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Mutual Deviation : A Measure of
Dispersion

Shiva Gautam¥

In the first part of this article a measure of dispersion; Mutual Deviation has been-
developed and its relationship with standard deviation (for univariate distribution) is shown. In
the second part its practical application to measure the dispersion (two-dimensional data) is
illustrated where the standard deviation fails. The location of data (bivariate only) is also calcu--
lated.

Part 1
1. INTRODUCTION

Let X = (X] » Xp 5 weneeen X, )1 denote the vector whose elements are the n.
different values of a variate. e (fl s By s i, fn )1 be another vector of frequen-
cies such that X, = (i=12,...., n)has afrequency offi i=12 ,....,n) and S f =

N = total frequencies.

Mutual deviation tries to measure the spread of different values of the variate among.
themselves. There are various methods for the measurement of scatterness or dispersion of a sys-
tem of data, each of which are developed on some logical thinking based on what actually one

means by scatterness or dispersion, Mutual deviation measures the spread of a system of data by
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measuring the average distance of a value from another different value. To avoid the ambiguity
and to retain its mathematical characteristics not the average distance but the average of the
squares of distances or differences is taken as the square of the Mutual deviation.

‘BUILDING OF THE MODEL

These were menticned that in the above system data x; is repeated f; times. While measu-

‘ring the scatterness Mutual deviation does not consider the dispersion among the same values

for dispersion does not exists among the same values. Let us take two different values x; and X

-with respective frequencies fi and fj . Then each X is located at a distance of ( X, - xj ) from

each x, ;i =]j.
§ J

This expression will be repeated fi f. times as there are fi x? and fz x; -Assuming

J
-similarly for each possible pair of X % (i =j)in the given system we obtain the square of
Mutual deviation which is nothing but the arithmetic averages of the squares of all ( X - xj ).

If M be the Mutual deviation, then

f1 f2(xl -7(2)2 -|—fl f3(xl - X3 )2+ "'+fn—1 fn(xn_1 —xn)'

fl r2 + fl f3 '}' “paae s + fn‘] f

n

M2 —

fify (%) 3 4% 0 -2 %) )+ £, f3 (% 3 4+ x5 3 -2% %3 )+ ... f

fn (%pp 2 3y 2 - 2%

2 TA B F Ao )

fxp 2+ )+ % 3 (f) +f5 + o +6 )4 f)
xna(f1+f2+"+fn-l)—(2fl fle x2+2f1f3x1x3+ ...... 2f

fn Xn-1 xn)

D —

TCH T + 2, B3 + ooon F 20 60
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£k, 3 (Nof] )+, %y 9 (N-f2)+ o by E 8 (Nefy )= (2Epfyex,
xz"+f"2fi fy X) X3 + oo fn 1 fn X1 %, )
%(Zfl f2 -|-2fl f3+ ...... -|—2fn_1 fn)
N(f; x, 2 +f2 X, 2 +.....—|—fnxn 2)-(f; 2 x 2 +f X2 + ..
R ..—I—fn2 xnz)—2'(f1f2x x2+2f1f3x1x3+....+2f fxnlx )
il 2 - (20 0y + 20y B3 o eoee + 2, B0 )

IN MATRIX NOTATIONS

Let us define two matrices G and A both of order n x n such that G is matrix with
diagonal elements o and with all off-diagonal elements equal to unity, and A is a diagonal mat--

rix with (i, i )th element equal ti fi ;i.e.

(0 Tt It | f,

(R0 RS L )
G = 1= 0% ds g sn 1 and A 0 f, 0 0 i
nxn 110 1 5 nxn 00f3.c 0
1 1 1 1 O 0 0 . fn
Then from (1)
o NXYAX=-X A2 X-XAGAX
2 ™M = ITGF
__2X’[INA-AZ% -(AG) AIX
E’ GF
L33
3] or FGF M? = 2X’[N A - A2 - A G AIX
or F°’GF M2 = 2X’AX = a quadratic form

Where A is matrix obtained by the simplification of the expression in the paran--

thesis.

Rewritten [1] we have (for computational purposes)
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O )
5 -= 7 x7 -2 £y x) xy + 2f) f5 x; Xyt 266X 1K)
M” = —— —

3 (2t by +26) 13 + ..o+ 20 1

n n n
NS fx? - £2 x2 Ji= tx)? - 5 12 42 )]

H[(z02-51)

n

n n n
NS -S4 S 242
)

(N -5 %)

n n
@ M2 - NS & (s’
BN -3 1%

At first it seems that Mutual deviation is not based on all the observations because:
it does not consider the deviations among the same values but 4] shows that it uses all the obser-
vations.

From [4)

R e o8 .08
M2 — NS 8 - (S fx)f

N2 -(5£2)
2,2
N° ¢
X
or M2==
BN -5 2
2 1 n o
[5] or M2 = 2N 32 ,[62 — Ef(x—x)-?‘ I
N2 _ s g2 . 5 N

[5] shows the relation of Mutual deviation with standard deviation,

_
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Let us consider two cases :
CASE -1

Letfi =1,i=1,2,....,n,

ThenN = Sf; =nand Sf2 =nq

From [5]
2 2N* 2 N2 2
M - % = S
1 Efz 02 -
[e1 .. M2 o nﬁ]_ 6% where n = total number of observations
CASE-1

When the mutual deviations are taken among the same values too i.e. when the
deviations ( X; =X; ) Sare also considered ( x; has a frequency of fl and thus ) the number of

(x; —x; )willbe fic T T2 ), then adds nothing to the numerator but

2

n
adds 5 fC to the denominator. Then from [4]
2

n n
M2 = NS £ - (5 fx)?

N -3 214 S S A
s S <)
n n
_NS i (S fx)?
) . f6 -y £, (£ - 1) £ @ - 1)
3N -3 4 + + +
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2 2
N dx
(% - 312 4 w12 s
2 2
7) S 4
I = = A &
N® -3f

This expression is similar to that of [6]. This relation would have directly obtained
dividing the numerator by NC total number possible pairs of the values:

Thus M, the Mutual deviation is given by (from 4)

J | n n
8] M = l NS i - (5 x°
*)

1(N% -5t

! , 2X'(NA-A2_AGA)YX
[9lor, M o

Thus M may be considered as a measure of dispersion, for it possesses several cha-
racteristics of an ideal measure of dispersion.? Some of them are:

(a) It isrigidly defined

(b) It is easily understandable and is as easier to calculate as standard deviation.

() Itisbased on all observations

(d) Itis amenable to further mathematical treatment. Besides these, Mutual devia-
tion, unlike the standard deviation seeks no reference to the deviation from a
central value which in turn is supposed to possess the above mentioned charac-
teristics |

% ‘Fhis is nothing but the average of the squares of the terms of Gini’s mean difference (1912).
1. Kapoor, J.N. and Saxena, H.C,, S. Chand & Co, Ltd. Pvt,, Ram Nagar, New Delni 55, 1972 p. 29,



¥hé Ecofiomic Journal of Nepal 52

D COMBINED DATA

|

To find the combined mutual deviation of two set of values.

and Xy = ( X b1, Xk4200 Xy )1
kx1 (n-k)x1

be two set of values with respective frequency vectors

: 1 !
Pl =(fi:f, e ) a0d Py = (£, s f g enn ), and

kx1 (n-k)x1
Sf 1 =N, 2f2 = N2 such that N 1 + Ny = N. The combined vectors will be

1
-X=(X1,X2,....xk,xk+l ------ Xn) andF=(fl,f2,..

oo By, f
nxl nxl k k+l.

oy 8 fn )1 . Let M, M1 and M2 denote combined Mutual deviation, Mutual deviation

for the first set and Mutual deviation for the second set, respectively.

A
Appropriate partitioning
X = Kx1 Kx1
1 P F
nx X2 2
(n-k)x1 (3-Kk)x1
0 1 1 1 11
10 1 1 11 Gy Gip
=1l110 1 11 , o) 3
fixn 111 0 11 , lgk kc’:_(n—k)
I e YL = 2 22
111 1 01 {n-k) xk (0-k) x9n - k)
1 e 1 10
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T 0000 00
0f, 000 .. 00
2 Ay o
0000f —~ 00 kxk kx(t-k)
00000f,,00 (n-k)xk (@-)x(n-k)
00000 0 f,
Now, ( Where 4 is a nuli vector )
2 X(NA-A? -AGA)X

IF GF

or M2 FGF = X' (NI-A-AG)AX

{ Where I is an identity matrix. )
nxn

or } M2 FGF = (§: )l[(Nl+N2):(I: ?,)-(mi )

a ANaa

A ) (8 G ) (200 ) (%)

W2 ir G F, \ =12M2Fl G, F, +1/2
ori (F;)I(S;: 12)(1) 1/11111 !

2 ol 1 1 . A
My ¥3 Gpp Fy +N) X3 Ap X5 + N3 Xy By Xy = 2%y Ay
Gy Dy Xy

or M2 (F] G| F| + F} Gy, F, + 2FL G, F,) = M} Fl G, F, +

2 W T TR 5T
M3 g Gy Pyt oy &5 Noj X5 w2y By A =4, &1

Gy 8gp Xy

—
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1 1 ' 1 i
M| Fy Gy F) + My F) Gy Fy +2N) X) Ay X, + 2N, X

1
Ly Xy - 4% Ay Gy 89 Xy

or M? —
1 1 1
F1 G F) Fy G Fy + 2F; G, F,
Part II
A, For an univariate distribution standard deviation or variance gives a good measure:

of dispersion, If M be the mutual deviation and 6 » standard deviation, then they are related by
the equation.

IN
(10) M? = s &2

N-1 X

Where N = number of observation.

By definition M?2 is the arithmetic mean of squares of the differences of x; 'S, the
difference being taken for each possible pair. The set of observations Xj 5 X 5 eeene xy can  be

plotted in a graph.
0 x x2_ X3 iN

Fig. 1.

Now it can be seen that ( x, - X )8 is the square of the distance from the point

X; to x, (i 5% j). Thus M2 is the arithmetic mean of these squares. But variance is the

arithmetic mean of the squares of the deviations taken from the mean. Though 6; and M2

apparantly are based on different thinking, more or less they express same thing and are related
as in (10).

Let us consider the case of bivarate distribution.The set of N observations (%1, )s

(%5, 9, )) coococ (xny »YN) is shown in a two-dimension plane.
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- X
Flg. 2..

The dots in Fig. 2 are scattered more densely than the dots in Fig. 3 delow.

Y

X
Fig.3.

The dots in Fig. 2 and Fig. 3 are measured with reference of two frames and thus stans

«dard deviation can not measure the scatterness. 1f the dots were measured with reference of a

'smgle (Fig. 4) frame then both the standard deviation and mutual deviation could have measured
the scatterness.

Fig. 4 (a) Fig. 4 (b)

As has been mentioned above M2 (square of mutual deviation) is the average of
~the squares of distances between each possible pair of points. Similarly for two dimensional
_points M2 canbe defined as the average of distances between each possible pair of points.

Nowthedlstancebetween(x Y )and(xJ Y Y(i>jandi= 1,2, .ecsvee N}

| (% -x )%+ (y; =Y ):
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Squaring these expression and then taking average

= =Nl- [N 2adls o 2
C, L= S(x -x )Y+ = S(y; -V
z gy § i LHEEE U B O]
N 2 2N,
it 82 | st
N-1 ¥ N Y
2N
2 2
=—-:—(6x+6y)
2N
ay .. M = (&t &
s N-1 % y
Similarly,

For 3 dimensional observatibns

N :
R, L5
M = \7\ —1\1——_1,(4x+43,+6g_)

If n dimension be represented by 1, 2, and n than,

NG e

: » where 8.2 = standard deviations for the component of
W N-1 i=l % : ‘

ith dimension.

Thus standard deviation does not measure the scatterness or dispersion of data

which are not one dimensional.

B2 1 X and y; (i=12,.... N)is related by the expression P
% ®mah bx,
Then,

& =1UNE (y 7P = NS (a+bx, -a-bx)>
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= IN. B 5 (x - x)?

2

. 2 2
..6y-=b 8¢

Now, M? — 2N/N-1 (82 + 63)
= 2N/N-1 (&2 4 v? &)

12) M® = 2N/N-1 ¢2 (o1 + b?)

(Where b is the slope)

C2 1 Mutual deviation gives a measure of dispersion or scatterness of two (or more)

dimensional data. One is apt to think of a point around which the whole system of data tends to
cluster or where the body of data is located? For one dimensional data the point of location of
the data is obtained by summing the distance of each point from origin and then dividing num-
ber of terms.

X + Xy + e 4 XN

X = -

N

Similarly for two dimensional data the average distance of points ( X LY ) from

0,0)isgivenby: (2 =1,2,..... N)

N ,
b (X,-2 + yiz )12

N

Let us suppose that the point about which the data tends to cluster js (X,Y), such
that this point lies at an average distance from the origin. Then - ’
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= (x2 + v} )12
N = (2 + ¢}
2, 2,12 \2
= (x + vy
3) or( ‘N it )=-X2+Y2

Again each point ( XY )} will lie near to the X axis if X; is relatively greater

than y; . (For one dimensional data this should not be considered because the force exerted on

the point will be single and thus it will be located at distance x from origin one the axis. The
ratio ¥ / X; may be considered as measure of nearness to the axis. If ¥ / X; is greater than

one then the point will be nearer to Y axis, if the ratio is one thes the point will be located at
oqual distances from the axes and if the ratio is less than one then the point will be located
nearer to X-axis. Thps it may be thought that the average nearness of the data with respect to
the axes is.

N
‘I/N(Yl / xl + ylez + come +YN/ XN/’I/N léi}'; /Axi

But as it has already been assumed that the point needed is (X, Y) which is located
at (with respect to axis) Y/X.

v I/N S yi/xi=-Y/XorX/N2y [x =Y
14) or Y = X/N 3y, /xi

Squaring

y2="‘ X2/N2(Eyi/xi )2

Substituting this in (13)

2 2
(x4 v )12\ 2
( . o )==x2+x2/1~12(2yi/xi>2

N

s
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RV R
24 y7) 2
or ((x‘ : ) = N2x2+ x*(2y ix )
N

2

N

or [2 (xF + )12 ]2=><2[Nz+(zyi/xi 12 ]

2
; [ =2+ 312 ]

or X° =
N2 (S [ )
.(xi2+yi2)1/2
(1) or X =

N2+ (Sy; /x5 )?
Substitution of this value,in [14] gives the value of Y which is

= (s + 93 )Y
(16) Y = ——o Sy, /%,

N
2 2
\/lN + (= yi/xi)

Hence (the average value or) the system of the datais located at (X, Y) where X
-and Y are given by the equations [15] and [16] respectively.

CONCLUSION

An effort has been made in this article to introduce a Statistical technique which
possesses several merits advantagous to measure dispersion of.Statistical data more conveniently
as compared to the existing technique. The relationship between the commonly used stan- -
dard deviation technique and this technique has also been discussed. Besides, some of the advan-

tages of this technique over standard deviation have also been pointed out.
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