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Abstract
Lattice dynamics of gold is studied theoretically using phenomenological model. This model considers (i ion-ion and (ii) ion-
electron interactions to evaluate the potential energy. Contribution to ion-ion interaction is the sum of two body central interactions 
between ions and many body interactions among ions. Contribution to potential energy due to ion-electron interactions is 
evaluated using screened coulomb potential. Using this model phonon frequencies of gold are computed at 48 non- equivalent 
points of Brillouin zones of crystal and compared with experimental points. Lattice specifi c heats at different temperatures are 
evaluated by dividing the frequency spectrum in interval of 0.1 tiga hertz. Using the computed values of lattice specifi c heats, 
Debye characteristic temperatures of gold are computed. The model is used to calculate compressibility and Poission’s ratio. 
Agreement of theoretical calculations with experimental results is satisfactory.

Key words: Ion- ion interaction, Ion-electron interaction, Phonon frequency, Lattice specifi c heat, Debye 
characteristic temperature.

Introduction
Theoretical study of lattice dynamics of metals 
has been done by various workers by using 
phenomenological models and pseudo potential 
approaches. Closs and Shukla (1977), Kumar 
and Jokadi (1975), Machado and Shukla 
(1976),Rathore(1977),Bertolo and shukla(1975), 
Rai and Hemkar(1976), Kharoo et al (1977), Thakur 
and Singh (1986). Singh and Prakash (1975) studied 
lattice dynamics of gold using model potential or 
pseudo potential approaches. Such approaches 
involve model or pseudo potential and the dielectric 
screening function with or without exchange and 
correlations among conduction electrons. Numerical 
calculations of different properties of metals from 
this theory are long and tedious. Phenomenological 
models are comparatively simple and are still of 
interest for the study of lattice dynamics of metals. In 
this context, using axially symmetry model for ion-
ion interactions and screened Coulomb potential for 
ion-electron interactions, lattice dynamics of f.c.c. 
metals Al and Pb are studied by Thapa et al (2000). 
A phenomenological model; which considers two 
body central interactions between ions, many body 
interactions among ions and screened Coulomb 
potential for ion-electron interactions; is developed by 
Thapa and Singh(1998) to study the lattice dynamics 
of face centered cubic metals Al and Pb. This model 
is extended by Thapa(1998) to explain the thermo 
physical properties of transition metals palladium, 
thorium and nickel. In this present paper that same 

model is used to compute phonon frequencies, lattice 
specifi c heats, Debye Characteristic temperatures, 
Compressibility and Poisson’s ratio of gold.

Theoretical Model
The Secular determinant which determines the 
angular frequency ‘ω’ of mode of vibration in the 
crystal is given by

D (q) - ω�I |  =0 -----------------------------(1)
Where m is ionic mass and I is unit matrix and D (q) 
is 3×3dynamical matrix. The elements of dynamical 
matrix D (q) are written as 
 D (q) = D (q)i-i + D (q) i-e -------------------(2)
Superscripts i-i and i-e represent ion- ion and ion- 
electron interactions respectively.
 D (q)i-i = [D (q)i-i ]c + [D (q)i-i ]m  -----------(3)
Superscripts c and m represent two body central 
interactions between ions and many body interactions 
among ions respectively. To evaluate the secular 
determinant central forces between nearest and next 
nearest neighbours of the reference atom are taken 
into account.
Dynamical matrix for two body central interaction 
of ions is given by
 [Dii (q)i-i ]c = 1/m [ 4α1 -2α1 Ci(Cj + Ck) + α1α2 ] ---(4)
 [Dij (q)i-i ]c = (2α1/m )Si Sj (i ≠ j)
Superscripts i,j and k are indices. α1 and α2 are force 
constants.       
        Cl = Cos{ql(a/2)}, Sl = Sin{ql(a/2)}   ( l = i,j,k)
Dynamical matrix for many body interactions among 
ions is given by Sarkar and Sengupta 1969, 
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[Dii (q)i-i ]m = 1/m[8P Sin2{qi(a/2)} – 4P[Sin2{qj(a/2)} + Sin2{qk(a/2)}] 
    -2P Cos(qia)[ Cos(qja)+ Cos(qka)] + 8P Cos(qia/2) Cos(qja)Cos(qka) 
(40P - 22√2Q) Cos{qi(a/2)}[ Cos{qj(a/2)}+ Cos{qk(a/2)}]       +44√2Q  
Cos{qj(a/2)}Cos{qk(a/2)} -84P +88√2Q]   -----------(5)

Here P and Q are force constants.
  [Dij (q)i-i ]m = 1/m[2P Sin (qia) Sin (qja) +4P Sin{qi(a/2)} Sin{qj(a/2)}

      +4P Cos{qk(a/2)}[Sin(qia)Sinqj(a/2)     + Sin(qja)Sin{qi(a/2)] 
+4P Sin{qi(a/2)} Sin{qk(a/2)} + (40P+22√2Q) Sin{qi(a/2)} Sin{qj(a/2)}]  ---(6)

Other elements of dynamical matrix for the many 
body interaction can be written by the cyclic 
permutation of indices i, j and k. Matrix elements 
corresponding to ion-electron interaction considering 
screened coulomb potential on the basis of Kreb’s 
approach (1964) is given by Thapa et al (2003) as: 
                                                                               
[D11]

i-e = A                                                 ---------(7)

[D11]
i-e represents  diagonal elements of dynamical 

matrix D for ion-electron interaction.

[D12]
i-e = A                                                   --------(8)

[D12]
i-e represents  off diagonal elements of dynamical 

matrix D for ion-electron interaction. Other matrix 
elements may be obtained by cyclic permutations of 
indices. Summation extends over reciprocal lattice 
vector h.
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KF is Fermi surface wave vector.
ne is electron density. For monovalent metals re is 
equal to radius of atomic sphere ro. For polyvalent 

metals re = orZ 3
1−

 with Z as valency. Ke is screening 
parameter given by .

ao is Bohr radius. Ke has been treated as adjustable 
parameter. Value of σ is adjusted to give best fi t with 
experimental data.  A is structure dependent constant.

Numerical Computations 
The secular determinant | D (q) - ω  I |  =0, is solved 
along symmetry direction [ξ 0 0]. It is also solved for 
long wavelength limit(q→0) to obtain expressions 
for elastic constants in terms of force constants 
(P,Q,α1,and α2) and bulk modulus of electron gas Ke, 
which are given below:
 
C11 =1/a[2α1+4α2+72P-22√2Q]+ Ke  −−−−−−−−−(9)
C12 =1/a[α1+36P-55√2Q]  −−−−−−−−−−−−−−− (10)
C44 =1/a[α1+32P-33√2Q]  −−−−−−−−−−−−−−− (11)

The frequencies of the normal modes of vibration at 
the zone boundary along the [ξ 0 0]direction are given 
by,  mωL

2 (x)=8α1-8P+88√2Q+ D11
i-e  −−−−−−−(12)

 Subscript L represents longitudinal wave,ωis angular 
frequency. D11

i-e is dynamical matrix corresponding 
to ion-electron interaction. Model parameters are 
evaluate by using following data in equations 
(1),(2),(3) and (4). D11

i-e is evaluated by technique of 
Thakur and Singh (1986).

Table-1(Elastics constants of Gold)

Metal Elastic constants(1010Nm-2)
C11              C12             C44         

References

Gold 19.234 16.314 4.195 Neighbours and 
Alers(1958)

Table-2(zone boundary phonon frequencies of Gold)

Metal
Zone Boundary phonon
Frequencies(1012Hz)
υL)X                                  υT)X

References

Gold 4.61 2.75 Lynn et al 
(1973)

Table-3 (Atomic mass, Semi-lattice constant, 
screening multiplication constant, Interelectronic 
spacing, Fermi surface wave vector)
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Gold 316.965 2.035 0.353 1.592 1.204 Lynn et 
al(1973)

Evaluated values of model parameters are given 
below:
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Table-4(Evaluated values of model parameters)

Metal
Force constants(Nm-1)

     α1              α2                     P            Q

Bulk
M o d u l u s 
Ke  
(1011   Nm-2)

Gold 30.8610 -4.7620 0.22853 -0.09830 5.234

Using the evaluated values of force constants 
phonon dispersion relations of gold along symmetry 
directions [ξ00], [ξξ0] and [ξξξ] are computed.

The values of CV at different temperatures are 
obtained by formula from Thapa and Singh (1998)
 CV =(3R/3000)∑E(hυ/kT)g(υ)   ----------(13)       
g(υ) is frequency distribution function defi ned 
by g(υ)dυ=9Nυ2dυ/υD

 3, υD is Debye threshold 
frequency, υD=kθ D/h. E(hυ/kT)is the Einstein 
function defi ned by Ex=(x2ex)/(ex-1)2 where x=hυ/
kT, υ is frequency, k is Boltzmann constant, h is 
Planck’s constant, T is temperature and N is number 
of atoms in the crystal. θ D is Debye temperature. 
Calculation of CV at different temperatures is done 
by dividing fi rst Brillouin zone of the crystal into 
one thousand miniature cells which reduce to 48 
non equivalent points under symmetry operations. 
Secular equation is solved at these points by dividing 
the frequency spectrum in intervals of Δυ=0.1THz. 
Debye temperature θ D is calculated by standard 
table of [CV - θ D/T] from Saha and Srivastava 
(1965) by using computed values of CV at different 
temperatures. Compressibility is calculated by using 
formula K=3/( C11+2C12)while Poisson’s ratio is 
calculated by formula   σ =C12 / ( C11+C12)

Tabel-5 (Calculated and Observed values of 
compressibility in units of  (10-11N-1m2)
Metal Calculated value Observed value Reference
Gold 0.472 0.577 Kittel(1976)

Tabel-6(Poisson’s ratio)

Metal
Calculated 
value (this 

work)

Calculated 
value (from 

experimental data)
Reference

Gold 0.5353 0.4589
Neighbours and 

Alers(1958)

Results and Discussion:
Phonon frequencies
Kumar and Hemkar (1978) used short range paired 
forces in conjunction with Kreb’s , model for ion 
electron interaction in the study of phonon dispersion 
relations of gold. 

Fig.1 Phonon dispersion curve for gold along symmetry 
directions Expt point are due to Lynn et all 1973.

Lynn et al (1973) measured the phonon frequencies 
of gold along principal symmetry directions at room 
temperature by the coherent inelastic scattering of 
neutron. . Nand and  Tripathi (1975) studied lattice 
dynamics of gold to study phonon dispersion curves 
using  pseudo potential approach. Thakur and 
Singh (1986) computed phonon frequencies using 
valence force fi eld model. Phonon dispersion curves 
of gold have been computed assuming central and 
angular volume interactions by Rothore(1977). 
Calculated phonon frequencies according to the 
present model are plotted against reduced wave 
vector in fi gure (1) along with experimental points 
of Lynn et al (1973). Satisfactory agreement is 
found. Present result also compares well with 
those of other reported works of Kumar and 
Hemkar(1978) and Thakur and Singh (1986).

Lattice specifi c heat
Many theoretical workers calculated specifi c heats 
of gold. On the basis of non-central force model, 
Machado and Shukla(1976) also evaluated lattice 
specifi c heat of gold. Kharoo et al (1977) exploited the 
improved CGW model with Kreb’s type volume force 
to calculate specifi c heat of gold. Thakur and Singh 

Thapa/Many Body...
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(1986) reported results of specifi c heat capacity of 
gold accurately within the range of 15-300k and results 
obtained satisfi ed the earlier experimental results of 
Culsius and Hartek (1928). Martin(1987) measured 
specifi c heat of gold below 300K. By applying Kreb’s 
model(1964), Shukla (1965) evaluated lattice specifi c 
heat capacity of gold.

Calculated specifi c heats of gold(on the basis of 
adopted model)as a function of temperature are 
plotted in fi gure(2) with experimental points of 
Geballe and Giaque (1952) giving satisfactory 
agreement. Present results also compare well with 
other calculated results of Thakur and Singh(1986). 

Fig.2 Specifi c heat capacity versus temperature 
curve for gold. Experimental points (0) are due to 
Geballe and Giaque (1952).

Debye Characteristic temperatures
Calculated Debye Characteristic temperatures of 
gold along with experimental points of Geballe and 
Giaque(1952) are plotted against temperature in fi g 
(3).Agreement between calculated and experimental 
results is satisfactory. Present results compare well 
with results of Thakur and Singh (1986).

Compressibility and poisson’s ratio 
Calculated results of compressibility and poisson’s ratio 
are in satisfactory agreement with experimental results.

Fig.3. Debye temp versus temp curve for gold. Expt 
points (0) are due to Geballe and Giaque 1952.

Conclusions
The present theoretical model used to study the lattice 
dynamics of Al and Pb and transition metals explains 
satisfactorily phonon dispersion results, Lattice 
specifi c heats, Debye characteristic temperature, 
Compressibility and Poisson’s ratio of noble metal 
gold. Thus two body and many-body interaction for 
ions and screened Coulomb potential for ion-electron 
interaction is successful in explaining the lattice 
dynamics of noble metal gold. (Elaborate more)
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