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Abstract

In this survey paper, we review a generalization of Gruss - type inequality by means of two different operators, one through
K - fractional integral and other through Katugampola fractional integral. We state some related theorems, corollaries and
their proofs. We study how results are interrelated?
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1.  Introduction and preliminaries

Fractional calculus is the study of integrals and derivatives in case non- integer orders; which is a
generalized form of classical integrals and derivatives. The creation of fractional calculus gave rise to
several results and important theories in mathematics, physics, engineering and other fields of science.

It is well known that inequalities have potential applications in the technology, scientific studies, and
analysis and numerous mathematical problems such as approximation theory, statistical analysis, and
human social sciences. Presently, authors have provided the unique version of such inequalities,
which may be beneficial in the investigation of diverse forms of integrodifferential and difference
equations.

In 1935, G.Gruss proved the renowned integral inequality,

1
<3 (M —m)(P - p)

1 b 1 b b
‘m.f v (x)u(x)dx —mf v(x)dxf u (x)dx

Where u,v are two integrable functions on [a, b], satisfying the conditions

m<vx) <Mp<v(x)<P,x€lab],mMpPE€ER [3]

Gruss inequality (1) connects the integral of the product of two functions with the product of their
integrals. It is extensively identified that cntinuous and discrete cases of Gruss-type variants play a
considerable job in examining the qualitative conduct of differential and integral equations.

There are numerous approaches to acquiring a generalization of Gruss inequality using different
fractional integral operators. A remarkably large number inequalities of type (1) involving the special
fractional integral (such as the Liouville, Riemann-Liouville, Erdelyi-Kober, Katugampola, Hadamard
and Weyl etc. types) have been investigated by many researchers. Here, in two parts we represent the
generalization of Gruss-type inequality first part contains using generalized K-fractional integrals and
second part using Katugampola fractional integral. Using these two operators the classical Gruss
inequality (1) become a class of new Gruss-type inequalities, that generalize inequalities obtained
using other fractional integrals [4].
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Definition 1. Let 0,0, € (—0, ) such that o1 < g, and W({) be an increasing and positive
monotone function on (04,03]. Then the left-sided and right-sided generalized K-fractional integrals
of a function p with respect to W of order p, k > 0 are defined by

00 = s [2 W W@ ~ YO HDL, ()
and
() = i [TV D@ — ) ROE (3)

where I, is the k- gamma function.

Using generalized K-fractional integral defined in above Gruss inequality (1) is generalized through
following theorems.

Theorem 1. Let k,p,8 > 0, p be a positive function on [0,00) and ¥ be an increasing g and positive
function on [0,0) such that W'(x) is continuous on [0,0) with ¥ = 0. Suppose that there exist
integrable functions 01, 0, on [0, ) such that

01(0) < 0,(0)
for all @ € [0,0). Then we have

300+ 0135 p(@) + 35,0, (T, 5+ p(Q) = 357, 0,()F,5+01(Q) + 355, (T 6 +P(Q)-

Theorem 2. Let k,0 > 0, p,s,04,0,, 0, and @, be six integrable functions defined on [0, ), and
W be an increasing and positive function on [0,0) such that ¥'(x) is continuous on [0, ) and
Y(0) = 0.
If conditions 0,(0) < p(0) < 0,(0) and p1(0) < s(0) < ¢, (0) are satisfied, then one has
P
WYk

T oore Swor (P(@5(2)) — 350+ p(@Fyo+5(Q)| < VI, 01,02)7 (5, 91, 02) (4

where function I(p, 01, 0,) and I (s, @41, ;) are defined as in [1]
The proofs of theorems (1) and (2) can be seen in [1]

Corollary 3. Let m,M,n,N € R, I(p,01,0;) =I(p,m,M) and (s, ¢1,¢;) = I(s,n,N). Then
inequality (4) reduces to

wi(Q)

GONY
2LL.(p + k)

Top + 1) Swo* =(

)2M —m)(N —n).

(P(Q)5()) = 5 o+ P(QTY o+5(0)

Corollary 4. Letm,M,n,N € R, ¥(0) =0, I(p,01,0,) =IT(p,m,M) and (s, 1, p;) = I(s,n, N).
Then inequality (4) leads to

P p

_er
L(p +x)

Definition 2. The K- fractional integral of the Riemann- Liouville type is defined as

3P (p(@)s(Q) — I PP s(Q)| < (7 —7)*(M —m)(N — ).

F(+)
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JE O] = s [ = D f(Ddt a > 0,x > a (5)

where f is a continuous function on [a, b]. The generalized gamma function

nl kn (nk)E !

I (@) = lim k> 0;
k(@) = lim, () (k)
with ) nk isthe Pocchammer k - symbol  for factorial  function.

Note that when k — 1, then equation (5) reduces to the classical Riemann-Liouville fractional
integral.

Using operator ,J5[f (t)] defined by (5), the generalized Gruss-type integral inequality is given by
following theorem.

Theorem S. Let fand g be two integrable function on [a, b] with o < f(t) < @, Y < g(t) < ¥ and
let p be a positive function on [a, b]. Then for all t >0, k >0, a > 0, we have:

a 2
ISP ODWE PO ~ (W OD W@l < L2 6 gy —y)

Proof- Let us define the quantity
H(p) =@~ ()@@ —g@)tp€(at)a<t<b.

2.4
multiplying (7) by (Z_FT)(I;) P(1); k>0, T € (a,t), and integrating the resulting identity with respect to
k

T from a to t, we can state that

L[ (D) H(x, p)dr =
ka(a)L(t_T)k P(DH(T, p)dr =

(Jdpfg@®OD — g GJdpf O] = fF(P)GJd[pgOD + f()g(P)GJd [P(OD-
And then,

(5.1)
t t

k22 (a)f f (t— T)k p);‘1 @p(p)H(z,p)dtdp =
2 PODGJ *rfa (O] = 2GJ“[pf (OD GJ *[Pg (O]).

Thanks to the weighted Cauchy-Schwartz integral inequality for double integrals, we have:

(5.2)
1 t ot a_ 1 t «
@ f f (¢ =Dkt — p)F p(DP(P)H (z, p)drdp)? < e j f (t =) (t - p)e "

1 t t a
p(@p(p)(f (1) = f(p))*drdp x 122 (a) fa fa (t—DF '(t— p)?_lp(f)p(p)(g(r) — g(p))*drdp.

The right-hand side of (5.2) can be expressed as follows
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i Ja a (= DF e = P TP @) (F() — f(P))?drdp = 2(JE PO
WEPF2OD - 208 Pf (OD?.

(5.3)

and
i et =K1 = p)E p(@p(p) (9(x) — gp)Y2dedp = 2GJ [P(D)])
(& [pg*(OD — 2(GJE [Pg(OD.
Now using (5.1), (5.3),and (5.4), we can write (5.2) as follows

1
(5.4) K*I¢ (@)

W& pfa®OD — GWEpf ODGWEPg®ODI? < [WElPODGEPFOD -
(& [pf (OD?] X [(JE [P(ODGJE [Pg*(OD — GJEpg(OD?].

Ifwe apply lemma (1) of with u = f, then u = g for (5.2), we obtain respectively

WelpODGWERF*®D — (Walpf(OD? = [2GJZ PO — (J& [pf ODIGWE [pf (O — ¢ G [P(OD]
(W [PODGJ [P = FO)F () — ()]

(5.5)

and

(W PODGWEPg* O — (Welpg(OD? = [P W PO — (J&[pg ODIGEPg®OD — Y [P(OD)]
~(WalPODGJ ¥ — g())(g @) — PIp(8))]

On the other hand, since

~(JalpODGJE [P — FOIUS ) = dp(H]) <0
and

~WElPODGJa [P —g@)(g®) —Pp©)]) <0

then, we have the inequalities respectively,

(5.6) (W& lpODGE P *(OD — GWalpf(OD? <
T [PGWEpOD - Ga pf ODIGSE [pf (DD — ¢GJa [p(OD]

and

(5.7)

(W& lPODGEPg* D — (JE[pg(®OD? <
[¥ (e [pOD — (Wa[pgODIWE[pgOD — ¥ (e [p(©D]

By taking into account (5.5), (5.6) and (5.7), we get the following inequality

(5.8)
YWJ&Efa®D) — GWEf ODWEPg®DI? < [@GJEIpMD — (WEpf (D]
[GJE [pf (O — ¢GJa [p@®D] X [P GJd [p(O]) — GJd [pgODIGJE [pg(®OD — ¥ GJg [p(OD]

Since 4rs < (r + s)?,r,s € R, then it yields

(5.9 4[2(JEp(OD — (& pf ODIGIERf (O — ¢GJE[POD] < (@ = P) (& P(D])?
And
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(5.10)

AP WJEP®OD — WElpgODIWEPI®OD — vGJEP®D] < (¥ — Y WEP©D?.
If (5.8)- (5.10) are taken into account together, then we get the inequality (6).

Ifa =k =1 and p(t) = 1 then we get classical Gruss inequality on [a, t].
2. Generalization using Katugampola fractional integral :-

Definition 3. [3] Consider the space XY (a,b),(c € R,1 <P < ), of those complex valued
Lebesgue measurable function V on (a, b) for which norm || V |l,»< oo, such that

b dx *
(R% |ng= (J | x€V|P 7)?, forl<p <o
X

and

IV llxe= supessyea,n[x°IVI]

. 1 o .
In particular, whenc = > the space x¥ [a, b) coincides with the space Lz(ja b)-

Definition 4. [4] The lefi- and right- sided fractional integrals of a function V where V € xF (a, b),
a > 0and B, p,n, k € R are defined respectively by

~f _ pl—ﬁxk x TPM+1-1
p\sZJ,m_kV(x) = Jo Py V(r)dr, 0<a<x<b< (8
And
8 pl—ﬁxk b rhtp-1
% = .
Sp= iV (%) @ ). @ —xpyra V(r)dr; 0<a<x<b<o

if the integral exists. If we consider a = 0 in (8) then
pl—ﬁxk x .L_p(17+1)—1

r(@ Jo (xP—tP)i=«

PIEV (x) = V(0)dr.

Definition 5. Letx > 0,a > 0, p, k, B, € R. Then we define a function

r'n+1)
APB =TT -Byktp(ta),
S e

Ifwe take B = a, k = 0, n = 0 then definition (4) reduces to Katugampola fractional integral.

In order to proof main theorem , which generalizes the inequality of gruss-Type, we state following
two lemmas;

Lemma 6. Let fand g be two integrable functions on [0,00). Then for all B,k € R, x>0, a > 0,p >
0,n = 0andy > 0 we have

(AR () PIYEFGG0) + 2R (rom) P fg(x) — PLTEF QP E () — PIVEF(x) PIE g(x))?
< (A28 @mPIVEF2(0) + A (v, )P IE 200 = 2 PITE FQOPIVE £(x)) X (A% (e, m)PLYE g2 ()
+ A0 (@ mPIEE g2 (o) = 2 PLE g (o) PILE g ()
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Lemma 7. Let u be an integrable function on [0, ) satisfying m < f(x) <M and p < g(x) < P
for m,M,p,P € R and x € [0,0). Then for all ,k €R, x >0, a >0, p>0n >0 and y >0 we
have

, \ , ) , , , P a,

A% (a,m) PIVEUR (x) + AZE (v, m) PLE U () = 2 PISEu(x) PIVRu(a) = (MADY ()= E u(x))
f ) ) Py, ) )

X (PIYRu(x) —mAL, (v,m)) + (MAZE (r,m) =1 Bu () x (I u(x) — mAZy (a,n))

— A% (a,m) PIVE (M = u() u(x) —m) — AZ% (y,1) PLEE (M — () (u(x) — m).

Theorem 8. Let f and g be two integrable function on [0,00) such that m < f(x) <M and p <
g(x) <P for m, M,p,P € R and x € [0,). Then for all f,k €R, x >0, «a >0, p > 0,n >0 and
y > 0 we have

(A m) PIVE Fg () + AZE (vym) PLE F9 () = PLYE FPIVE g(x) = PIVEF(x) PIf 9(x))?
, P a, f , , ,
< [(MAZY (@) =1f FEOYPIVE £(x) = mALS (r,m)) + (PLE £ (x) = maL% (e, m))
, Py, , P a, ) ,
(MR (r ) =18 F O] X [(PALE (@) =1k g (PLE g(x) — pAZY (v, m)) +
(PI5E g(x) — pALE (M) (PALY (v, ) — PIVE ().
Proof. Since (M — f(x))(f(x) —m) =0, (P —g(x))(g(x) —p) = 0, x>0 and p > 0 we can write
— A2 (@) PIVE(M = FOO)(f(x) = m) = A5 (r,m) PLy (M = FOD(F) —m) SO (9)
and
— AR () PIVE (P = () (g () — ) — ALE () PLEE (P — g()) () —p) 0 (10)
Applying lemma (7) for f and g and using equation (9) and (10), we obtain
, f , f f , , Pa,
(A2% (a,m) PIVE F2(x) + A2 (v, m) PV F2(0) = 2 PIVE PLEE (%)) < (MAY (a, =L £ () %
) , ) , ) Py,
CIVE OO = mALE (r.m) + (CISE £ () — mALS (@) (MALE (v, ) 2LV £ ().
and
, f , f f , , P a,
(A2% (a,m) PIVE g2 () + A0% (v,m) PLLE g2 () — 2 P1VE P g (x)) < (PADK ()= Ik g (1)) X
\ ) , , , Py,
LR g0 — pAZE () + (CLEE g(0) — pAZE (@,m) x (PALE (v, )21 E 9 ().

Taking the product of above two inequalities and using lemma (6), proof of theorem follows
immediately.

Remark: - Putting a =y =1, 7=0, k = 0 and p = 1 in this theorem we get classical Gruss
inequality. So, this is the theorem that generalized Gruss-Type integral inequality using Katugampola
fractional integral.
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