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ABSTRACT

This paper deals with the study of geometry of Lorentzian para-Sasakian manifolds. We investigate some properties
of D-conformally flat, D-conformally semi-symmetric, &-D-conformally flat and ¢-D-conformally flat curvature

conditions on Lorentzian para-Sasakian manifolds. Also it is proved that in each curvature condition an LP-Sasakian

manifold (M" ,g) (n>3) is an 1 -Einstein manifold.
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INTRODUCTION

Matsumoto (1989) introduced the notion of Lorentzian
para-Sasakian manifold. Then Mihai and Rosca (1992)
introduced the same notion independently and they
obtained many interesting results on this manifold.
Ikawa and Erdogan (1996) and Ikawa and Jun (1997)
studied Sasakian manifolds with Lorentzian metric and
obtained several results in this manifold. De et al.
(2002) introduced the notion of Lorentzian para-
Sasakian manifold with a coefficient « which
generalizes the notion of LP-Sasakian manifold.
Lorentzian para-Sasakian manifolds have also been
studied by Matsumoto and Mihai (1988), De et al.
(1999), Shaikh and Biswas (2004), Tripathi and De
(2001), Bagewadi et al. (2008) etc.

A Riemannian or pseudo-Riemannian manifold is said to
be semi-symmetric (Szabo, 1982) if R (XY) .R=0, where

R (XY) denotes the derivation in tensor algebra at each

point of the manifold. In this paper, some derivation
conditions on LP-Sasakian manifolds are studied. After
preliminaries, some results on D-conformally flat LP-
Sasakian manifold, D-conformally semi-symmetric LP-
Sasakian manifold, & -D-conformally flat LP-Sasakian

manifold and ¢-D-conformally flat LP-Sasakian manifold
are investigated. In each curvature condition it is proved
that a manifold is 7 -Einstein.

PRELIMINARIES

A differentiable manifold of dimension nis called
Lorentzian para-Sasakian manifold (briefly LP-Sasakian
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n-Einstein manifold, Lorentzian para-Sasakian manifold, ¢-D-

manifold) (Matsumoto 1989, Mihai & Rosca 1992), if it
admits a (1, 1) tensor field ¢, a contravariant vector field
&, al-form n and a Lorentzian metric g which satisfy

N(E) = -1, oo ssseseesesseeeessse s (1)
0 (X) =X (X) & oo (2)
2(0X,0Y) =g (XY) (X)) (), eevvvvrrrrrrrnn 3)
2(X.8)=M(X), oo )
(RN G (5)
(Vx0)(Y) = (X, Y)&+n(Y)X+2(X)n(Y)§, - (6)

where V denotes the covariant differentiation with
respect to the Lorentzian metric g.

It can be easily seen that in an LP-Sasakian manifold the
following results hold:

QE=0, MoP=0, coovrrrereeiiereieereeeee e @)

rank @=n—1. ..o, (8)
Again, if we put

Q(X,Y)=g(X,0V)=g(9X,Y), i 9)

for any vector fields X and Y, then the tensor field
Q (X , Y) is a symmetric (0,2) tensor field (Matsumoto,

1989). Also since the 1-form 7 is closed in an LP-

Sasakian manifold, we have (Matsumoto, 1989, De et
al. 1999)



(v.an)(r)=a(x.v)=¢(X.or).
Q(x,¢&)=0,
for any vector fields X and Y.

An LP-Sasakian manifold M is said to be 7-Einstein if
its Ricci tensor S of type (0, 2) is of the form

S(x,v)=ag(x,v)+pn(Xx)n(r),

for any vector fields X and Y, where o and S are

smooth functions on the manifold. In particular, if =0,
then the manifold is said to be an Einstein manifold.
Also, in an n-dimensional LP-Sasakian manifold, the

following relations hold (Matsumoto & Mihai, 1988, De
etal., 1999)

n(R(X.Y)Z)=g(v.2)n(X)-g(X.Z)n(¥). ...(12)
R(EX)Y =g(X.Y)E-n(Y) X, o (13)
R(XY)E=(Y)X-N(X)Y, crrrrererrnnen. (14)
R(EX)E=X+N(X)E, oo, (15)
S(X,E)=(n=1)1(X), oo, (16)
S(pX,oY)=S(X.Y)+(n-D)n(X)n(Y),........ (17)

for any vector fields X,Y,Z, where R(X.,Y)Z is the

Riemannian curvature tensor. The D-conformal
curvature tensor on a Riemannian manifold

(M",g)(n>4) is defined as (Chuman, 1983)

1

B(X,Y)Z=R(X,Y)Z+——[S(X,Z)Y -S(Y,Z) X +g(X,Z)QY

=
w

—2(Y,2)QX -S(X,Z)n(Y)§+S(Y,Z)n(X)&

-n(X)n(Z)QY +n(Y)n(Z)Qx]

—K'32[g(X,Z)Y—g(Y,Z)X]+i3[g(X,Z)n(Y)§

..(18)

-2(Y,Z)n(X)&+n(X)n(Z2) Y -n(Y)n(Z)X]
r+2 (n - 1)
n—2
the Ricci tensor and r is the scalar curvature.

RESULTS AND DISCUSSION
Theorem 1

A D-conformally flat LP-Sasakian manifold (M ", g) is

where K = , R is the curvature tensor, S is

an 7-Einstein manifold.

Proof: Let us consider an n -dimensional LP-Sasakian
manifold (M ", g). For D-conformally flat LP-Sasakian

manifold, we have
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B(X,Y)Z = 0. oo (19)
Hence from equations (18) and (19), we have
R(X,Y)Z:—ﬁ[S(X,Z)Y—S(Y,Z)X

+g(X,Z)QY -g(Y.Z)QX -S(X,Z)n(Y)§
SY.Zn(X)E-n(X)n(Z)QY +n(Y)n(Z)QX] o)

K-2
t— [£(X,2)Y -g(Y,Z)X]

_%[g(x,z)n(y)a—g(Y,Z)n(X)ﬁ
(X)n(2)Y -n(Y)n(2)X].

Taking inner product on both sides of (20) by W, we
obtain

— [g(X.Z)g(Y.W)=-g(Y.Z)g(X,W)]

- S L (X.2)(V)n(W) - £ (V. Z)n (X)n (W)
+1(X)1(2) g (Y. W)=n(¥)n(2) g (X.W)]

where 'R(X.Y,Z,W)=g(R(X.Y)Z.W).
Setting W =¢& in (21), we get

7(R(X.Y)Z) =28 (v.2)(X)

-28(X.Z)n(v)-¢(X.2)S(v.5)
+8(¥.2)S(X.§)+n(X)n(2)S(v.¢)
-n(Y)n(2)S(X.¢)+2(K-1)g(X.Z)n(¥)
“2(K-1)g(¥.Z)n(X)).
Using (12) and (16) in (22), we have
0=5(r.Z)n(x)=S(X.Z)n(r) o
+(2-K)g(v.2)n(X)-(K -2)g(X.Z)n(¥).

Replacing Y by ¢ in (23), we get

o (22)

S(X,2)=(K-2)g(X,Z)+(K-n-1)n(X)n(Z), .
this implies that
S(X.2)=ag(X.Z)+bn(X)n(2),
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where
a=K-2,b=K-n-1
3 r+2(n—1) ................................ (26)
- n-2

From (25), the manifold is an 7-Einstein manifold. This
completes the proof of the theorem.

Definition 1

An LP-Sasakian manifold (M ", g) is said to be D-

conformal semi-symmetric if its D-conformal curvature
tensor B satisfies the relation

R(X,Y).B=0,
where R(X,Y) is the curvature operator.
Theorem 2
An LP-Sasakian manifold (M ", g), n >4 satisfying the
condition R(X,Y).B =0 is an »-Einstein manifold.

Proof: Let us consider a D-conformal semi-symmetric

LP-Sasakian manifold (M ", g). Then we have

(R(X,Y).B)(U.V)W =0, oo, Q27)
which yields
0=R(x,Y)B(U,V)W-B(R(X,Y)U,V)W

~B(U.R(X,Y)V)W-B(U,V)R(X,Y)W. .
Taking X = &in (28) and using (13), we obtain
0=g(B(U.V)W.Y)é-n(B(UV)W)Y
—g(U)Blev)wen(U)B(rvw. (29)

—g(v.v)B(U.&)W+n(V)B(U,Y)W
—g(v.w)B(UV)E+n(W)B(U,V)Y.

Taking inner product on both sides of (29) by &, we get

0=—¢g(B(U.V)W.Y)-n(B(U.V)W)n(Y)
~&(U.Y)n(8 <¢V W)en@)n(Brv)w) (30)
—g(v.V)n(B(U.E)W)+n(V)n(B(U.Y)W)
—g(Y,W)n(B(U V)E)+n(W)n(B(U.V)Y).

Putting ¥ = U in (30), we get

0=g(BUYV)W.U)+g(U.U)n(B(EV)W)
+g(U.V)n(BU.E)W)-n(V)n(B(UU)W) .....(31)

(
+g(U.W)n(BU.V)E)-n(W)n(B(U.V)U).
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Now, from (18), we have

n(B(U,V)W)= 7[5 (UW)n(v)
S(V,W)n(U)+(K e (V.W)n(U) v (32)
-g(U.W)n(V)},

N(BUV)E) =0, oo, (33)

n(B(&.V)W)= — 3[s(v W)-(K-2)g(V.w) (34)
+(n-K+1)n(V)n(w)l,

D(BU.EW)=-21SUW)-(K-2)e(UW) 35,

=(K=n=1)n(U)n(W)I,

NBUU)W) =0, cooeeeieineiecicceeecieens (36)

P(BUYIV) =2 1S ()

-S(WU.v)n(U) +(K-2){g(U,V)n(U) wevevee (37)
-g(U.U)n(V)}.

Using (33) and (36) in (31), we obtain
0=g(BUYVW.V)+sUBEVIW) o

+g(U.V)n(BU.EW)-n(W)n(B(U,V)U).

{el. i=12,..., n} be an orthonormal basis of the

tangent space at any point of the manifold. Putting
U =e¢, in (38) and taking summation for 1<i<n, we

get
O:ig(B(e[.,V)W,ei)+(n—) (B(SE’V) )
‘:ln ...... (39)
_EU(W)'](B(ENV)Q)’
since ig(ei,v)n(B(ei,f)W)z—n(B(f,V)W) From
(18), we also have
Le(Ble,V)W.e)=[K(n-2)
~2(n=1)-rlg(V.W)+ i3[r_2(n_1) ........... (40)
~K(n=2)In(V)n(W)
and
EU(W)W(B(ei,V)e,)=MU(V)U(W)~ ....... (41)

n—=3
Using (40), (41) and (34) in (39), we obtain



r+nkK —-2n+2

S(V.w)=[ 20D g (V,W)
)2 (noD)E<3 T 42)
r—=2n-+n+(n- -
S ),
this implies
S(V.w)=ag(V.w)+Bn(V)n(W), v (43)

+nK -2n+2
where a:{rnn} and

2(n-1)
r—2n2+n+(n—2)K—3
) 2(n-1) ‘

The relation (43) implies that the manifold is an
n-Einstein manifold. Hence the theorem is proved.

Definition 2

An LP-Sasakian manifold of dimension » is said to be
&-D-conformally flat if its D-conformal curvature

tensor B (X Y) Z satisfies the relation B (X Y) £=0.
Theorem 3

A &-D-conformally flat LP-Sasakian manifold ( M", g)
is an 77-Einstein manifold.

Proof: Using equations (1) and (4) in the definition of
D-conformal curvature tensor B (X Y ) Z we have

B(X,Y)f=R(X,Y)§+n—i3[S(X,§)Y—S(Y,f)X

+277(X) QY - 277(Y) 0X
-S(X.E)n(Y)E+S(v.&)n(Xx)E]
2K ) x —n(x)r]

n-1

By virtue of (14) and (16), (44) reduces to

-n(x))

+

B(X,Y).f:n—:[(K—Z){n(Y)X

+n(x)oy -n(y)ox1.
From the definition of &-D-conformally flat and the
relation (45), we obtain

(K-2){n(Y)X -n(X)Y}+n(X)QY -n(Y)QX =0. .....(46)
Taking inner product on both sides of (46) by W, we get
0=(k-2)tn(r)g(x.w)-n(x)g(r.w)
Fn(x)s(rw)=n(r)s (x.w).
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Putting Y =¢ in (47) and using (1), (4) and (16), we

obtain
g (x.W)=n(x)n (W)}

0=(K -2){-
+(n=D)n(x)n(W)+s(x.,w)

which yields
S(X,w)=ag(x,w)+bn(X)n(W), (49) where
r+2(n—1)

n-2
From (49) it is clear that the manifold is 7 -Einstein.

a=K-2,b=K-n-1and K =

This completes the proof of our theorem.
Definition 3
An LP-Sasakian manifold (M

conformally flat if its D-conformal curvature tensor
B(X , Y) Z satisfies the relation

”,g) is said to be ¢-D-

@ (B (¢X , ¢Y) 74 ) =0 or equivalently
g(B(oX.0Y) 0z, oW)=0

for any vector fields X,Y,Z,W e T, (M )

Theorem 4

A ¢-D-conformally flat LP-Sasakian manifold (M ", g)

is an 7 -Einstein manifold.

Proof: Let us consider an LP-Sasakian manifold
(M " g) which is ¢-D-conformally flat, then by the

definition of ¢-D-conformally flat we have

g(B(px.ov) oz, o) =
From (7) and the definition of D-conformal curvature
tensor we have

g(B(oX.0Y)0zZ,0W) =g (R(pX.pY) 0Z,oW)

1
+ 3[S(coX,(oZ)g(¢Y5¢W)—S(¢Y,¢Z)g(¢x,¢w)

n—

.(51)
+2(0X.0Z) g (QpY oW ) - g (9Y.0Z) g (Q0X . oW )]

(px.0Z) g (V. 0W)-g(0¥.0Z) g (pX. oW ).

Using (50) in (51), we get

1
0= g(R(¢X,;0Y)¢Z,¢W)+f[S(goX,goZ)g(goY,(pW)

—S(¢Y,¢Z g(¢X ¢W)+g((pX ¢Z) (Q¢Y,¢W)
..(52)

K_
; (s (0X.0Z) g (@Y. oW)

n—

)
-2 (9. 92) ¢ (00X, oW )1~
)

~g(oY.0Z) g (px.oW)L.
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In view of (3), (12) and (17) in (52), we obtain
g(R(X.Y)Z,w)+g(v.Z)n(x)n(W)
+8(x.W)n(¥)n(z)-g(x.Z)n(v)n(W)

Y. W)n(x)n(z +ﬁ[s(x Z)g(r,w)

)
)+

n-3
¢ (v.2)n(x)n(w)+e(x.2)n(v)n(w)
+¢ (Y. W)n(x)n(z)-s(x.w)n(¥)n(z)1=0

where

g(R(X.Y)ZW)=¢(v.2) g(X.W)-g(X.Z) g (v, W).
{el. =1, 2n} be an orthonormal basis of the

tangent space at any point of the manifold. Putting

X=W=e, in (53) and taking summation over

i, 1<i<n, we get

S(Y,Z)z{nK_zn_r_z}g(Y,Z)

20 b, (54)
+{nK -2K —26n— r+14}7](Y)77(Z)
which implies
S(v,2)=Ag (Y. Z)+Bp(Y)7(Z) oo (55)
where A = {nK—Zn—r—Z} and
2
_{nK—ZK—6n—r+14}
5 .

From relation (55), we conclude that the manifold is 7-
Einstein. This proves the theorem.
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