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Some Explanations of the Shapes of Yield Curves
with a Focus on the Flattening Long End.

KISHOR KUMAR GURU GHARANA*

INTRODUCTION

Knowledge of the Term Structure of Interest Rates and Yield Curves
is of fundamental importance to financial decision making and can be used
for various purposes, such as hedging, arbitrage, and speculation. The
information content in the term structure of interest rates has been ex-
plored by many authors, for example by Fama and E.F. Schiller et al. and
the interest in the shape of yield curves is persistent as is evidenced

by some very recent articles, for example by Siegel, Nelson, Livingston,
and Jain.

This paper reports traditional explanations of the general shapes of
yield curves and some recent explanations of the flattening of yield

curves for long maturities, with a purpose of providing a basis for fur-
ther research in this area.

This section contains discussion of the important empirical tendenc-
ies concerning yield curves. In Section 2 we review the popular theories
explaining the shapes of yield curves. Section 3 will focus on the ex-

planation of the flat long end of yield curves and finally Section 4 con-
tains concluding remarks.

Definition and Measurement

The relation between promised security yields and security maturities
(on securities that are otherwise identical except in their terms to matu-
rity) is referred to as the Term Structure of Interest Rates.
pressed graphically, this relation is known as a yield curve
Bierwag and Grove argue that yield curves are not always good surrogates

of the term structure of interest rates. Yield curves are always plotted
for securities with similar degrees of default risk.

When ex-
y although

Despite the fact that term to maturity structure of interest rates
1s so important to financial decision making, its measurement is not
straightforward. Some of the reasons as pointed out by Siegel and Nelson
are: lack of default free securites at all maturities, the existence of
various sources of heterogeniety in actual securities, taxation, transac-
tion costs, and the fact that we do not record simultaneous trades on all
securities. Although most of the literature on the term structure deals
with default free bonds, it is not as restrictive as it appears. This is
so because, by using a martingale pricing process, the problem of valuing

(default) risk assets can be reduced to one of discounting at the riskless
rates.

*Dr. Guru Gharana is an Assistant Lecturer at Central Department of
Economics, Tribhuvan University, Kirtipur, Kathmandu, Nepal.
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Empirical Shapes of Yield Curves

: ield curves are report d
entioned above, often y gRigeC Hox 1
Secur::i:s and look as the following. As Wood and Wood poin¢ :E:m?
s 1t

Securities, September 30, ;
B ields of US Treasury ’ ’ 981
g zased on closing bid quotes. ;
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‘Note: This diagram is adopted from Wood and Wood: the curve filled by eye

and based only on the most active issues.

should be remembered that such yield curves are only approximations of
a true yield curve because even Treasury Securities, although free of
default risk, differ in many respects in addition to term to maturity,
for example in special tax features, and call features. However, the
principal empirical tendencies can be summarised as follows:

(a) Yield curves tend to have positive slopes when ylelds are low and
to have somewhat negative slopes when yields are high.

(b) Yield curves tend t¢ be

(¢) Yield curves tend to b
¢
of their slope ninasyel

~We can add anothe
described by Radcliffef empirical tendency to the above list, as
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E[ as ields are averag :
Basj ca I l y serts that lOng term y r
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tion of the theory is as:

Traditional Expectations Theory

First consider a two period case for T-bills when €xpectatiopg

dare
held with certainty.

Let Y = current yield (of spot rate) on an n-period security
n

Y = the yield currently expected to prevail on a k-period
ik security i periods in the future.

F, = the forward rate implied by the current term structure o
Lk a k-period security i periods in the future.

Then consider an investor trying to maximize his wealth after two
periods faced with the choice between a single two period security and

successive one period securities. In the first case his terminal wealth
is

V(1+Y2)2 B (1)

where V is initial wealth.

In the second case (that is

» @ one period security now and reinvest.
ment of proceeds in another one

eriod securit ext i the t -
nal wealth is : Zin perlod),‘ =

: (=
V(l+Y)) (1+,7)

$ 00000 a0

(2)

According to ET the .invest :
natives if and only if B0 1n indifferent between the two alter-

(10y < .2 1 e i

..... 4)
Thus, botp ari (

a Sing anqg :

ztsiiieiliﬁ b~ o8 and falling g:;i}::edyield €irve can be explained by
these geqy €asily shown t

rits
Tegardless of i (e,g_' those

Ct&d one. eri
the length of thcorresponding to v Period rates on all
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important lication of
the implied forward rates given by th imp of ET is :h:;e
market's expectations of future rateg,

A4 = D AHE).. e p )t/

LU (5)
ET asserts that equationg

(4) and (5) are equivalent for all maty-
rities, that is,

e e
lYl = 1F1, 2Y1 = 2F2, and so on,

Uncertainty and the Modern Expectations Theory (MET)

The ex-
return on a two-period single payment security
(132) is equal to the certain one-period rate of return on a one-period

e
security (lRl-Yl) if

; P
1¥1 v
(4R = B> = E(—L_y, = 1,2 Bt ety . (6
L s )2 : Y :
15 2 14171

where P2 and Y2 are the current price and yield to maturity on the two-
period security and P, and 1Y, are the price and yield (both uncertain)
on a one-period security one period in the future, and V is the amount
invested.

On the other hand, the two~period rate of return on successive one-
Period securities equals

the certain two-period return on a two-period
security if

5 2
(1+Y1) E(1+1Y1) - (1+Y2) ..... (7)

But equations (6) and (7) cannot in
€xpected one-period and two period rates

both be equa

general both be true - that is,
1 for one and two

of return cannot in general
-period securities - because

5 » . (8)
1+1&r1 E(1+1Y1)

by Jensen's inequality since

— is a convex function.
1+1Y1
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The equality in (8) would hold only under certainty,

herent contradiction in the ET under uncertainty can pe ,,
ed fo}_‘llli':ii: the suggestion of Cox, Ingersoll and Ross (CIR) if 1t i:"Oiq‘
postulated that expected holding periog returns are equal only for op,
specific holding period, the "shortest' interval. Furthermore, CIR have
shown that only this choice of holding period is consistent with equily.
brium when trading is continuous and future ylelds are uncertain.

The main conclusions of the MET are:

(a) Risk-neutral investors are indifferent between one and two period
securities under uncertainty, only if Yy is less than the average
current and expected short term yields. :

(b) This implies a downward bias in the yield curve becoming more pro-
nounced as uncertainty increases. : 5

(c) However, this downward bias may be offset or reversed if risk averse
investors with short holdings periods require expected return pre- |
mium on long term securities. |

(d) Thus, the upward pressure of risk aversion and the downward bias of
yield curve implied by MET may be the cause for the flattening long
ends of yield curves. On the other hand the former effect dominates

the latter to produce the usually found upward slopes of the yield
curves over the first 6 or 12 months to maturity,

Liquidity or Term Preference Theory (LPT)
This theory originated in Hicks'

and directly introduces uncertainty an
tions theory. It is also g kind of re

classic work on Value and Capital
d risk aversion into the expecta-
fined version of the market seg-
bsection), because it asserts that
o A rat;yoieig-t::nts if offered an inducement to do so in the foI®
i itainy e urn. This yield inducement is referred to as
Premium" woulq be'mOIEWever’ as Wood and Wood point out, the term, "Ter"
mlun because the theoy ali)prOPriate than the popular name liquidity pre-
rather thap liquidit y Tﬁ S it g toipricevolatility
T-bills (in bl moy. 1s point 1g €ven more relevant in the case of

st
oneptert s 4Ly Of T-bally oc g, foTkS &Te done), because the differenct
existent. gee also Nelsop on tlflizentim:turities gieaeel tsibie o
point,
Equation (5)
is sti13
are now cop valid ip
Premium, T{:ised of the expecteq spoIt“PT €Xcept that implied forward rat®

S can be expressed ag rates plus a liquidity (or term)
]

e
iFl % in nr Li
O 6 65 5 (9)
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(14 ¥41)) U B e

ved that LI" viole 'Ln-l are positive and increasing

se of the assumption that risk avertin ‘

. and risk averting borrowers prefer tg %2:52531§§e£er
éﬁ%"eigifference in behaviours of lenders and borgow-
ching principle. Radcliffe expresses this prin-
vrgjuse‘the proceeds from a sale of securities to
real assets but must finance with short term borrow-
come risk.... . Conversely, if lenders (such as
Tt term investment horizons, they inmcur afpfinCiEal
mg term. Thus, lenders will demand a premium 6w long
"Femigm which borrowers will be willing to paj il

id Stuch argue that liquidity premiums may sometimes
g a downward bias in yield curves) with maturity
longer term than borrowers would wish to borrow.
investor who may prefer long term securities is a
mpany dominated by young policy holders. Empirical evi-
at liquidity premiums are positive although reaching
rities between 6 to 9 months as in Mc Culloch's esti-
 explain the long end of yield curves

qlihedry (MST)

tates that economic units which demand or supply finan-
maturity preferences (preferred habitats) which ef-
a number of largely independent market segments.

ET asserts that default free securities of different
fect substitutes and theLPT asserts that they are
tes, the MST asserts that the market for securities
urities are so tightly compartmentalized that'matugity
bstitutable and the yield curve is broken up into dis-
t segments.

is determined completely by

" e
he slope of the yield curv segment.

pplies and demands within each market
= rin
explains the different shapes of yieldEcULVES CULEs
of business activity as below.
: ve is

iTing the trough of business cycles the yliidwﬁgzh are
cept for the very early maturity instrumen 1 of eco-
o d The low leve
upon to provide liquidity nee S e liquidity re-
1 cause businesses to accumulate 1a§§r receivable,
- of reinvesting funds in unneeded %nvezcauZi
iis tendency is reinforced by £ LS pf:he depressed level
olvency problems made more likely by v G
- 8ctivity. The net result will be a largeé

e T
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the money market, causing very low short term rates (see Figure 2

abcVQ
Recovery: As business activity begin to pick up, excess liquigy,
is spent on working capital and plant additions. Moreover, tota] R

for credit (of all maturities) also rises causing short term rateg tcam
rise relatively more (from very depressed level) than Proportionate], ,
long term rates. .

Peak: Finally, during the peak of the cycle, rates are the higheg
in the middle maturity range due to large demands for credit neede :

d to
support the procyclical expansion in receivables and inventory balance

l Thus, the varying shapes of yield curves are the result of the
ing investment needs of the business firms over the course of the by
cyvcles.

Sil’lES

One implication of MST is that there is arbitrage opportunity for
those who can accurately (but differently from the market as a whole)
forecast the demand and supply situations in the different market seg-
ments. For example, a simple rule of thumb strategy would be to buy
bonds (of long maturity) at the peak of economic activity and to sel] at
the trough of a recession. However, the important question 1s whether
the market as a whole does see and seek such opportunities or not. Accorg.
ing to the unbiased expectations theory a fully arbitraged market woulg
eliminate all such profits and bring about the relationship between long
and short rates as predicted in equations (4) and (5) above.

In the next section we focus on the flattening of the long end of
yield curves.

THE FLATTENING OF YIELD CURVES AT LONG MATURITIES

Some Traditional Explanations

As pointed out in Section 1, regardless of the early maturity slopes

of yield curves, it is consistently observed that yield curves become
flat at the intermediate to long maturity end.

Because of this consistent tendency of yield curves
that any theory of term structure must be able to explai
happen. Malkiel has emphasized this point by saying that a term struc-
ture "theory must account for the pervasive tendency of the yields curves

?0 level ?uF as term to maturity increases and to develop what is called
shoulder' irrespective of the general shape in the earl 3

siteisiclear
n why this should

ach depends on one empirical tendency to
dency without much theoretical basis.
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,"1.f17' pLutz has tried to explain the flatten

' ing of yield cury
-g*gint long term forward rates for long maturities, But, Livings::n
Wﬂ:;n poiﬂt out that this view would be justified only
and J

d

if in
" ¥ he same forcasted rate as the best predictor of al] Z;:E:;:
ule g:cauﬁe of the uncertainties attached to expectations of future
rates | Moreover, we will see in the next subsection that the behavioural
cates: Sions and assumptions about forward rates, zero coupon discount
expl r bond price volatilities as those of Milkiel and Lutz are un-
,;tes;a:y for explaining the flat end of yield curves.
neces®
in Section 2 we hinted that the traditiomal term structure theories

 also provide some explanations for this trend. For example the up-
can ressure of risk aversion and the implied downward bias in yield
ward P of MET can offset each other for long maturities to produce a
cufvesnd Similarly, the LPT can explain this trend by the fact that
fl:z :re;iums reach a peak at early maturity levels.
te

However, such behavioural explanations appear to be ad hoc because
he yields are mnot explicitly expressed in terms of term to maturity so
: etz‘e'.‘nable-us to categorically determine the slope of the yield curve
zz term to maturity increases. Therefore, in the following subsections

we will review some recent and ﬁormal explanations of the flattening of
the yield curves at long maturity end.

Flattening of Par Bonds

Livingston and Jain present a theoretical proof that flattening of
yield curves for par bonds is inevitable for long maturities, without
any assumptions about forward rates, zero coupon discount rates, bond
price volatility, or whether or not investors can differentiate expecta-
‘tions of distant future rates from each other. The authors formalize
the statement of Schaefer that constant coupon yield curves '"are

asymptotically horizontal no matter what shape the spot rate (zero coupon
rate) curve adopts."

Livingston and Jain prove this statement in the following way:

Assuming perfect market without taxes, the price (P_) of ann
period default free noncallable bond with coupon C is

n
Po= T - + : S (1)
e o)l aw)”

where Rj's are discount rates (assumed nonnegative) of zero coupon bonds

(Spot rates) of maturity j and represent the true term structure of in-
terest rates.

Bond price expressed as a function of yield to maturity Yn is,

n
Pn e £ 3 + 1 = ey (2)
J=1 (1+Yn) (l+Yn)
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i# defined by the following relation.
ield curve.
Then a flat y

The difference Y ., -Y , 1s close to zero for i & l“"'(3)

(¢ Ay ¥y e
For a par bond set Pn'l' and note that s n TherefOre.

1) and (2) gives

1-(14R )-n Son 2n
. - A
Y. gm n D n
2 ;311/(1+Rj)j k3.
31 i
PETl

&, and A = I D,.
where Dj (1+Rj)j n j=1 ]

/

Then the following theorems are proved (see Livingston and Jajq,
Appendix).

hen Y YVricis
Theorem 1. 1f Yotk > Y, for any k > 1, then Tl i
e LCILBL

; k
Theorem 2., 1f Yn+k X Yn for any k > 1, then Yn-Yn+k < Yh ,;ﬁ%ﬂ

In other words,
The authorsg als
"The yield to maturity
Weighted gverage of the zer

Sent value factors for the distant tipge Periods tend to b
relative importance, thereby implying flattening of the y

hown that, for

However, Living-
iEngizgfzizsngssisbe wﬁdely o Lved flattening of yield curves forg
ies

work, herefore Livingss: EOt Seen €xplained by the above mentioned

ning of yield
weak ! bounds for for-
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ero coupon bonds 1is examined, and then tnat of

et the price of a default free non-callab
ty n and U.S. $ 1 par value 1; S vagiie le, zero

i (1)
aggg by“fl,..., f_n we have
) iR Ry
R-jlf-ll;vtil+f Sl (14R ) (3)
@imHE 1jH1 n+l S it

‘ "ﬁ;ﬁﬁdt"tﬁevfollowing equation holds approximately
e compounding, and exactly in case of continuous com-

ual;gﬁaaéf, which gets smaller and smaller a n gets

the yield curve flattens.
s 057 oF

# A

)

oy ﬁ{Rh, so that equation 4 becomes,

i (w=1) Rn

~ | R (5)

numerically by Livingston, plugging some reasonable

Livingson examines the case of coupon bearing par bonds.
in flattening of par bonds and derives the result that
a function of reciprocal of term to maturity n. In addition

there is much more marked flattening for par bonds relative
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that f is less than or
to zero coupon bonds, For example assuming By

rising yield curve
equal to an, he shows that for a g L

w-1

1 L O I 3 (6)
wn+t

- <
Yn+k Yn i

Livingston argues that thy
asonable values of the parameters, .
relatfg: ;;ves tighter bounds for yields than Livingston and Jain.

Asymptotic Flattening and Stability of Forward Rates

depend heavily on pPolyno.
Most estimation methods of term structure dep |

mial splines or exponential splines. But Shea finds that exponentia]
splines are subject to the same shortcomings that polynomial splines are,
The main problem with polynomials or exponentials is that they imply thay
implicit forward rates increase or decrease explosively as maturity 4g
extended.

Therefore, Nelson and Siegel avoid the use of polynomials in deriy.
ing models of yield curves which can explain the observed shapes. The
authors apply the expectations theory to the assumption that spot rateg

are generated by a differential equation. Then the forward rate will be
solution to the equations.

For example, if the instantaneous forward rate at maturity m is

o) may be given by the solution to a second order differential
equation

f(m) = bo+b1exp(-m/t1)+b2exp(—m/t2) o E RS (1)

where t) and t, are time constants, and b

O’bl’ and b2 are determined by
initial conditions.

According to the expectations theory,

the yield to maturity, Y (m)
is the average of the forward rateg and is

given by

Parameters of equaty
to maturity will also take similar shapes, HoweVeg. Neigoi,asgesiizii

. Therefore, following the

ing"the equation to i AT Earfi?§nious model by restrict-
f(m)-b0+blexp(—m/t)+b2(m/t)exp(_m/t)

Ill-. (3)
Now integrating €quation (2) ye obtain
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b da m
P e 504(b1+b2) [1-exp( m/t)7/ T bzexp(-m/t) T
Thus, the limiting value of Y(m) as m + = 44 bys 2nd as m gets sme1;

» the yield cyrvye ey take
differe“t shapes according to the values of the

aramete
(4), but all curves are flat asymptotically, P eters in equation
’

e (b0+b1)' same as for f(m). In conclusion

Note that this result is based on the stability of the forward
gunction. In other words, the long maturity behavicurs of both fzrw::;es
rates and yield curves are dominated by decay that is Proportional to the
reciptocal of maturity. However, this model considers only pure discount
bonds .

Similarly, Nelson and Siegel prove flattening of vield curves at

. long term maturities (for pure discount bonds) to be approximately propor-
tional to the reciprocal of the time to maturity under fairly general
conditions, and suggest the use of a "reciprocal raturity yield curve"
for easier interpretation.

They start with equation (2) given above and add two assumptions:
(a) Forwerd rate has a finite limiting value,

f(<) = 1im f(m) exists and ic finite Ficitic ()
m->co

(b) Forward rates approach this asyrptctic value quickly enough,

m
lim d]'[f(s)—f(w)] ds = c exists and is finite ..... (6)
m>x

This is the area between the forward rate curve

and its asymptotic
value.

Nelson and Siegel argue that this is not a very restrictive assump-
tion, since exponential decay f(m)-f(x)~n exp(-m/t), for positive t,
easily satisfies this assumption, as does the much slower algebraic
decay f(m)-f(»)v m~X for large m with anyg{ > 1.

From equatien (2) and the assumptions, it follows that,

R Rt e () (o) o L (7)
m>
The authors then prove that
B ) = f) (8)

Where ¢ 15 defined in (6).
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hat the yield curve approache
tion (8) it is clear t ches o
. it:r:?ysg::tiz value as maturity increases, whether the yielq el
n s

{s {nitially rising or not.

Jrve

CONCLUDING REMARKS

jewed the traditional and recent explanationg of ¢t}
shapeghi: g;z;s Z::veS. with emphasis on the long maturity behaViour.“e
The emphasis was due to the frequently and consistently observed flate,
ing of yield curves toward the long end regardless of the initia] slopeg
This fact suggests that models of yleld curves should consider such pe_
haviour as a constraint on the modelling. The man purpose of thig Paper
is to provide a basis and motivation for further research in the area gof
term structure and yield curves. A future research may be directeq towary
developing a model based on economic reasoning (rather than ad hoc &Ssump,
tions about the behaviours of forward rates and the expectations of inves.
tors) - a model which can adequately explain the different shapes of yielg
curves and at the same time lends itself to reasonable estimation apg
testing,
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