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ABSTRACT
This study explores the integration of hypergeometric supertrigonometric functions, with a particular focus on
hypergeometric supersine and hypergeometric supercosine functions, by leveraging the properties and relationships
of generalized hypergeometric functions. By expressing hypergeometric supertrigonometric functions in terms of

hypergeometric functions, we derive integral representations that connect these functions to classical results in

generalized hypergeometric theory. The work emphasizes the role of convergence conditions, parameters and
highlighting special cases where the results can be expressed in simple form, providing a unified framework for
evaluating integrals involving hypergeometric trigonometric functions.

Mathematical subject classification 2020: 33C20

Keywords: Clausen hypergeometric; definite integration; generalized hypergeometric; hypergeometric

supertrigonometric

INTRODUCTION AND PRELIMINARIES

The integration of hypergeometric supertrigonometric
functions represents an advanced area of mathematical
analysis with significant applications in mathematical
physics, engineering, and computational mathematics.
Hypergeometric functions serve as a unifying framework
for wvarious classes of special functions, including
hypergeometric supertrigonometric functions (Yang,
2020; Yang, 2021). This study focuses on expressing and
evaluating integrals of hypergeometric
supertrigonometric functions using the well-established
theory of generalized hypergeometric functions in
Rainville (Rainville, 1960) . The approach enables a
systematic  derivation of integral representations,
offering insights into their convergence and broader

applicability (Binet, 1839; Euler, 1772) .

Hypergeometric functions trace their origins to the work
of Euler, Gauss, and Riemann in the 18% and 19%
centuries (Bailey, 1935; Euler, 1729; Rainville, 1960). The
generalized hypergeometric function, introduced in the
19t century by Clausen. This generalization laid the
groundwork for studying a wide variety of special
functions.  The  concept of  hypergeometric
supertrigonometric functions, arising from extensions of
trigonometric and hypergeometric functions. Integration
techniques involving hypergeometric functions have
been developed, with contributions from
mathematicians such as Kummer, Whipple, Saalschiitz,
paving the way for their modern applications in
evaluating complex integrals and solving differential
equations (Rainville, 1960; Bailey, 1935). This concept
will be applied to double integrals involving generalized
hypergeometric supertrigonometric functionst (Basnet ez
al., 2024a), as well as integrals involving two generalized

hypergeometric supertrigonometric functions (Basnet ez

al., 2024b).

Definition (Gamma Function): Gamma function
(Euler integral of the first kind) is defined as

I'(u) = fooo e *x%ldx, foru€ C with Re(u) > 0.

This formula was introduced by Euler in 1729 (Euler,
1729),

Where T(w+1) = ul'(w), T@w+1)=ul, T G) = V.

The notation I'(u) was introduced by Legendte in 1814
(Legendre, 1814).

Definition (Beta Function): The beta function (Euler
integral of the second kind) of m and n is denoted by
B(m,n) and is defined by

rw)r) 1 - _
B(u,v) = I,I(tuﬂj) = fo X1 (1—x)""1dx, Re(u) >0,

Re(w) >0 foru,v € C \ Zg,

whete Z*,Z7,R*,R_and N are the sets of positive
integers, negative integers, positive real numbers,
negative real numbers and natural numbers, respectively,
and Zg = Z"U0,N, =NUO.

This formula was first introduced by Euler in 1772
(Euler, 1772). The name of the beta function was
introduced by Binet in 1839 (Binet, 1839).

Definition (Pochhammer symbol): The Pochhammer
symbol is defined as
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T(u+n)
W =g and W = My +k = 1), W) =
1, (1), =n! whereu € Cand k,n € N.
This symbol was introduced by the German

mathematician Leo Pochhammer in 1870 (Pochhammer,
1870) .

Definition (Gauss’s Hypergeometric Function)
(Gauss, 1812): The Gauss’s hypergeometric function is
defined as

u v, _ w (WnWn X uv x
[ w’ X] - Zn:O W), nl! 1+ w 1'+
u (u+1)v(v+1) ﬁ
w (w+1) 2! )
where u,v,w € C,n € Ng,w # 0,—1,-2, ...

This is (i) convergent if |x| < 1 and divergent if |x| > 1,
(ii) convergent if Re(w —u — v) > 0 when x = +1,and
(iif) convergent but not absolutely if =1 < Re(w —u —
v) < 0when x = — 1.

Definition (Kummer Confluent Hypergeometric
Function) (Rainville, 1960): The Kummer confluent
hypergeometric function is defined as

@n ™ _ g v x
]F][ ]_ Zn O(V)n nl + v 1!+
u (u+1) x_ (1'2)
v (v+1) 2!
where u,v,€ C,n € Ny, v #0,—-1,-2, ...

This was introduced by Kummer in 1836.

Definition (Generalized (Clausen) Hypergeometric
Function) (Bailey, 1935; Rainville, 1960): The
generalized (Clausen) hypergeometric  function is
defined as
F, [Tl' = Tp (rDn - (rp)n 2™
, Jn - Mpn X
(SDn- (sgIn 1!

-2z 0

This is extended version of the Gauss’s
hypergeometric function was introduced by Clausen,
which is now called the generalized or Clausen

hypergeometric function.

an

This is (i) convergent absolutely if |x| < 1 and divergent
ifp < q,

(i) convergent absolutely for |x| < 1if p = q +
1 and divergent for |x| > 1,

(i) convergent absolutely for
Re(Ti_ sk — Xh_im) >0,

(iv) convergent only for x = 0if p > q + 1.

x| =1 if

The
Functions
function:

Definition: The family of the hypergeometric functions
containing the hypergeomettic supersine,
hypergeometric supercosine, hypergeometric
supertangent, hypergeometric supercotangent,
hypergeometric  supersecant and  hypergeometric

Hypergeometric
via  Generalized

Supertrigonometric
Hypergeometric

12

supercosecant  is  called  the  hypergeometric
supertrigonometric ~ functions  via  generalized
hypergeometric functions (Yang, 2020, 2021).

Definition (Hypergeometric Supertrigonometric
Functions) (Yang, 2021):

The hypergeometric supersine function via generalized
hypergeometric function is defined as
s Ty, Ty
upersin x]
petsing [51 s Sq’
-(plan+1 x

D"(r)ant1 -
Zn 0 2n+1)!

2n+1

(1.4)

(s1)n- (Sg)2n+1

S e 1
pSupercosy [51, 5 x]
(rplan x

Zoo (‘1)n(rl)2n
=0 (D (SQan (20!

whete a,, ¢, € C and n,p,q € Nj.

2n

(1.5)

Both hypergeometric supersine and hypergeometric
supercosine via Clausen hypergeometric function are

(i) convergent absolutely for x € Cifp < q,

(ii) convergent absolutely for |x| < 1 and divergent
for |x| >1if p=q+1,

(iliy convergent absolutely for |x|=1 if
q _ P
Re(Zkzl Sk Zk:l rk) > O,
(iv) convergent only for x = 0if p > q + 1.
Similarly
11,0 1
T T, pSupersin [ p; x]
Supertan [ Ve x ALt
P! q S]-, ,S ) - |:T1,...Tp. ] >
q pSupercosq S51,Sq X
11, 1
1 7, pSupercos [ p; x]
Supercot, R x| = 15125
poup 1181, »Sq’ B pSupersin [rl, P, x] ’
a|s1,.-.5¢’
Supersec [7’1, " x| = -
p 4[Sq, «e) Sg’ - [TL Tp. ]'
q pSupercosg 51,5g" x
S [Tl, e T'p 1
upercosecy | ¢ s x] = T .
. e Tp,
1 192q pSupersing [51;---;511' x]
Relation between hypergeometric
supertrigonometric functions and generalized

hypergeometric function (Yang, 2021):

i ,Supersin, [:11?; x|=2 {qu[rl'"' ;i -
) 9

ii. pSupercos, [ST x]= 2 {pFq [ e v+
] o

Proof (i): Let I denote the right-hand side of (i) and
using (1.4). Then, we obtain

1 1) e rp T e i
:Z{qu [51, wrSqg ] pFq [51,-- % —lx]}
-1 [E‘” 00Ol (0" _ e e (—ix)"]
20 |50 (s (S (! n=0 ") G (!
_ 1 yo (rDn - (pdn E __a\n
T [1-(D"]

=0 (sDn (Sgn (M)



2 if nis odd
. (1) —
since 1= (=1) {0 if niseven
So that n replaced by 2n + 1, then

2n.2n+1
— g r)z2na1 - (1), 127220
n=0 (2n+1)!

(s1)2n+1-- (Sq)2n+1
(r)zna1 - (Tp) 4., (1" x20H1

- Zn 0 (sD)2n41-- (Sg)2n+1  (2n+1)!
o [To e Ty
= pSupersing [51’ . Sq; x] = LHS.

Similarly, we can prove (ii) also.
Integral  Theorems  Involving  Generalized
Hypergeometric Functions:

In this section, we present well-established theorems that
involve

integrals of generalized hypergeometric

functions.

Theorem (2.1): (Poudel e a4/, 2023) If p<gq+
1,Re(ry) > 0,...,Re(rp) > 0,Re(s;) >
0,..,Re(s;) > 0 and |x| < 1. Then

Ty e Ty
F Y
PYd]Sy, ., Sq

s1—11—-1

_ I'(s1) -1 _
_T' F(T1)£.(S1 71) f -0 piFa
27 p.
[Sz,___,sq, xt|at @1
Corollary (2.1): (Rainville, 1960) If  Re(ry) >
Re(r,) > 0 and |x| < 1. Then
T, T2 _ I'(r3) =1 (1 _
A [ s ] T M- Tz)f e a
0727 (1 - tx) rdt
I'(r3) t2~ 1 1—
. F(r)l(r3—12) f (
O [ xt]ae 2.2)
Corollary (2.2) (Bateman, 1953) 2) If Re(r,) >
Re(r;) > 0 and |x| < 1. Then
__ T ¢r1-1 (1 —
1F1[ ' x] L(ry)r(rz-r1) f T a
)" - Lextde 2.3)

Theorem (2.2): (Bailey, 1935)
(@ If Re(a) > 0, Re(B) > 0,Re(ry) >
0,...,Re(rp) > 0,Re(s;) >0, ...,Re(sq) >

0,Re(Xi_ysk — XP_1mc ) >0, |x| <1 and
k € N. Then
B- Ty, o, T,
e (5 e
B(a,ﬁ)t“+6_1p+qu+
r r a a+k-1
1y weey p’ ;,..., K ) k
a+p a+f+k-1’ At 24
51,...,Sq, T,..., ?

where A is a constant.

() If Re(a) > 0, Re(B) > 0,Re(ry) >
O,...,Re(rp) > 0,Re(s;) >0, ...,Re(sq) >
0,p,q € Ny, |x| < 1and k,s € N. Then
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fix e -0

B(a, ,B)t‘“ﬁ_l p+kEgrk

-1 Tl,...,T'p k
B oo

r r a at+k-1 f B+s—1 ot
17 = ARSI T k s s
o at+p ‘ aj—/}+k+s—1s ; e (25)
aTr k+s
S1y e Sq, s’ s
where A is a constant.
Theorem (2.3): (Manocha & Srivastava, 1884) If
Re(a) > 0, Re(B) > 0,Re(r;) > 0,...,
Re(r,) 0,Re(sy) > 0, ...,Re(s,) > 0 and
Re(T}_ s — Xh_y7m ) >0. Then
T1 e Ty
pFiq [51, rSg x]dx = B(a,B)
Ty, e, Ty, @
N I eXy
RESULTS
In this section, we will evaluate integrals involving
hypergeometric ~ Supertrigonometric ~ functions  via

generalized hypergeometric functions, as stated in the
following theorem:

Theorem:
If p<q+1Re(r)>0,...,Re(r,) > 0,Re(s) >
0,..,Re(s;) >0,p,q €N and |x| < 1. Then

_ Ty Ty
i pSupersing [51 5. x]z
ey Sq

I'(s1) -1 s1-1r1-1 .
I(r)I(s1—71) f tn(1-0 p-1Supersing.i
[rz" e t] dt 3.1
S, e X G.1)

T, . T
il. pSupercosqy [51 "'SZ' x]:
I'(s1) 7' 1 _ - -1
Fr('rl)[‘(sl—rl) f a t) p-1SUpercosq.1
22 p.
[52, ey Sg xt] dt 3.2)
Proof (i):

Let I denote the left-hand side of (i) and using (1.4), (1.6)
and (2.1). Then

1= Super%lnq[r w x]

S1, ..,Sq’
_ T1) o .
- Z{qu [51, ,S ) lx] - qu [Slr . ; _lx]}
S S () o1 o ST ri
= 2 eoress [t (-0 s
T, ...,T I'(sp) it
I:Sz, e Sq! lxt] dt F(rl)l_(51 T'1) f t (1
s1—-1m1—-1 T2, '--rrp
)T F [52 S’ —lxt] dt }
- TG =11 _ T 1
B F(Tl)I‘(sl—rl)f t (1 t) T { pleq—l
T21 w0 Tp rz,...,rp .
[52, . S ; lXt] P‘1FCI‘1 [SZv ""Sq; _lxt]}dt
-r-1

_ F(sl) -1
= — B hynetg ¢
[(r)l(s1-71) f ( )

T2y e, T,
[Sz p, xt]dt—RHS
25w

p-1Supersing.1



Integration of Hypergeometric Supertrigonometric Functions ...

Similarly, we can prove (ii) also.

Corollary 3.1:
If Re(r;) > Re(ry) > 0 and |x| < 1. Then
. . rl, rz
1. ZSupersm1[ Ts ; x]
I(r3) 11 pq _ 377271 .
- F;-T—Z)F(rg—rz) fo 2 (1 t) 1Supersln 0
™ xt|ar (3.3)
.. 7, T
11. 2Supercosi [ 17,3 2, x]
r'(r3) 1,1 _ r3—1—1
- F(;-Z)l"(m—rz) fo £ (1 t) 1Supercos o
[ xt]ar 3.4
Corollary 3.2:
If r,15,x € (7(5 and Re(ry) > Re(ry) > 0. Then
; ; 1, - I(rz) 1.rm-1 _
L. 1Supersin; [Tz' ] i r— fo th1(1
)27 sin xt dt (3.5)
. n, —_ Tt 1or-1¢q _
1. 1Supercos; [Tz' ] = TOTe D) fo th~1(1
)27 cos xt dt (3.6)

Theorem (3.2):

If Re(a) >0, Re(B) >0,Re(r;) >0,...,Re(r,) >
0,Re(s;) >0,...,Re(s;) > 0,Re(T}_, s —
Zzzlrk) > 0,|x|] <1and k € N. Then

. - B-1 .
i fox t* 1 (x—t) Supersing

Ty, Ty
; Atk]dt=
[51, s Sq’
B(a, B) x**F~1 ., Supersing
r r a a+k-1
1r = py ;)"'r k k
a+pB a+B+k-1’ Ax (3'7)
StesSqy T T
. X, o B-1
ii. fo t* 1 (x—t)  ,Supercosq
T Ty
; Atk]dt:
[SI, s Sq’
B(a, B) x**F~1 . Supercosq+i
r r a a+k—-1
1= Tpy ;!"'I k k
a+f a+B+k-1" Ax (3‘8)
S1y s S B

where A is a constant.

Proof (i):
Let I denote the left-hand side of (i) and using (1.4), (1.6),
and (2.5). Then

-1
1= fox t* 1 (x — t)B pSupersing

Ty, e, Ty .
e ss ac<ar
1 x _1 L-1 Tl’ ...,Tp. i Kk
=L et x-0" R, [sl'___'sq, irek] -
x -1 B-1 T, ...,T'p. i k
[ I T TR R
1 _
= 2_L'{B(a' ,8) xa+[3 1 p+qu+k
r r a a+k—-1
1= Tpy T S .
K K sidxk |-
s s a+p a+f+k—-1
1r w9 X y ey X

14

B(a, f) ™ Fou

a at+k—-1
7"1, ...,Tp, ;, ey k ) _i/'{ xk }
a+p a+f+k-1’
Sty s Sqp s T
= B(a,B) x**F~1 . Supersingi
[ r r a at+k-1
1 weey p’ ;,..., k
. k| —
a+pB a+B+k-1’ Ax® | =RHS
Sty s Sqp s T

Simﬂarly, we can prove (ii) also.

Theorem 3.3:
If Re(a) >0, Re(B) > 0,Re(ry) > 0,...,Re(rp) >
0,Re(s;) >0, ...,Re(sq) >0,p,q € Ny, |x|] <1 and
k,s € N. Then
i fgct“_l (x - t)ﬁ_l pSupersing
LTy, k -
[51, s Sq’ AtH(x - t)s]dx -

B(a, B)x*F=1 . Supersing:i
a a+k-1 E B+s—-1

LY ---'rp! ;' ey k rg s Kk sSpxck+s
s s a+p a+B+k+s—-1 ) Kk+s (39)
Loeo2qr gy k+s
. (X g1 B-1
ii. fo t (x—1t) pSupercosq
Ty e Tp
;o Atf(x—t S]dxz
s s AT =D)
B(a, B)x**P~1 ,.Supercosqix
a a+k-1 B L+s-1
L TR T A T kR sSaakts 310
a+p a+B+k+s-1 7 k+s ( . )
S1, ...,Sq, m, ey T
Proof (i):

Let I denote the left-hand side of (i) and using (1.4), (1.6),
and (2.5). Then

-1
I= fox t* 1 (x — t)B pSupetsing

o2 Atk - 0)F |ax
= fFee -0 7 L,
o2 itk — o7 |-
IS YR RN

1 a1, T L
T_ 2i ifo t Canl)) 21'{913‘1
1eip . X —
[51, e Sg) iAtk(x —6)° ]dx - fo t* 1 (x—1t)
Ty, e T

1 14 .
Sl [so s — AR =D Jax)

:B(a;ﬁ)xa+ﬁ_1 % {p+qu+k

B-1

a at+k-1 B B+s—1
Tl,...,Tp, ;,..., X ,;,---, S . kR sSaxkts
a+f a+f+k+s—-1 '’ l k+s
| Su S g P
+B-1
— B(a, B)x%*F=1 L\ Fyu
[ a a+k-1 B B+s-1
rll"-;rp; ;l"'l K ;; PN s . kksslxk-i-s
a+p a+B+k+s—-1 7 kts
Sty s Sqp gy —
k+s k+s




= B(a, B)x**F~1 . Supersingx

a a+k-1 f L+s-1
Tl,...,Tp, ;,..., % ,; pe T Kk S Axk+s — RHS
a+p a+f+k+s-1 k+s - :
SverSe g k+s
Similarly, we can prove (ii) also.
Theorem 3.4:
If Re(a) > 0, Re(B) > 0,Re(ry) > 0,...,Re(rp) >
0,Re(s;) >0,..,Re(s;) >0 and Re(XTi_ s —

Zzzlrk) > 0. Then

B-1

fol x* 1 (1—-x) pSupersing
T e Ty

[sl, ", S x]dx =

T, ...,Tp,

a
B(a, B) p+1Supersing1 [s VSp At 1] (3.11)

.. 14— B-1 .
i fyx*Tt (1 —x)  ,Supersing
T, e T
[ Pox ] dx =
S1)wer Sq

Ty, ...,Tp,

B(a, B) p+1Supersing1 [s Sp At

1] (3.12)

Proof (i): Let I denote the left-hand side of (i) and using
(1.4), (1.6) and (2.6). Then

p-1
I= folx“ “1(1—-x)  Supersing
T, eens Ty
[sl, v Sg ] dx
1 B-1 4 Ty e Ty ]
= f x4 11 -x) P {pFq [51' ...,Sq; lx] -
T‘l, sy ) d
pFq [51,---, ; —lx]} X
_ B- IETRTL )
= Z { fo x~1(1-x) 7 teFq [51, ...,SZ; lx] dx —
1 1 ﬁ—l Tl, ...,Tp. )
fo x* T (1 -x) LF S Sy X ] dx}
1 Ty ey Ty, @ ]
- 2_l { B((X,ﬁ) P+1Fq+1 [S SQ' a +‘8' l]
Tiy ey Ty, @
B(a, F [ ]
( ﬁ)p“ qt1 - Sq a+‘3 }
. Ty @
((Z ﬁ) { p+]Fq+] I:Sl’ Sq! a+[3’ L
rl, Ty, @
T’”F‘i”[sl, v Sq A+ ] }
_ Ty ey Tp,
= B(a,B) p+1Supersing1 [s L Sg a+p 1] RHS

Similarly, we can prove (ii) also

SPECIAL CASES

In the main integral theorems, substituting specific
numerical values for the parameters results in several
significant integrals. These integrals are widely applicable
across various practical fields

i Puttin p=3,q=2n=rn=ry=1ands; =
S, = 2 in (3.1) and (3.2) then we obtain

L1, |=%- LRI S 1

2,2’ 22 42 62 82

(a) sSupersiny [
ax 4.1)
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1,1,1, 2 4
(b) sSupetcos; 29 ; x] =1— :_2 ’SC_Z _
6 7
EAE “2)
i. Putting a=1,8=1p=149q=0, A=
1land r; = 1in (3.7) and (3.8) then we obtain
x x*
(a)f ISupersmo[ ; t] dt = -4
x6 XS
6 8 4.3)
(b) f 1Supercos, [ ; t] dt=
tan~'x, where |x| < 1. (4.4

iii. Puting a=1,=1,p=1 gq=0,andr, =
1in (3.11) and (3.12) then we obtain

1 1 1
(a) f 1Supersmo[ ; t] dt = ;- 1+ 2
- + cee (4 5)
(b) f ISupercoso[ ; t] dt = 1 __+ é_
% + o (4.6)
CONCLUSIONS

The integration of hypergeometric supertrigonometric
functions using generalized hypergeometric functions
provides a unified framework for simplifying complex
integrals and uncovering connections to classical results.
In this work, we have proved several important
theorems  involving of  hypergeometric
supertrigonomettic analogous to the
theorems associated with generalized hypergeometric
functions and highlighted some special cases which
expressed in simple form. These findings have broad
implications in mathematical Physics, engineering, and

integrals
functions,

computational mathematics, laying a foundation for
further research in this area, including summation
theorems such as those by Gauss, Kummer, Whipple,
Dixon, Saalschutz, and Watson, expressed in terms of
gamma and beta functions.
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