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INTRODUCTION

Optimal tax theory is one of the most controversial topics in the
theory of public finance. Ever since the publication of Adam Smith's
The Wealth of Nations in 1776, economists are arguing on the different
aspects of taxatiom. It is not surprising to notice that the title of
David Ricardo's famous book is The Prin¢iples of Political Economy” and
Taxation (1817). Taxation directly affects the economic well-being of
the citizens. It is natural for the ‘economists as well as ordinary
people to have interest in finding an optitum tax structure in the eco-
nomy.

One of the hotly debated issues is-direct versus indirect taxation.
Alfred Marshall developed a comcept of -consumer surplus to analyse the
economic effects of different taxes, He demonstrated that a commodity
tax reduces consumer surplus by more than the gross tax yield. He wrote,
"For on that part of the. consumption of the commodity which is maintained,
the consumer loses what the State r&€eives; and on that part of the con-
sumption which is destroyed by the rise in price, the consumers' surplus
is destroyed; and of course there is no payment for it to the producer or
to the State."l

J.R. Hicks, by defining consumer surplus as thé "compensating varia-
tion in income, whose loss would just offset the fall in price, and leave
the consumer no better off than before", proved that "a tax on commodities
lays a greater burden on consumers than on income tax,"2

Later, attention was drawn to the fact that the income tax hes a
similar, if not exact, excess burden ¢ompared to & lump-sum tex, as it
discriminates in favour of taking leisure.- Commenting on the Classical
"oxcess burden" doctrine, H.P. Wald writes, "It fails to recognize that
whatever merit the "excess burden” doctrine might have as a guide to tax
policy is seriously weakened, by the fact that the doctrine is just as
applicable to many direct methods of taxation, such as individual intome
taxes, as to indirect methods."3

It has been observed that high marginal rates of income tax-can have
adverse effects in reducing output by decreasing the incentives to work.
The income tax, however, was still the preTerved tax, until I.M.D. Little's
larticle, "Direct versus-Indirect Taxes"4 was published in 1951. Analysing
| . .
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a three good model, he demonstrated that there is nothing to choose be-
tween direct and indirect tazes im that both give rise to an excess bur—
den on the tazpayers above the receipts to the State, unless further
knowledge about the interrelationship of the three goods can be found.

The argument against indirect tax in favour of direct ome is unsatis-
factory because it assumes that the vesources used are idenmtical in both"
cases. In other words, it has to be assumed, for the wvalldity of the
argument, that the supply of labour is the same whether the taxation is
direct or-indirect. This amounts to saylng that, for every consumer, the
cross~elasticity of demand for leisure with respect to all other prices
is zero, i.e., leisure is not substitutable for any other good. If the
supply of labour is allowed to wvary, the argument against indirect taxa-
tion 1s not perfectly general. Corlette and Hague3 proved that, under
tertain conditions, a change from an income tax to a system of indirect
taxes can really increase the supply of labour and raise real income, the
tax revenue remaining the same.

The recent literature on optimal taxation can be taken as an attempt
to clarify the structure of the arguments advanced to support changes in
the tax system, tracing the implications of taxes and gquantifying the
trade-offs between the various objectives of tex policy. It has examined
the optimal structure for certain types of taxation taken in isolationm,
such as the optimal income taxation and the optimal commodity taxation,
without arguing which type is better than the other.

This paper is confined to the discussion of optimal commodity taxa-
tion in the light of economic efficiency criterion, without considering-
its distributional characteristic. It contains five sections., The first
section introduces the tax rules. The second section presents a basic
model of optimal commodity taxation and reformulates the tax rules on
the basis of general equilibrium analysis. The third section discusses
the uniformity issue and presents some special cases of the basic model.
The fourth section examines the inverse elasticity rule on the basis of.
general equilibrium analysis and discusses it in the context of three-
goods economy. The fifth section makes an improvement on the basic model
taking into consideration of production conditions and production effi-
ciency, and gives-a proof of the statement that the production can affect
the optimum tax structure under general conditions.

TAX RULES

The problem of finding an optimum commodity fax structure has been
discussed intensively for more than half a century in the theory of pub-
lic finance and taxation. -One-of the first contributions appeared in
Marshall's Prin¢iples of Economics, first published in 1890. The most
recent contributions can be found in the economic journals published
since 1970.

Marshall found that the net loss of consumer surplus is minimum,
"for those commodities the demand for which is most inelastic, that is
necessaries."> According to his analysis based on the cardinal utility
and constant marginal utility of money assumptions, the commodity which
is to be taxed at the highest rate is the one with the lowest price-
elasticity of demand. :
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Based on Marshallian partial equilibrium model of & single markét,
R.L. Bishop® measured the fotal deadweight loss for a given vevenue, T,
as follows:

Assume that: (1) except for ome taxed industry, the prices of all
goods are equal to their marginal costs and the prices of all factors
are equal to the values of their marginal products; (2) the taxed indus-
try is a small portion of the whole economy.so that changes in i1ts output
and price have only negligible effects on goods and factor prices in the
rest of the economy; and (3) the demand and- supply curves for the taxed
good reflect only negligible income effects.

In the absence of any tax, a perfectly competitive industry with the
demand and supply schedules, represented by D and § respectively in the
Figure I, is in equilibrium at the point P(xo,pd)e If a specific tax is
now imposed, in the amount of t=P; - py, the supply curve shifts up from
8S to 8'S'. As a result, output~is-feéuced to x1, demand price is raised
to Py, and supply price is lowered té py. The total cost Incurred to the
consumers is then measured by the trapezoid lying between the price axis
and the demand schedule, over the price range from Dy to Py; and the total
cost incurred to the producers is similarly measured by the trapezoid lying
between the price.axis and the supply schedule over the price range from
Py to p,. Since the total tax revenue corresponds to the rectangular area,
(P; - p )Xy, this leaves the dead-weight loss as the shaded triangular area
between thée demand and supply schedules over the output range from x; to x

Pyice

0
S

, ' \‘Qum\%‘"@ '
x‘ xe : ’outP“
figure 1- :




In this simple case where the demand and supply schedules are both
linear, the ratio of the dead-weight loss (L) to the tax revenue (T) is
independent of the demand and supply slopes, but depends only on the ratio
‘that x4 bears to % . Thus, since

- (Pl - Pl) (XO ) Xl)

L 5 , and T = (P1 - pl)xl .

it may be established that
A(x, - xl) i 1- (xl/xo)
2x z(xl/xo)
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a (=, = %) i L~ (2 /%) o
dT 2xl— X 2(xl/xo) -1

The dependence of L/T and dL/dT on just xy/x, has the interesting
tesult that, if there are several competitive Industries with linear
demand and supply, and if a given amount of tax is to be collected by
taxing their outputs, the total dead-weight loss will be minimized if the
tax rates are such as to reduce those outputs by the same percentage.
This is so because dL/dT is the same in each taxed industry when xX1/%g
is the same; and, since dL/dT is a decreasing fumction of xy/%x,, that is
the condition for minimizing aggregate L for given aggregate T.

Ursula K. Hicks’ has also produced similar formula to measure dead-
weight loss, but it is expressed in terms of the elasticities of demand
and supply. For an indefinitely small tax, her measure of the total
dead-weight loss for a given revenue (T) is: 2

2Px (L/Ed + l/Es)
where Eq and Eg denote the elasticities of demand and supply, and Px

denotes expenditure on the commodity, P and x representing its price and
quantity respectively, :

Thus to minimize price-distortion we should tax those goods which
(1) have a low price elasticity of demand, (ii) have a low price elasti-
city of supply, and (iii) form an important part of consumers' budgets.

In bis pioneering work, "A Contribution to, the Theory of Taxation',8
published in 1927, F.P. Ramsey prodiced a tax rule which is commonly
known as Ramsey rule. For an optimality, he proved that in raising 'a .
revenue by proportionate taxes on given commodities the taxes should be
such as to reduce in the same proportion the production of each commodity
taxed.

Atkinson and Stiglitz interpreted the Ramsey rule in this ways: "In
the Ramsey case, we wish to minimize the total dead weight loss over all
taxable commodities, so that for each commodity the marginal dead weight
loss assoclated with raising a marginal dollar of tax revenue must be the
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same. In the case of a perfectly elastic supply this requives (for small
taxes)

i i s
E— Dz = constant for all commodities i = 1, ... ,m,
i
or that the (ad valorem) tax rates be inversely proportiomal to the

elasticity of demand in each industry."?

Nevertheless, the partial equilibrium analysis of the commodity taxa-
tion is not quite satisfactory in view of the restrictive assumptions upon
which it is based. In particular,'it requires (i) the absence of income
effects, and (ii) the independence of demand functions. There has, there-
fore, been considerable scepticism.about its applicability in practical
tax policy. A.R. Prest. - for example, rejects these tax rules om the
ground that, "such restrictive assumptions have to be made in order to
derive a solution that they appear to have little practical significance’,
although he offers nothing to replace them. However, in 1951, Samuelson
submitted to the U.S. Treasury a paper containing a generalizatiom of
Ramsey rule "namely, that the optimal pattern is the one at which the
response of all goods and factors to a further compensated-Slutsky price
distortion would in equal percentage (vitrtual) reductions,”l

~ Since 1970 there has been a general revival of interest among the
economists in the subject of optimal taxation. A series of articles have
‘been published dealing with optimal tax theory under a variety of assump- 4
tions. Among them the articlel2 of P.A. Diamond and J.A. Mirrlees parti- |
cularly represents a major generalization and extension of Ramsey rule.

In 1976, Agnar Sandmo made an introducteory survey of the field and
commented, "The field now seems well established as one of considerable
interest both from a theoretical and a practical point of view, and...".
He also produced a basic model of optimal commodity taxation, which is
presented: below. ’ ‘

BASIC MODEL OF OPTIMUM COMMODITY TAXATION
Suppose there are m+l commodities in an economy, the first of which

is labour denoted by good O and the remaining m commodities are consumer
goods. The latter are subject to commodity taxation.

Suppose that the government has a fixed revenue constraint. The
government wishes to collect that amount of revenue, T, by taxing con-
sumer goods. If ti is the tax per unit of commodity i, xj being its
quantity, the fixed revenue constraint can be expressed as,
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Let p, and P; be the producer and consumer prices, respectively, of
good 1. Tﬁe producer prices are assumed to be fixed so that the problem
of selecting a tax structure is equivalent to choosing a structure of
consumer prices. Thus,

Piapi-l-ti S s o (2)

It is assumed that good 0, (i.e., labour) is not taxed and is used as
nunériare, so that P = p =1 and t_ = 0. N ¢))

The general assumption is that the government maximizes a utility
function which is individualistic and impersonal like one belonging to
the Bergson - Samuelson family:

W= W (U, oon s U) cen eee (&)

where Uj is the utility function of individual j, expressed as

Uj = Uj (xgo, vee o ij) N &)

In order to focus our attention on the economic efficiency aspect only,
without considering distributional aspects, we simply assume that all
consumers are identical and can be represented by a single consumer.

Now this representative consumer maximizes his utility function,
Us=T (xo, Xy coe s xm) vea  cae (6)v

subject to his budget constraint,

Y Pixi = I=0, (assuming no lump-sum transfer ... ... (7)
i=o payments to the consumer)

Notice, here, that this consumer budget conmstraint has already taken

into account the income the consumer earns from his supply of labour.

It can be seen easily if we think of labour supply as being measured

negatively. ;

This yields the first order conditions for the consumer equilibrium:

U : )
e = A P, i=o0,i, se.m , B €))
i
and the demgnd functions: X, = xi(Po, P13 oue mel) R )]

Here, A 1s the Lagrange multiplier and can be interpreted as the marginal
utility of income.
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In order to minimize the dead-weight loss to the consumer due to
taxation, the government must choose & tax structure (t1y Egy one ty)
subject to its revenue constraint (1) in such & way as to maximize socigl
welfare function, now represented by (6). This problem can be formulated

in terms of a Lagrange function, A
mv
L=U (xo9 LT EIRETIN Xm) + U (“Z tixi - T) N ¢ 11)
i=]
Sétting the partial devivatives of the Lagrange functionm (10) with
respect to t) = P - P equal to zéro, we get the necessary conditions
for a constrained maximization of social welfare:
m 9X, m 0%,
oU . i
—— w({z Lsp=+x)=20,k=1,2,,..m ... ... an
=0 Bxi aPk {=p 1 SPk k
Substituting the values of“%g— frém*(8) into (11), we get
m o0x, . m 9%, )
AZ‘Piwé-I-%-ﬂ- po(z t,4§r§}-+xk?09ksl,2;...,m ceoees (12)
imo -t %k i=i * Fg
Differentiating both sides of equation (7) with respect to Ps we ﬁi
get . '
m %,
z Pi‘sf-+xka0_,knl,2,...gm s eew (13)
i=0 k ’

Utilizing (13), we can rewrite the conditions as

: m Sxi
X=X X+ H ('z‘ ti”@?‘"* xk) = 0
iI=4 k
and finally as-
m 9x
5 R A it - - -
z ti 5P ¢ - ) X, A k=1,2,...m sse  wao{l4)
i=1 k
where v = 1 —=% .

From the theory of consumer demand, we can derive Siutsky equation
by taking the derivapives of the demand functions (9) with respect to
consumer price Pk”axi 9x i, k= 1,2,00.,m .., eo s {15)

+ 8

BPk k a1 ik




Kansakar: Optimal Taxation/35

where T is consumer's income and Sik is the substitution effect.

Utilizing Slutsky equation (15), we can rewrite the condition (14)

m m ‘.axi
= - e vee  se. (16
as I t; 5. VIt E It ey (16)
i=] i=]
But the substitution effects are symmetric, Sik = ski con eas (17)
so the conditions can be expressed as
m
il ti Ski m . axl
= : =-v+ I ot ==, k=1, ...,m. e e.. (18)
X i09 >
k i=]

Since the right hand side of this expression (18) is independent of
k, the condition for the optimality of commodity taxes requires that the
percentage reductions in compensated demand for all commodities should
be equal.

This is a Ramsey sort of result obtained on the basis of general
equilibrium analysis. This result is particularly valuable when con-
trasted to the erroneous view that uniform commodity taxation is best
from efficiency aspects. However, it can hardly be applied in actual
tax policy recommendations. As it stands, it is valdid only for an infi-
nitesimal tax revenue. But there could have an interesting version of
this Ramsey result if it were true that

Bxl axk . .
.S T e i, k=1, ;.. , m : cee oee (19)
k i
for it could then possible to express conditions (14) as
m ;ﬁxk
(Z,ti _B_P—)"/Xk = -, kul,‘..‘,m oo oas (20)
i=1 i

which implies that the Ramsey result of equal percentage reduction in
compensated demand would hold without the restrictive assumption of zero
tax revenue,

Now, by the symmetry of the substitution effects (17, we have

.Bxi 3x 9%y 8xk )
-S—P-l:-',xk—a-i—-m ?P—i—-’vxi—a—f cse oo (21)
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Flnaleg muliiplying both sides by income I, we find that equatiom (19)

BAQ . ox
I I k
= L= = o ses ss0{2
1mp11es = 3T %, O . i, k=1, . , B (22)

i.e., equal incone elasticities for all taxed goods.

This interesting result can be illustrated diagrammatically for the
simple case of two taxed goods. The condition (22) requires the indiffe-
rence map to be homothetic so that there should be equal proportionate
reduction in demand for the taxed goods along the line DG, as depicted
in the Figure II below. It implies imiform taxatiomn, i:.e., no change of
relative prices within the group of taxed goods.

2

(o] Figure 1I ’ ix:‘

The above hypothesis suggests that the deviations from the rule of
uniform proportional reduction in demand for all taxed goods must be
sought in their unequal income elasticities. Another interesting result
to this effect can in fact be found as follows:

Rearranging the terms in equation (21) as

9K, % 3% ox
i k k i .
B T T Y / ree ee(29)
k i i Bx
and substituting the value of ——— obtained from'(23) into (14), we get
3P, :
k
m o% x 9x
k k i .
121 b G, R 3T T k3T Vv Eps k=l e, m
m 9% ’ m ox ox :
- k 1 k. L0774
or ( I B, )/ xmm oy - 3 EE, (e o ) Peiieas (26)
4= T api k 1=l i71 Xk ol xi B NE
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Thus, if the proportionate change in demand for commodity k result-
ing from a hypothetical change in exogeneous income is higher on the
average, using tax payments as weights, than. for the other taxed commodi-
ties, then this implies a larger than average proportionate reduction of
demand.

This result is now applicable as a tax policy recommendation. Tax
changes have both income and substitution effects, and the income effects
are just like the changes that would have brought if the revenue had been
collected by lump-sum taxes. Since the latter effects are non-distortion-
ary, so are the pure income effects. Therefore tax policy should reduce
the demand most for the commodities in which income effects dominate the
substitution effects.

THE UNIFORMITY ISSUE

One would probably argue that if only the set of taxed goods were
extended so as to include labour in the basic model of optimal commodity
taxation, then uniform taxation would lead to optimality, since this would
imply that no relative prices in the system would be changed, as compared
with the pre-tax Pareto optimal equilibrium. One such argument is pro-
duced by Avinash Dixit in his model as follows:l4

If all the commodities including labour are taxable, we get by dif-
ferentiating the consumer budget constraint (7) with respect o P

k9
m axi
b} P, 5Ot % = 0, k=o0,1, ... m I ¢5))
i=o k

Substituting the value of Xy from (25) into (l4), we get

m .‘Bxi
z (t, ~vP, )= = 0, k=o0,1;, ... m ces s0.(26)
tm0 i i BPk ’

In this way, Dixit concludes- that a proportional tax structure, i.e.,
(t. =V P ) is optimum. Moreover, according to his analysis, if the matrix

Bx
( ) is non- 51ngular, it is the only optlmum structure.

Criticizing the Dixit result, Sandmo shows that taxing all commodi-
ties at the same rate is meanlngless in a general equilibrium model where
Walras's law holds, for the simple reason that such a tax structure would
result in zero tax revenue. For if tl/P1 = Vv , a constant, then
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But, from the consumer budget comstraint (7, T is necessarily zero. Tax-
ing all commodities while retaining all relative prices constant means
subsidizing labour supply at the same rate, and taxes and subsidies must
necessarily cancel each other, and the government 's target to valse a fix-
ed revenue T is not fulfilled. y
The possible optimality of uniform taxation cannot be established
in this way. However, it is certainly of great interest to look for spe-
cial cases in which the uniform taxation is optimal.
Assume again that commodity 0.(i.e., labour) is not taxed and is
used as .numéraire, so that P0 =P, = 1l and to = O,
-We can rewrite equation (13) as
‘axo m 8%, ‘
B0t I Pie=— 4+ x =0, k=1, ... m sae 200 (28)
8Pk j=1 1 aPk{ k
Together with condition (14), this yields
m 8xi i} Bxi BXO
Zt.———=\)(ZP.—+—-)
i=1 T %Py i=1 P OBy
which can be finally written as
m axi axo ) i
I (t, “~VP) = =v=—= k= 1, ... ,.m. wae 0w (29)
=1 i i apk BPk
) 90X, )
If the matrix (3Fl is non-singular, and its inverse is written
k m. . 9x
0 5
(Aik), we have the tax formula,ti = (Pi oI Aik) P (71 )
k=1 “"k
In genergl, this tax structure is not proportional.. We cannot con=
clude from (2§) that uniform taxation is optimal. In the special case
X
when 3F2-= 0, k=1, 2, ... s M, it becomes optimal. Thus, if labour is
k
perfectly inelastic in supply, not only with respect to its own but also
to all consumer goods prices, then uniform taxation is optimal. This

special case is in confirmity with the conventional wisdom that if there

exists a commodity which is perfectly inelastic in demand, then it is an

"ideal"™ object of taxation from the efficiency point of view. In this

special case we have barred ourselves from taxing labour by choosing it

as the numeraire, but by imposing a proportional taxes on all consumer |
goods, we are, in fact, able to achiieve the same result. The point to: be {
noticed is that there is a change in the relative prices of labour and con-

sumer goods, but within the set of consumer goods all relative prices are
unchanged.
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Choosing labour as an untaxed numeraire good, it is seen that uniform
taxation is optimal when labour is pexfectly inelastic in supply. However;
perfect inelasticity is not a necessary condition for uniform taxation to
be optimal. The question naturally arises if there are other conditions
of general economic interest which lead to same vesult. This question has
been discussed by Atkinson and Stiglitz.l5 Sandmo has also discussed this
question in context of his basic model as follows:16

Lk
Going béck‘to equation (28), if-ggg meflxk where 4 is... ... (30)
k
some function o axi
independent of k, then 1§ P, === = - (1 +={) % eoe wse (31)
=1 1 %

Substituting the value of x) from (31) into (1l4), we get

m v Pi Bxi .
T (t, = = e = 0, k=1l .c. , I cso 0s0(32)
1=1 i 14 BPk

Thus, in this special case also, a proportional tax is optimal. The
equation (32) corresponds to equation (14), and therefore a proportional
tax structure provideg a solution to these equations. Moreover, if the

3% %
matrix, 355-, is non-singular, the solution is unique..
k

Expanding in terms of Slutsky coefficients, we have

on' Sxo . .
'é—rg; = - X 3T + Sok’ k=1, ... ,m ses sea (33)
. : Sxo
where SOk are the substitution coefficients and T income effect which

is here evaluated at I = 0.

Since the income effect is in fact proportional to x|, one condition
for (30) to be true is that the cross-substitution coefficients, Sy,
must vanish. This implies that a proportional taxation will be optimal
if there are no relationships of complementarity or substitutability be-
tween labour and consumer goods.

It is already seen that the uniform taxation, i.e., taxation of all
commodities including labour at equal rates, has no obvious claim to be
considered as-optimal., Yet in the example shown in Figure II it did
after all turn out to be optimal. In this case, the conditions are (i)
the income elasticities for both taxed goods are equal, and (ii) the in-
difference map is homothetic. However, the analysis is incomplete because
the indifference map must be understood as drawn for a fixed supply of
labour, while this supply will in fact change with structure of prices.
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But if the indifference map is in effect invariant to the changes in the
labour supply, the analysis is clearly valid. This implies that there
should be another assumption of utility separability between labour and
consumer goods. Under these assumptions a uniform taxation is optimal.,

It is also seen that there are some interesting special cases in
which uniform taxation is optimal. Still these cases are special enough
to justify the conclusion that proportionality will be the exception
rather than rule if an optimal tax structure is to be chosen on the basis
of pure efficiency criterion. '

INVERSE ELASTICITY RULES

The inverse elasticity rules discussed in Section I are based on
partial consumer surplus analysis. On the basis of general equilibrium
analysis, these rules can be easily derived as special case of the basic
model of optimal commedity taxation.

If the,demand functidns (9) are independent of each other all cross-
derivatives of the demand functions vanish as between the taxed goods.
Thus, - 5x

i
Py

Then the conditions (14) take the simple form:%®

= 0, i#k cee val(36)

R, T T G ox = o-vx
k
or, .t
k v
O T k=1,2, ... m. ove .. (35)
k kk
P, axk .
where, k™ TR T e the (direct) price elasticity of demand for good k.

k k

The equation (35) is the well-known -elasticity formula for commodity
taxation. It says that the tax rates should be highest on the commodities
with- the lowest price elasticities of demand in order to minimize the
deviations from the non-distortive pre-tax optimality.

Commenting on the inverse elasticity rule, Dixit17 argues that this
rule is not valid if all the commodities are taxable, since with indepen-
dent demands all price elasticities must be equal to minus one. . But. cor-
recting the Dixit result, Sandmol8 says that it is still valid since no

assumption is made about the derivativeS'axo., If, in addition to the
: aPk.axo
demand independence assumption, one assumes Sl 0, for all k, we are
; N 24

back to a proportional structure, but this is simply a special case of
the more general result derived in the previous section.
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Nevertheless, elasticity formulae become very complex in the general
model and provide little intuitive insight into the optimum structure of
commodity taxation. One special case which is worthy to examine is a
three-good economy involving labour and two taxed consumer goods. This
case was first examined by Corlett and Haguel9 discussing the direction
of movement away from proportional taxation that would increase utility.
Later Diamond and MirrleesZ0 as well as Sandmo?l also discussed this case
to illustrate their models.

In the three-good case, with good 0-.untaxed, the first-order condi-
tions (18) reduce to the following two equations:

t.S + t,S = - Kx

1711 2712 1
' . o0 (36)
F15p1 * Ep5pp = - Kx,
2 .Bxi .
where K = v - % ti 3T » an expression independent of k.
i=}

These two simultaneous equétions can be solved by Cramer's rule to
yield

.xlszz.e.xzslz

) .
S12 cer . (3T)

t, = - K

511522~
6§ Rl b
2
5115227 912
where the denominator is positive by the properties of Slutsky matrix.

The solutions (37) can be expressed in terms of ad vélorem tax rates
and compensated elasticities as follows:

Let Ql and 02 denote the ad valorem taxes on good 1 and good 2

respectively, so that tV

. 1
0, = =

1B , &)
6, =2
2 P2

Also, let the elasticity of compensatéd demand be defined by

i = Siy (Pi/xi) s i, k=12, Caee eaw (39)




42/The Ecomomic Journal of Nepal

Then, the solutions (37) can be expressed ag

1 *1%2 , oyl
O = - K— 5= Fp. Oy = Opp) = =K {0y = 0y))
511899781, 12 :
cer el (40)
1 *1%9 1 :
9, =-K s s g2 PP (o) = 99p) = = K" (o3 = 0y9)
115927815 L

Now, by the adding-up propertiés,of compensated elasticities, we
have, ' '

4+ O1p = 0

+ 022 = 0

%10 ¥ 911

eno oes(Al)
+ o ’

920

21
Finally, by substituting for o

and 021 in the solutions for the
tax rates (40), we get

12

. 1
0 = = K" (o + + ¢

1 99 + 910)

R (¥

1
92 = - K (cll + Y99 + 020)

Since labour supply is being measured negatively in this model, Kl
has the same sign as net govermment revenue. For definiteness, suppose
that government revenue is positive so that Ki>:0, Then, from (42), it
follows that ’

o3

> ’ N
Ql = 92 according as ¢ 20 oo

Lo oo e (43)

Thus, the consumer good which has lower compensated cross-elasticity
of demand with the price of labour should be taxed at the higher rate.
This means that a consumer good which is a substitute for labour should
be taxed at a higher rate than one which is complementary with labour.
The economic rationale of this result is easily understood that since we
have barred ourselves from taxing leisure, we can achieve our target by
taxing the goods which are complementary with leasure. "It is important,
however, to emphasize that it has nothing to do with leisure per se. The
general principle is.that if we have one untaxed good, we should tax more
heavily that good most complementary with it, since it is a way of indi-
rectly "taxing" the untaxed good. It just happens that we are here assum- <
ing that leisure is.untaxed."22

PRODUCTION EFFICIENCY

The basic model described in the previous sections proceeds of the
assumption of fixed producer prices, and thus neglects the possibility
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that 2 tax structure might distort efficlency by causing misallocation

of resources in productiom. This assumption produces a set of optimum
tax rules which does not consider the production and ‘supply conditions,
Diamond and Mirrleesl2 as well as Dixitl4 have shown that the constant
producer prices assunption is equivalent in terms of its implications to
o the more general assumption of constant returns to scale in production,
Nevertheless, these tax rules have to be modified if there is no constant
returns to scale in production. '

Another important question to be considered is that of production
efficiency. Efficiency will be present if the producer prices are equal
to marginal costs in production. Constant producer prices, therefore,
imply constant marginal costs. But, the marginal costs under constant
returns to scale are constant only in a partial equilibrium sense, not
‘In a general equilibrium sense. However, Diamond and Mirrlessl3 have
shown that the presence of optimal commodity taxes implies the desirabi-
lity of production efficiency, although a full Pareto optimum in the
economy is not achieved.

It seems natural, analytically, to ‘approach the production efficienc
issue in optimal commodity taxation by introducing a production constrain
into the basic model and determining the producer prices by profit-maxi-
mization technique. This is the approach Dixitlé applied to extend his
model to accommodate production conditions.

Suppose one of the (m+l) commodities is not subject to taxation.
,ﬁ There is no loss of generality in this assumption, since the prices can

be normalized to have zero-tax on one commodity when the production is
considered. For convenience, the good 0, i.e., labour, is supposed not
subject to taxation.

Let y = (ygs Y15 eee onn Ym) be the vector of commodities supplied,
inputs being treate& as negative outputs, then the production constraint
is given by '

Y(y) = 0, or, equivalently,
. cee el (80)
v, o= f(yl, Ygs vee wen ym)

For the economy to be in equilibrium, the supply of each good must
be equal to the demand for that good for some price. In vector notation,
, -y = x(P). Cese s (45)
where x = (Xgs K15 ven oo Xp) is the vector of consumer demand and
P = (P, Pis ove oo Pp) is the vector of - consumer prices. Therefore,
the equation (44) becomes, in equilibrium,

X, = g(xl, Xpy eee oes xm) N (1))

Now, if the good 0 (i.e., labour) is chosen as numéraire, the pro-
fit (i.e., the net value of the production) is given by

m
X, + Py%y RN (YD)

i=]
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where p = (pl9 Pys oee coe pm) is the vector of producer prices.

In what follows, it 1s assumed that no price pjy is negative, so
that the producers lose nothing by limiting themselves to technically
efficient net productions. Obviously, it is also assumed that the price
vector p is not identically zevo.

Adopting the assumptions of profit maximization and perfect competi-
tion, and using a production function representing the technical con-
straints, we can easily determine equilibrium for the producers. The
producers try to maximize their profit (47) subject to the production
constraint (46). The necessary first-order conditions for a vector x to
be a solution imply the existence of a Lagrange multiplier A' such that23

e 7
98 A

seo wos (48)

=_|_3_§_ .
Py b Bxi (xla Kps oo o xm)

9 . . ; . \ -
where sﬁ— is negative, since inputs are treated as negative outputs.
i

Because good 0 is chosen as numéraire9 Lagrange multiplier A’ is unity.

Therefore, marginal cost of good'iy-%ﬁ—-, is equal ‘to its price py.
i

Thus, there is production efficiency.

Now suppose the government wants to raise a fixed amount of revenue,
T, by taxing the commodities x;'s. It would be a more natural approach
to use thé taxes which the government actually controls as decision vari-
ables., However, once we have determined the optimal P and p vectors we
have determined the optimal taxes. Since (48) gives p; as functions of
the x4's, and (9) gives x4 as functions of the Py's, it is convenient
to take P; as the independent variables.

Suppose the government desires to maximize social welfare functiom,

U=U (g(xl, Xyy ene s xm), Ky Koy eoe s xm) e oo. (7)Y
subject to its revenue constraint,
n
= ? ‘
.2 (Pi - pi)x:.L T, wiaees (1Y)
i=1 :

We can formulate this problem in terms of a Lagrange functiom,

m
L, =0 (g(xl,xz, s xm),'xl,xz, iied xm)'+:uiizl(Pi - pi)xi— T).s (49)
and we obtain the necessary conditions for a constrained maximum of, U by
setting the partial derivatives of L1 with rdspect to the consumer prices
equal to zero: ‘ '

——
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‘ m By gl L O%, m  m . .9p, . oX
{-gﬂn %‘%m + 5 gﬁm oty (x T (@-pg ) Bpl DI 3;33--3;@}@0
& 9Py gy Xy Py i=1 k  i=1 hsl h Tk
where h, k = 1,2, ..., m. N &10))

These conditions can be simplified by taking into consideration of the
optimizing behaviour of consumers, who maximize their utility function
(6') subject to their budget comstraint (1). The optimum conditioms for
consumers are,

U .o
o 2 }\1 P = )\ (,,, p. = 1)
%8 ° ! ° e ee. (5D)
U B
e A1 Pi , 1 =1,2,"..., , m.
i
3 3 mogy %y
Therefore, sgu,E%—-+ X P
k i=]1 i k
m Sxi
= Al -Z 3&--55- + xl 'Z P, 55— > since x = g (xl,x29 . xm)
i=] i i=1 k
m X,
= A, L (P using (48)

- p.) —
(] 3
1 1=l i i BPk

This enables us to write the conditions (50) as

A, + m 9x, m n dp, 9%
—— I @ - p) wo= I DX g aph "
M1 i=1 k  i=l i=l h Tk

and finally as, 1nterchanging the dummy indices i and h in the double
summation,

m Cm opy, . 9x, )
t{e, -v;, Z X =—}=—==-v x eve aee (52)
1=l i 1 hel h Bxi 9P, 1 7k
. where h, k = 1,2, ..., m ; and vy = jf———é¥~.
‘ 1+ M

Since there is an untaxedkcommodity 0, viz. labour, substituting
the value of x from (13) into. (52), noting that P, = 1, we get,

m w dp, . ox; 9% 3%
: h i 0 1
T (&, =V I X, o =) e m (e Z P —_—
{=1 i I h=1 h axi apk 1 ‘5P i 9p

k i=] k
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m m Py, Sxi ox
0%, ro{t, = v, (P, 4+ I %, .o} e =y, o ees oo (53)
1=l i i i i=1 h axi BPk 1 BPk
9%,

If the matrix 63530 is non-singular and its {averse is written (Aik)’
‘ "k

we have the tax formula

m exo m aph
t, =v, (P, + I == A, + I X . =) N 1Y
i 1 1 a1 aPk ik h=1 h axi

The tax formula (54) is different, apart from the special case of one

untaxed commodity, from the tax formmla (29') in that it involves diffe-
rential coefficients of producer prices with respect to xi‘s. Thus, the
production can affect the optimum tax structure under general conditions

subject only to an interior maximum.

This difference vanishes, however, if there is constant returns to
scale in production. To assume constant returns to scale is not the
same thing as assuming infinitely elastic supply curves: constant returns
to scale are perfectly compatible with diminishing returns o one factor
of production, and in that case, (48) shows that the supply curve depict-
ing p; against x4 has a positive slope.

If g (xl, Xys eon s xm) is a homogeneous function of degree one in

all the x,'s, then each %%— is homogeneous of degree zero in them,
i

i
and m ‘ aph m 2,
T K .= I ox ., B , using (48)
h=1 h axi h=1 h Bthaxl
h=1 h axi.axh
m < api
= r “h° 3x
hel h

= 0, by Euler's theorem.

In this case, the tax formula (54) reduces to (29'). This special case
of Dixit analysis confirms the result obtaingd by Diamond and Mirrlees.

FOOTNOTES

1. Alfred Marshall, Principles of Economics, Eight Edition (London:
1938), p. 461,
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