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Lorenz Curve and Gini Coefficient:
Conceptual Considerations

Nav R. Kanel”

INTRODUCTION

The data that we deal with are usuaily unequal in nature. Much of the problems
in statistics would be simplified if the data under investigation show equality within the
given dataset and across similar other datasets. Therefore, because of inequality in the
values of any variable, the study of inequality has a very important role in statistics as
well as in macroeconomic and development studies,

Inequality refers to the situation in which a particular variable under inquiry does
not show equality in ifs values. Many economic variables such as income, assets. land.
educational level, to mention a few. are not distributed equally (or proportionately).
This has not only created a conflict among various socioeconomic classes, but 1t has
also alarmed the: policy makers about how to reduce. let alone eliminate. such
inequalities. Societies have been divided into rich and pooi because of the
maldistribution of such economic variables. This has beena problem not only in less
developed countries but also in developed countries. The people of developed countries
are also suffering from economic inequalities among social classes. and between races
(in the United States, for example). The problem arising from unequal distribution of a
variable under investigation has always been a matter of apprehension everywhere.

An income distribution is usefully described by a measure of central tendency as
well as a'measure of dispersion. It is relatively easier to find out a measure of central
tendency. but how. to measure such inequalities in the distribution of the variable under
inquiry 7 Various measures of inequality (dispersion) have been suggested in the
literature and are: in use - range. relative mean deviation. variance. coefficient of
variation, standard deviation of logarithms. quartile points. Lorenz Curve. and Gini
Coetficient. From the standpoint of welfare economics, it is customary (o study the
concentration of income, which is just another way of looking at the income
dispersion.

OBJECTIVE

The objective of this paper is to show a method of deriving the formula for
calculating Gini Coefticient from definition, the Lorenz Curve. Many. books (Anand,
1983; Kakwani, 1980, for example) merely describe that the Gini Coefficient is derived-
from the Lorenz Curve, and furnish only the formula for the calculation of Gini
Coetficient. None of them, however. show the proof of the tormula clearly .and in a
simplified manner. Because of-this problem many people keep wondering about the
derivation of the formula. This paper attempts to-solve the-problem of those people .
who might be wishing to derive the formula for: Gini: Coetficient. In this paper,
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therefore. the concepts of the Lorenz Curve and the Gini Coellicient are brictly
examined. and the formulas for the computation of the Gini Coeflicient are derived.
Other measures of dispersion (inequality) are not discussed here as they are described
elsewhere (Sen, 1973).

LORENZ CURVE AND GINI COEFFICIENT

A measure that has been very widely used to represent the extent of inequality is
the Gini Coefficient, also known as Gini Concentration Ratio. attributed to Gini
(1912, 1921). Gini Coefficient is calculated from the help of a Lorenz Curve. duc (0
Lorenz (1905). These measures. Gini Coefficient and Lorenz Curve. were originally
developed 1o measure the concentration of income. and now also they are being
extensively used to measure income disparity. Nowadays, these measures are also used
in macrocconomic analysis of such variables as income-. assets-. and land distributions
in various couniries and among various socioeconomic classes within a country. The
United Nations usually employs these measures o compare the distribution of wealth
and land across various countries (UNDP. 1993). Besides. Gini Coefficients are also
used in the field of public economics lo examine the change in the income- and wealth
distributions before and after certain tax schedules, and similar applications of these
measures are also used in the domain of monetary economics to examine the effects of
inflation on similar variables.

By definition, Gini Coefficient is the proportion of the total area (of the wiangle)
under the diagonal that lies in the area between the diagonal and the Lorenz Curve. The
Gini Coefficient also satisties the Pigou-Dalton Condition. a desirable property of any
measure of inequality (The desirable property ot any measure of inequality is that any
transfer of income from a poorer person to a richer person, other things being the same,
must always increase the value of an inequality measure. This condition is referred 10 as
the Pigou-Dalton Condition). A transfer of income from a richer {0 a poorer person
raises the entire Lorenz Curve between the corresponding percentiles: hence it reduces
the Gini Coefficient. As the definition of Gini Coelficient involves the concept of
Lorenz Curve as well, it will be relevant to first define and describe what a Lorenz
Curve is.

The Lorenz Curve, first expounded in 1905, has long been used (o measure
inequalities in the distribution of wealth and income. It is a graphical depiction of the
concentration of income and wealth. It has also been used to show the state (as opposed
to the process) of concentration of population and of other demographic aggregates. To
plot the curve, the units are first either arrayed individually or grouped in class iervals
according to the appropriate independent variable. If we assume that we are interested (o
find out the measuremeént of income distribution. the percentage of population is
arranged systematically from the poorest to the richest and is arranged on the horzontal
axis. and the percentage of income enjoyed by the botiom v percent of the population is
shown on the vertical axis (Proportions of population and income can also be used m
stead of percentages of these variables). Then the cumulative percentage of “the
population (X;) is plotted against the cumulative percentage of the total income (¥).
The curve derived thus from these two variables is called a Lorenz Curve. For
comparison, a diagonal line is drawn at 459 o show the condition of perfect equality.

=
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The Tollowing figure might be helplul for a clearer exposition of the concepts involved
in the discussion.

Figure |
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Because 0 percent of the population enjoys O percent of the income. a Lorenz
Curve must originate from O {(as shown in Figure {). Also. 100 percent of the
population enjoys 100 percent of the income, a Lorenz Curve must ferminate at N, If
the income is distributed equally v percent of the total population will receive exactly v
percent of the total income. In this case. the graph of such income distribution will be
the 459 line. which is the diagonal ON, showing perfect equality between the values of
the horizontal axis and the vertical axis. On the other extreme, if there is perlect
inequality in the distribution (i.e.. only one person geis all the income) the rest of the
population gets nothing (i.e., they get 0 percent of the income}. In such situation. the
curve will run from O along OX until we reach to X where the curve will jump 1o N,
because the last person gets 100 percent of the total income. In this case, the graph of
an-such income distribution will be OXN, Therefore, the (otal area included in between
these two extreme cases is given by the area of the friangle OXN.

Perfect equality and perfect inequality are two extreme situations, which we
usially do not observe in the real world. What we usually observe more often is that
the lower (higher) income groups will enjoy a proportionaiely lower (higher) share of
income. Plotting all such values, we will obtain a curve which runs from O to N and s
i between these two exiremes as shown in Figure 1. Obviously. a Lorenz Curve in
this case must lie below the diagonal, and its slope will increasingly rise -- at any rate
will not fall -- as we move i richer and richer sections of the populaiion (If we instead
arrange the population from the richest to the poorest (in non-ascending order) the
Lorenz Curve will lie above the diagonal (in the triangular area QYN), and its slope
will increasingly fall -- at any rate will not rise -- as we move to poorer and poorer
sections of the population). From the figure it can also be shown that for more unequal
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(equal) income distibution, the Lorenz Curve will be farther away from {nearer 10) the

diagonal line, The converse of this rule is also true: the greater the departure of the
Lorenz Curve from the diagonal, the larger is the inequality in income distribution.

The Gini Coefficient, G, is defined as the area between the Lorenz Curve and the
line of equality (i.e., the diagonal) divided by the area of the wiangle OXN (It can also
be revealed, though tedious to work it out, that the Gini Coefficient is exactly one-half
of the relative mean difference, which is defined as the arithmetic average of the absolute
values of differences between all pairs of incomes). If the area between the diagonal and
the Lorenz Curve, as shown in Figure 1. is denoted by area A and the area of the
triangle OXN below the Lorenz Cure by B. the Gini Coefficient can be specified in
algebraic terms as follows: '

LA
TA+ B

G AD
The greater the departure of the Lorenz Curve from the diagonal. the larger will
be the value of the Gini Coefficient: : :

When there is a perfect equality in the income distribution, then the diagonal line
will be the Lorenz Curve implying that the area A will be zero. In this case. G also
will be equal to zero. On the other hand, if there is perfect inequality (i.e.. only one
person gets all the income), then the lines OXN will be the Lorenz Curve, in which
case the area B will be equal to zero. In this case. G will be equal to. one.

Therelore. O < G £ 1. (2

As G is the ratio of two areas it is always positive. which is also shown by
equation (2). But while calculating the value of G one sometimes'may encounter with a
negative value of G. In such a case, the negative sign ‘should be ignored and only the
absolute value of the result should be taken.

As mentioned earlier, 1o plot a Lorenz Curve the units are first either arranged
individually or grouped in class intervals according to the appropriate independent
variable. which is income in our case. The most common forms of formutas for
computing the Gini Coefficient are as follows:

Grouped Data
L2 )
G="10XYier - U XixtYi (3

Where, X; denotes the cumulative proportion of ‘the population in the ith class
interval, and
Y; denotes the cumulative proportion of the population in the ith class
interval.

It should be noted that X; and ¥; have been defined as the percentages (instead of
proportions) of respective variables in the discussion of Lorenz Curve: This should not
make any difference in our results. I1 the variables-are measured as percentages. then
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hoth of them have to be divided by 100 10 change them into proportions. in this case.
eguation (3) will reduce 02 :

| S . hx ,
G = 100 f; Xi¥iv1r - Xiv 1Y) percent
3. )y
o G = 1002 b Xi¥iey - XiHYJ]. )

Ungrouped Data

5
G= (1 + In)-— Iy, +2yp.l + -+ vy
i
fory; S yp S..Syn
where. n = number of observations. and
(= mean value of y.

Both these formulas are proved in the following section.

PROOF OF FORMULAS
For Grouped Data
For simplicity, I will assume that there are only seven groups (class intervals) in this
case. Any number of groups could have been taken. Nevertheless, [ will generalize this
case to n groups.
Let a; denote the proportion ot the x-axis variable in the ith class interval.

¢; denote the cunudative proportion of the y-axis variable in the ith class

miterval, and
A and B denote the areas as delined earher.

O 3 2 & ay a5 a5 ay '
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We know that Gini Coetlicient, G = -
A+ B

Here we have to find out the areas A and B.
A + B denotes the total area of the wiangle OXN.

Thcwlom‘A-ﬂé =2(d1+a2+a3+a4+aS+a6+a7). c7. %) .

Area B consists of seven smaller areas: one triangle. and six trapeziums. as shown in
Figure 2. Let these seven litile areas be denoted by B. Bo. B3 ..B7.

Then, B :%Cl ay.
| Bzz-;—(cl +Cp)ay.
B]Z%(C2+C3) a3
B4=%(C3+C4) ag.
‘BSZ‘—‘A(CL«)(‘%-CS)GS‘

1
Bg = 2 (¢5+¢q) 46, and

Therefore, Area B= B + By + B3+ B4 + Bs + Bg + By

[c 1ap+c 1+C2)32+(C2+C3)zl3+(c3+C4)&4+(C4+C5)2!5+(C5+C6)€!6+(C6+C7)a7]

[(a | +a0)C +H@g+ay)eoHaz+ag e 3H(ag+ag)cy HasHag)e 5+(a6+a7)06+a7c7]

|
[ PO ot DD |

=5 [(aj+ag)cy + (apa0+az)en + (aj+ag+az+ag)es + (ap+as+.+asley +

(ag+ap+..+aglcs + (al+;12+;..+u6+a7)c6 + (31+a2+.“+;x7) 7]

1 .
"5 [ajcp + (ap+ag)ey + (ap+ap+azicy + (ap+ag+agz+agics + (@+ag+.. +a5)ce +

(al+a2+...+a6)c7'l‘

Let ~ aj+ap+ .+ a;=x; (cumulative proportion of the x-axis variable). and ‘
¢j = y; (cumulative proportion of the y-axis variable). ;

~ Then, B

i

[XaV |+ X3¥o+ Xg¥3+ X5¥a+ XeY5+ Xg¥g+ XgY7] n

[X1Y2+X2Y3+X3Y4+X4Y5+XSY6+X6Y7]

P2 P B [ 00 o

L
[XaY |+ X3Yg +XgYg+ X5Y g+ XeYs+X7Ye] +5 XYy |
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i ginYQ FXQY XY+ XgYs+ XsYor Xa¥g] (@)
. ]
From equation (5). A+ B =2 (HI +dy L ag) g

X7Y 5 (in our acw notations)

Ao {Because, Xg = 100% = 1. Y7 =100% = 1|

I

i

D [ e FQ]—- FJI—

For generalization: use summation potations for equation (6).

: 1
Then, B::% jZXi-{-lYi]+(A+B)‘E{iZXiYH—l}.
1 ,
or B=5 [ XX, Yi- IX{ Yigp] + (A+B).
Therefore, A = %{in 1+1 - EXig i]
* As G _A and A+B —l from equation (7)
S T = A+B A C q o N
i
32X Yigr - EXip Y]
Then G=

£ | —

Le. .G =YX Y- X4 Y5,
For Ungrouped Data

Most of the literature on Gini Coefficient employ the method of absolute mean
difference to tind out the Coefficient as used by its originator Gini (Kakwani, 1980;
Sen, 1973). However, the method that I am employing here to find out the formula for
Gini Coeflicient for ungrouped data is somewhat different from the conventional one. |
am utilizing the same formula that was derived earlier to find out the Gini Coefticient
for alouped data.

Lety; denote the values of the variable under investigation. Let us also assume

that there are n observations in the given distribution, for which we are interested in
calculating the Gini Coefficient. First of all, we ananoe the data in a non-descending-
order as:
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V1. Y25 - Y110 where y; £y2 5 - SVn:
7

3]

s =

|

Let p be the mean value of v, so that L=

Therefore, 2.y; = ik

. . . .Y Y3
Then the proportion of the total value of y for the ith observaiion 13 fif/" = ﬂ;
. 44

Similarly. as there is only one observation for each value of the variable. the proportion
v . G '
of total observations to any observation 15—

Suppose q; denotes he proporiion of the total value of the variable and pi

denotes the corresponding proportion of total frequencies for the ith observation. Then
the distribution can be written as:

. 9 i X Xi
; i 1 1 vy
np n A npL
" y2 1 2 1ty
nit n n , ny
3 3 1 3 (y +y2+y3)
) ny n n np
o Yn-1 ! ol (Yi+yor . +¥n-1)
Nt H n N
- Yo 1. n (y1+yo* o *¥n)
ny n n np

Where X; and Y; denote the cumulative values of p; and gj respectively. Note that hoth
X; and Yj arc equal to one fori=n.

The values of x; Yig1 and X1 Yjcan be derived as

i Xi Yiet Xip1 Vi

| —_— %‘“ ¥y
n-

) __L_ __i_.u 3 3

- 5 Ay +y2) : e A yty)

nep n=pl
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1 i '
3 5 2y Fyatys) e ,4(yg+y2+y3)
Ny . el
I . I .
n-1 A Dy pryat L Ry S Ay 1rYot Yl p)
. e p e
- 1
It oD (ytyat Ly
n

MNow using the formula derived for grouped data.

2 2

G =X Yier- [ X1

|
5y \
=0 K Yigp - X Yy |

' |

i

=- ;5; {Zy171—2(y1+y2)+2(y1+y2+y3)+...+2(yL+y2+,..+ynﬁ1)-(n—1)(y1+3'2'+.;.+}',1)]
L \
’* =- ;’Z; 2y (+2(y (ry) 20y [+y2+y 3+ 20y pryoh by P2V YY) ‘

(D) (y p+yo+.. +vp)]

-2 . n+l
=5 [yl+(y1+y2)+(y1+y2+y3)+...+(y1+y2+...+yn)] + 5 (yptyo+ oo +yp)
nep n-p

-2 n+1
= 5 (yp+(m-Dyy+ .. +yy)+ 5. np [Because y| +yp + ..+ yy =nuj ,
nep n“p
- -2 n+1

= 5 (nyy + (n-)yyr + .+ v+ ——
“2H yi+( y2 ¥n i

i
=(1+ x_) - ;{Q; (ny) + (n-Lyyy + ...+ yp)

Therefore, G = (1+ ;l; ) - 2 (Yn + 2yp-1 + - +nyp).
n ‘

al i

As Gini Coefficient is. the ratio of two areas. which are never negative, we
should take only the absolute value of the result even if we sometimes get a negalive
result. '
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In both the above cases, we have as scemed that the data are arranged in a non-
descending order. What would happen if we arrange the data in a non-ascending order
There will be no change in the result, because only the sign of G, which we always
ignore, will be different leaving the absolute value of G as the same. Similar will be
the case if we interchange the variables Xi and Yi. Therefore. assigning the variable
names is also irrelevant so far as the calculation of Gini coefficient is concerned.
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