑣) =
Γ(𝑢)Γ(𝑣) 

Γ(𝑢+𝑣)
= ∫ 𝑥𝑢−11

0
(1 − 𝑥)𝑣−1 𝑑𝑥, ℛ𝑒(𝑢) > 0,

ℛ𝑒(𝑣) > 0 for 𝑢, 𝑣 ∈ ℂ ∖ ℤ0
−,  

 
where ℤ+, ℤ−, ℝ+, ℝ−𝑎𝑛𝑑 ℕ are the sets of positive 
integers, negative integers, positive real numbers, 
negative real numbers and natural numbers, respectively, 

and  ℤ0
− =  ℤ− ∪ 0, ℕ0 = ℕ ∪ 0.   

 
This formula was first introduced by Euler in 1772 
(Euler, 1772). The name of the beta function was 
introduced by Binet in 1839 (Binet, 1839). 
 
Definition (Pochhammer symbol): The Pochhammer 
symbol is defined as  
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(𝑢)𝑛 =
Γ(𝑢+𝑛)

Γ(𝑢)
  and (𝑢)𝑛 =  ∏ (𝑢 + 𝑘 − 1), (𝑢)0 =𝑛

𝑘=1

1, (1)𝑛 = 𝑛!, where 𝑢 ∈ ℂ and  𝑘, 𝑛 ∈ ℕ.  
 
This symbol was introduced by the German 
mathematician Leo Pochhammer in 1870 (Pochhammer, 
1870) . 
 
Definition (Gauss’s Hypergeometric Function) 
(Gauss, 1812): The Gauss’s hypergeometric function is 
defined as   

   2F1 [
𝑢, 𝑣

𝑤
; 𝑥] =  ∑

(𝑢)𝑛 (𝑣)𝑛

(𝑤)𝑛

∞
𝑛=0  

𝑥𝑛

𝑛!
= 1 +  

𝑢 𝑣

𝑤
 

𝑥

1!
+

 
𝑢 (𝑢+1)𝑣(𝑣+1)

𝑤 (𝑤+1)
 
𝑥2

2!
+ ⋯                            (1.1) 

 

where 𝑢, 𝑣, 𝑤 ∈ ℂ, 𝑛 ∈ ℕ0, 𝑤 ≠ 0, −1, −2, …    
 
This is (i) convergent if |𝑥| < 1 and divergent if |𝑥| > 1,  
(ii) convergent if 𝑅𝑒(𝑤 − 𝑢 − 𝑣) > 0 when  𝑥 =  ± 1, and 
(iii) convergent but not absolutely if −1 ≤  𝑅𝑒(𝑤 − 𝑢 −

𝑣) < 0 when  𝑥 =  − 1.            
 
Definition (Kummer Confluent Hypergeometric 
Function) (Rainville, 1960): The Kummer confluent 
hypergeometric function is defined as  
 

1F1[
𝑢,
𝑣

; 𝑥] =  ∑
(𝑢)𝑛 

(𝑣)𝑛

∞
𝑛=0  

𝑥𝑛

𝑛!
= 1 + 

𝑢 

𝑣
 

𝑥

1!
+

 
𝑢 (𝑢+1)

𝑣 (𝑣+1)
 
𝑥2

2!
+ ⋯                                               (1.2) 

where 𝑢, 𝑣, ∈ ℂ, 𝑛 ∈ ℕ0, 𝑣 ≠ 0, −1, −2, …    
This was introduced by Kummer in 1836.        
 
Definition (Generalized (Clausen) Hypergeometric 
Function) (Bailey, 1935; Rainville, 1960): The 
generalized (Clausen) hypergeometric function is 
defined as  

pFq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] = ∑

(𝑟1)𝑛 … (𝑟𝑝)𝑛

(𝑠1)𝑛… (𝑠𝑞)𝑛

∞
𝑛=0  

𝑥𝑛

𝑛!
   (1.3) 

 
This is an extended version of the Gauss’s 
hypergeometric function was introduced by Clausen, 
which is now called the generalized or Clausen 
hypergeometric function. 
 

This is (i) convergent absolutely if |𝑥| < 1 and divergent 

if p <  q,  

(ii) convergent absolutely for |𝑥| < 1 if  𝑝 = 𝑞 +
1  and divergent for |𝑥| > 1, 

(iii) convergent absolutely for |𝑥| = 1 if   

 𝑅𝑒(∑ 𝑠𝑘 − ∑ 𝑟𝑘
𝑝
𝑘=1

𝑞
𝑘=1 ) > 0,   

(iv) convergent only for 𝑥 = 0 if 𝑝 > 𝑞 + 1. 
 
The Hypergeometric Supertrigonometric 
Functions via Generalized Hypergeometric 
function: 
Definition: The family of the hypergeometric functions 
containing the hypergeometric supersine, 
hypergeometric supercosine, hypergeometric 
supertangent, hypergeometric supercotangent, 
hypergeometric supersecant and hypergeometric 

supercosecant is called the hypergeometric 
supertrigonometric functions via generalized 
hypergeometric functions (Yang, 2020, 2021). 
 
Definition (Hypergeometric Supertrigonometric 
Functions) (Yang, 2021):  
 
The hypergeometric supersine function via generalized 
hypergeometric function is defined as 

pSupersinq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =

 ∑
  (−1)𝑛(𝑟1)2𝑛+1 … (𝑟𝑝)2𝑛+1

(𝑠1)𝑛… (𝑠𝑞)2𝑛+1

∞
𝑛=0  

𝑥2𝑛+1

(2𝑛+1)!
    (1.4) 

pSupercosq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =

 ∑
  (−1)𝑛(𝑟1)2𝑛 … (𝑟𝑝)2𝑛

(𝑠1)𝑛… (𝑠𝑞)2𝑛

∞
𝑛=0  

𝑥2𝑛

(2𝑛)!
                (1.5) 

where 𝑎𝑛 , 𝑐𝑛 ∈ ℂ  and 𝑛, 𝑝, 𝑞 ∈ ℕ0.   
 
Both hypergeometric supersine and hypergeometric 
supercosine via Clausen hypergeometric function are 

(i) convergent absolutely for 𝑥 ∈ ℂ if p <  q,  

(ii) convergent absolutely for |𝑥| < 1 and divergent 

for |𝑥| > 1 if  𝑝 = 𝑞 + 1 , 

(iii) convergent absolutely for |𝑥| = 1 if   

 𝑅𝑒(∑ 𝑠𝑘 − ∑ 𝑟𝑘
𝑝
𝑘=1

𝑞
𝑘=1 ) > 0,   

(iv) convergent only for 𝑥 = 0 if 𝑝 > 𝑞 + 1. 
 
Similarly 

pSupertanq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =  

 pSupersinq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]

pSupercosq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]
 ,  

pSupercotq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =  

 pSupercosq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]

pSupersinq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]
 , 

pSupersecq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =  

1

pSupercosq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]
 ,   

pSupercosecq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =  

1

pSupersinq [
𝑟1,… 𝑟𝑝
𝑠1,…,𝑠𝑞

; 𝑥]
 . 

 
 
Relation between hypergeometric 
supertrigonometric functions and generalized 
hypergeometric function (Yang, 2021): 
 

i. pSupersinq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] = 

1

2𝑖
 {pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑖𝑥] −

 pFq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; −𝑖𝑥] }    (1.6) 

ii. pSupercosq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥]= 

1

2
 {pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑖𝑥] +

 pFq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; −𝑖𝑥]}     (1.7)                                                                     

 
Proof (i): Let I denote the right-hand side of (i) and 
using (1.4). Then, we obtain 

I = 
1

2𝑖
 {pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑖𝑥] −  pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; −𝑖𝑥] }    

=  
1

2𝑖
 [∑

  (𝑟1)𝑛 … (𝑟𝑝)𝑛

(𝑠1)𝑛… (𝑠𝑞)𝑛

∞
𝑛=0  

(𝑖𝑥)𝑛

(𝑛)!
 −  ∑

  (𝑟1)𝑛 … (𝑟𝑝)𝑛

(𝑠1)𝑛… (𝑠𝑞)𝑛

∞
𝑛=0  

(−𝑖𝑥)𝑛

(𝑛)!
 ]    

=  
1

2𝑖
 ∑

  (𝑟1)𝑛 … (𝑟𝑝)𝑛

(𝑠1)𝑛… (𝑠𝑞)𝑛

∞
𝑛=0  

𝑖𝑛𝑥𝑛

(𝑛)!
 [1 − (−1)𝑛]   
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since  1 − (−1)𝑛 =  {
2  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
0 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

   

So that 𝑛 replaced by  2𝑛 + 1, then 

I = ∑
(𝑟1)2𝑛+1 … (𝑟𝑝)

2𝑛+1

(𝑠1)2𝑛+1… (𝑠𝑞)2𝑛+1

∞
𝑛=0  

𝑖2𝑛𝑥2𝑛+1

(2𝑛+1)!
     

= ∑
(𝑟1)2𝑛+1 … (𝑟𝑝)

2𝑛+1

(𝑠1)2𝑛+1… (𝑠𝑞)2𝑛+1

∞
𝑛=0  

(−1)𝑛 𝑥2𝑛+1

(2𝑛+1)!
    

= pSupersinq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] =  LHS. 

 
Similarly, we can prove (ii) also. 
 
Integral Theorems Involving Generalized 
Hypergeometric Functions:   
In this section, we present well-established theorems that 
involve integrals of generalized hypergeometric 
functions. 
 

Theorem (2.1): (Poudel et al., 2023) If  𝑝 ≤ 𝑞 +

1, 𝑅𝑒(𝑟1) > 0, . . . , 𝑅𝑒(𝑟𝑝) > 0, 𝑅𝑒(𝑠1) >

0, … , 𝑅𝑒(𝑠𝑞) > 0  and |𝑥| < 1.  Then  

pFq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥] 

=  
Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1
 p-1Fq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑥𝑡] 𝑑𝑡                              (2.1) 

 

Corollary (2.1): (Rainville, 1960) If   𝑅𝑒(𝑟3) >
 𝑅𝑒(𝑟2) > 0  and |𝑥| < 1.  Then  

 2F1 [
𝑟1, 𝑟2

𝑟3
; 𝑥]  =  

Γ(𝑟3)

Γ(𝑟2)Γ(𝑟3−𝑟2)
 ∫ 𝑡𝑟2−1 (1 −

1

0

𝑡)𝑟3−𝑟2−1 (1 − 𝑡𝑥)−𝑟1dt 

                                     = 
Γ(𝑟3)

Γ(𝑟2)Γ(𝑟3−𝑟2)
 ∫ 𝑡𝑟2−1 (1 −

1

0

𝑡)𝑟3−𝑟2−1
 1F0   [

𝑟1

−
; 𝑥𝑡] 𝑑𝑡                  (2.2) 

 

Corollary (2.2) (Bateman, 1953) 2) If   𝑅𝑒(𝑟2) >
 𝑅𝑒(𝑟1) > 0  and |𝑥| < 1.  Then  

 1F1 [
𝑟1

𝑟2
; 𝑥] =

Γ(𝑟2)

Γ(𝑟1)Γ(𝑟2−𝑟1)
 ∫ 𝑡𝑟1−1 (1 −

1

0

𝑡)𝑟2−𝑟1−1
𝑒𝑥𝑡dt     (2.3) 

 
Theorem (2.2): (Bailey, 1935) 

(a) If  𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) >

0, . . . , 𝑅𝑒(𝑟𝑝) > 0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) >

0, 𝑅𝑒(∑ 𝑠𝑘  −  ∑ 𝑟𝑘  
𝑝
𝑘=1

𝑞
𝑘=1 ) > 0 , |𝑥| < 1 and 

𝑘 ∈ ℕ. Then  

∫ 𝑥𝛼 −1 (𝑡 − 𝑥)
𝑡

0

𝛽−1
 pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑥𝑘  ] 𝑑𝑥 =          

𝐵(𝛼, 𝛽)𝑡𝛼+𝛽−1
p+kFq+

 [
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

; 𝜆 𝑡𝑘 ]      (2.4) 

                       

where 𝜆   is a constant. 

(b) If 𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) >

0, . . . , 𝑅𝑒(𝑟𝑝) > 0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) >

0, 𝑝, 𝑞 ∈ ℕ0, |𝑥| < 1 and 𝑘, 𝑠 ∈ ℕ. Then  

∫ 𝑥𝛼 −1 (𝑡 − 𝑥)
𝑡

0

𝛽−1

pFq [
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑥𝑘(𝑡 − 𝑥)𝑠 ] 𝑑𝑥 =    

𝐵(𝛼, 𝛽)𝑡𝛼+𝛽−1  
p+kFq+k 

 [
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

;
𝑘𝑘 𝑠𝑠𝜆𝑡

𝑘+𝑠

𝑘+𝑠
 ]       (2.5) 

where 𝜆   is a constant. 
 
Theorem (2.3): (Manocha & Srivastava, 1884) If  

𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) > 0, . . .,

𝑅𝑒(𝑟𝑝) 0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) > 0 and 

𝑅𝑒(∑ 𝑠𝑘  −  ∑ 𝑟𝑘  
𝑝
𝑘=1

𝑞
𝑘=1 ) > 0 .  Then  

pFq [
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑥 ] 𝑑𝑥 = 𝐵(𝛼, 𝛽)  

p+kFq+k   [
𝑟1, … , 𝑟𝑝, 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽;   1 ]                       (2.6)                             

 
RESULTS 
In this section, we will evaluate integrals involving 
hypergeometric Supertrigonometric functions via 
generalized hypergeometric functions, as stated in the 
following theorem: 

 
Theorem: 

If  𝑝 ≤ 𝑞 + 1, 𝑅𝑒(𝑟1) > 0, . . . , 𝑅𝑒(𝑟𝑝) > 0, 𝑅𝑒(𝑠1) >

0, … , 𝑅𝑒(𝑠𝑞) > 0, 𝑝, 𝑞 ∈ ℕ  and |𝑥| < 1.  Then  

i. pSupersinq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥]=

 
Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1
 p-1Supersinq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑥𝑡] 𝑑𝑡                   (3.1)   

ii.  pSupercosq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥]= 

       
Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1
 p-1Supercosq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑥𝑡] 𝑑𝑡            (3.2)   

 
 
Proof (i): 
Let I denote the left-hand side of (i) and using (1.4), (1.6) 
and (2.1). Then 

I = pSupersinq [
𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥]  

 = 
1

2𝑖
{pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑖𝑥] −  pFq [

𝑟1, … 𝑟𝑝

𝑠1, … , 𝑠𝑞
; −𝑖𝑥]} 

 = 
1

2𝑖
 { 

Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1
 p-1Fq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑖𝑥𝑡] 𝑑𝑡 −  

Γ(𝑠1)

  Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 −

1

0

    𝑡)𝑠1−𝑟1−1
 p-1Fq-1   [

𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; −𝑖𝑥𝑡] 𝑑𝑡 } 

 = 
Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1
 . 

1

2𝑖
 { p-1Fq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑖𝑥𝑡] −           p-1Fq-1   [

𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; −𝑖𝑥𝑡]}dt 

 = 
Γ(𝑠1)

Γ(𝑟1)Γ(𝑠1−𝑟1)
 ∫ 𝑡𝑟1−1 (1 − 𝑡)

1

0

𝑠1−𝑟1−1

 p-1Supersinq-1   

[
𝑟2, … , 𝑟𝑝

𝑠2, … , 𝑠𝑞
; 𝑥𝑡] dt = R.H.S. 
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Similarly, we can prove (ii) also. 
 
Corollary 3.1: 

      If  𝑅𝑒(𝑟3) > 𝑅𝑒(𝑟2) > 0  and  |𝑥| < 1. Then 

i. 2Supersin1 [
𝑟1,  𝑟2

𝑟3
; 𝑥]  

= 
Γ(𝑟3)

Γ(𝑟_2)Γ(𝑟3−𝑟2)
 ∫ 𝑡𝑟2−1 (1 − 𝑡)

1

0

𝑟3−𝑟2−1

  1Supersin 0   

[
𝑟1

−
; 𝑥𝑡] dt                        (3.3)                                                                                                                    

ii. 2Supercos1 [
𝑟1,  𝑟2

𝑟3
; 𝑥]  

= 
Γ(𝑟3)

Γ(𝑟_2)Γ(𝑟3−𝑟2)
 ∫ 𝑡𝑟2−1 (1 − 𝑡)

1

0

𝑟3−𝑟2−1

   1Supercos 0   

[
𝑟1

−
; 𝑥𝑡] dt                       (3.4)                                                   

 
Corollary 3.2: 

      If  𝑟1, 𝑟2, 𝑥 ∈ ℂ and 𝑅𝑒(𝑟2) > 𝑅𝑒(𝑟1) > 0 . Then 

i. 1Supersin1 [
𝑟1

𝑟2
; 𝑥] = 

Γ(𝑟2)

Γ(𝑟1)Γ(𝑟2−𝑟1)
 ∫ 𝑡𝑟1−1 (1 −

1

0

𝑡)𝑟2−𝑟1−1
𝑠𝑖𝑛 𝑥𝑡 𝑑𝑡                                                    (3.5)                       

ii. 1Supercos1 [
𝑟1

𝑟2
; 𝑥] = 

Γ(𝑟2)

Γ(𝑟1)Γ(𝑟2−𝑟1)
 ∫ 𝑡𝑟1−1 (1 −

1

0

𝑡)𝑟2−𝑟1−1
𝑐𝑜𝑠 𝑥𝑡 𝑑𝑡                                                  (3.6)     

 
Theorem (3.2): 

If  𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) > 0, . . . , 𝑅𝑒(𝑟𝑝) >

0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) > 0, 𝑅𝑒(∑ 𝑠𝑘  −
𝑞
𝑘=1

 ∑ 𝑟𝑘  
𝑝
𝑘=1 ) >   0 , |𝑥| < 1 and 𝑘 ∈ ℕ. Then  

i. ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
pSupersinq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘 ] 𝑑𝑡 =          

    𝐵(𝛼, 𝛽) 𝑥𝛼+𝛽−1 
p+kSupersinq+k   

[
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

;   𝜆 𝑥𝑘  ]  (3.7)  

ii.  ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
 pSupercosq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘 ] 𝑑𝑡 =          

          𝐵(𝛼, 𝛽) 𝑥𝛼+𝛽−1 p+kSupercosq+k   

[
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

;   𝜆 𝑥𝑘  ]  (3.8)  

where 𝜆 is a constant. 
 
Proof (i): 
Let I denote the left-hand side of (i) and using (1.4), (1.6), 
and (2.5). Then 

I= ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
  pSupersinq 

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘 ] 𝑑𝑡        

= 
1

2𝑖
 {∫ 𝑡𝛼 −1 (𝑥 − 𝑡)

𝑥

0

𝛽−1
 pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑖𝜆 𝑡𝑘 ] −   

∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
  pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;  − 𝑖𝜆 𝑡𝑘 ] }dt 

= 
1

2𝑖
{𝐵(𝛼, 𝛽) 𝑥𝛼+𝛽−1 p+kFq+k   

[
𝑟1, … , 𝑟𝑝 ,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

;   𝑖𝜆 𝑥𝑘 ] −   

𝐵(𝛼, 𝛽) 𝑥𝛼+𝛽−1  p+kFq+k   

[
𝑟1, … , 𝑟𝑝 ,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

;  −𝑖𝜆 𝑥𝑘 ]} 

=  𝐵(𝛼, 𝛽) 𝑥𝛼+𝛽−1  p+kSupersinq+k   

[
𝑟1, … , 𝑟𝑝 ,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
  

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘
, … ,

𝛼+𝛽+𝑘−1

𝑘

;   𝜆 𝑥𝑘  ] = R.H.S 

Similarly, we can prove (ii) also. 
 
Theorem 3.3: 

If  𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) > 0, . . . , 𝑅𝑒(𝑟𝑝) >

0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) > 0, 𝑝, 𝑞 ∈ ℕ0, |𝑥| < 1 and 

𝑘, 𝑠 ∈ ℕ. Then  

i. ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
  pSupersinq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ] 𝑑𝑥 =     

         𝐵(𝛼, 𝛽)𝑥𝛼+𝛽−1  p+kSupersinq+k  

[
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

;   
𝑘𝑘 𝑠𝑠𝜆𝑥𝑘+𝑠

𝑘+𝑠
 ]      (3.9) 

ii.  ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
  pSupercosq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ] 𝑑𝑥 =     

𝐵(𝛼, 𝛽)𝑥𝛼+𝛽−1  p+kSupercosq+k 

[
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

;   
𝑘𝑘 𝑠𝑠𝜆𝑥𝑘+𝑠

𝑘+𝑠
 ]   (3.10)  

 
Proof (i): 
Let I denote the left-hand side of (i) and using (1.4), (1.6), 
and (2.5). Then 

I= ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1
  pSupersinq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ] 𝑑𝑥 

  =  ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)
𝑥

0

𝛽−1 1

2𝑖
{pFq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑖𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ] –  pFq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;  −𝑖𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ]}dx 

   =  
1

2𝑖
  {∫ 𝑡𝛼 −1 (𝑥 − 𝑡)

𝑥

0

𝛽−1  1

2𝑖
{pFq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑖𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ]dx − ∫ 𝑡𝛼 −1 (𝑥 − 𝑡)

𝑥

0

𝛽−1
  

1

2𝑖
{pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;  − 𝑖𝜆 𝑡𝑘(𝑥 − 𝑡)𝑠 ]dx} 

  = 𝐵(𝛼, 𝛽)𝑥𝛼+𝛽−1  1

2𝑖
  {p+kFq+k 

[
𝑟1, … , 𝑟𝑝 ,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

;  𝑖 
𝑘𝑘 𝑠𝑠𝜆𝑥𝑘+𝑠

𝑘+𝑠
 ] 

− 𝐵(𝛼, 𝛽)𝑥𝛼+𝛽−1  
p+kFq+k  

[
𝑟1, … , 𝑟𝑝 ,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

; −𝑖 
𝑘𝑘 𝑠𝑠𝜆𝑥𝑘+𝑠

𝑘+𝑠
 ]} 
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= 𝐵(𝛼, 𝛽)𝑥𝛼+𝛽−1  p+kSupersinq+k 

[
𝑟1, … , 𝑟𝑝,

𝛼

𝑘
, … ,

𝛼+𝑘−1

𝑘
 ,

𝛽

𝑠
 , … ,

𝛽+𝑠−1

𝑠

𝑠1, … , 𝑠𝑞 ,
𝛼+𝛽

𝑘+𝑠
, … ,

𝛼+𝛽+𝑘+𝑠−1

𝑘+𝑠

;  
𝑘𝑘 𝑠𝑠𝜆𝑥𝑘+𝑠

𝑘+𝑠
 ]= RHS.  

Similarly, we can prove (ii) also. 
 
Theorem 3.4: 

If  𝑅𝑒(𝛼) > 0, 𝑅𝑒(𝛽) > 0, 𝑅𝑒(𝑟1) > 0, . . . , 𝑅𝑒(𝑟𝑝) >

0, 𝑅𝑒(𝑠1) > 0, … , 𝑅𝑒(𝑠𝑞) > 0  and 𝑅𝑒(∑ 𝑠𝑘  −
𝑞
𝑘=1

 ∑ 𝑟𝑘  
𝑝
𝑘=1 ) > 0 .  Then  

i. ∫ 𝑥𝛼 −1 (1 − 𝑥)
1

0

𝛽−1
  pSupersinq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑥 ] 𝑑𝑥 = 

       𝐵(𝛼, 𝛽) p+1Supersinq+1 [
𝑟1, … , 𝑟𝑝, 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽; 1] (3.11) 

ii.    ∫ 𝑥𝛼 −1 (1 − 𝑥)
1

0

𝛽−1
  pSupersinq   

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑥 ] 𝑑𝑥 = 

       𝐵(𝛼, 𝛽) p+1Supersinq+1 [
𝑟1, … , 𝑟𝑝, 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽; 1] (3.12) 

 
Proof (i): Let I denote the left-hand side of (i) and using 
(1.4), (1.6) and (2.6). Then 

 I=  ∫ 𝑥𝛼 −1 (1 − 𝑥)
1

0

𝛽−1
 pSupersinq    

[
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑥 ] 𝑑𝑥 

  =  ∫ 𝑥𝛼 −1 (1 − 𝑥)
1

0

𝛽−1
 

1

2𝑖
 {pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑖𝑥 ] − 

pFq   [
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;  − 𝑖𝑥 ]}dx   

 = 
1

2𝑖
 { ∫ 𝑥𝛼 −1 (1 − 𝑥)

1

0

𝛽−1
 

1

2𝑖
 {pFq   [

𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
; 𝑖𝑥] dx −   

 ∫ 𝑥𝛼 −1 (1 − 𝑥)
1

0

𝛽−1

pFq   [
𝑟1, … , 𝑟𝑝

𝑠1, … , 𝑠𝑞
;   𝑖𝑥 ] dx} 

 = 
1

2𝑖
 { 𝐵(𝛼, 𝛽) p+1Fq+1   [

𝑟1, … , 𝑟𝑝 , 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽;   𝑖 ]  −      

  𝐵(𝛼, 𝛽)p+1Fq+1[
𝑟1, … , 𝑟𝑝 , 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽;   𝑖 ]  } 

 = 𝐵(𝛼, 𝛽) 
1

2𝑖
 { p+1Fq+1   [

𝑟1, … , 𝑟𝑝 , 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽; 𝑖]  −      

  p+1Fq+1[
𝑟1, … , 𝑟𝑝, 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽;   𝑖 ]  } 

=  𝐵(𝛼, 𝛽)  p+1Supersinq+1 [
𝑟1, … , 𝑟𝑝, 𝛼  

𝑠1, … , 𝑠𝑞 , 𝛼 + 𝛽; 1] = RHS  

Similarly, we can prove (ii) also. 
 
 
SPECIAL CASES 
In the main integral theorems, substituting specific 
numerical values for the parameters results in several 
significant integrals. These integrals are widely applicable 
across various practical fields 
 

i. Puttin 𝑝 = 3, 𝑞 = 2, 𝑟1 = 𝑟2 = 𝑟3 = 1 𝑎𝑛𝑑 𝑠1 =
𝑠2 = 2  in (3.1) and (3.2) then we obtain 

(a)  3Supersin2 [
1, 1, 1,

2, 2
; 𝑥] = 

𝑥

22 −  
𝑥3

42 +  
𝑥5

62 −  
𝑥7

82 +

⋯                               (4.1) 

(b)   3Supercos2   [
1, 1, 1,

2, 2
;   𝑥 ] = 1 −

𝑥2

32 + 
𝑥4

52 −

 
𝑥6

72 + 
𝑥7

92 − ⋯                        (4.2) 

ii. Putting  𝛼 = 1, 𝛽 = 1, 𝑝 = 1, 𝑞 = 0, 𝜆 =
1 𝑎𝑛𝑑 𝑟1 = 1 in (3.7) and (3.8) then we obtain 

(a)  ∫ 1Supersin0 [
1  
−

;   𝑡] dt 
𝑥

0  = 
𝑥2

2
−  

𝑥4

4
+

 
𝑥6

6
− 

𝑥8

8
+ ⋯                            (4.3) 

(b)  ∫ 1Supercos0 [
1  
−

; 𝑡] dt 
𝑥

0
= 

𝑡𝑎𝑛−1𝑥,   𝑤ℎ𝑒𝑟𝑒 |𝑥| < 1.            (4.4) 

iii. Putting  𝛼 = 1, 𝛽 = 1, 𝑝 = 1, 𝑞 = 0, 𝑎𝑛𝑑 𝑟1 =
1 in (3.11) and (3.12) then we obtain 

(a) ∫ 1Supersin0 [
1  
−

;   𝑡] dt 
1

0  = 
1

2
−  

1

4
+  

1

6
−

 
1

8
+ ⋯                                    (4.5) 

(b)  ∫ 1Supercos0 [
1  
−

;   𝑡] dt 
1

0  = 1 −
1

3
+   

1

5
−

 
1

7
+ ⋯                                   (4.6) 

 
 
CONCLUSIONS 
The integration of hypergeometric supertrigonometric 
functions using generalized hypergeometric functions 
provides a unified framework for simplifying complex 
integrals and uncovering connections to classical results. 
In this work, we have proved several important 
theorems involving integrals of hypergeometric 
supertrigonometric functions, analogous to the 
theorems associated with generalized hypergeometric 
functions and highlighted some special cases which 
expressed in simple form. These findings have broad 
implications in mathematical Physics, engineering, and 
computational mathematics, laying a foundation for 
further research in this area, including summation 
theorems such as those by Gauss, Kummer, Whipple, 
Dixon, Saalschutz, and Watson, expressed in terms of 
gamma and beta functions. 
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