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Abstract

In this paper we present some interesting generalizations of Enestrom-Kakeya type results concerning
the location of zeros of a polynomial in the complex plane. We relax the hypothesis and put less
restrictive conditions on the coefficients of the polynomial, and thereby generalize some classical
results.
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1. Introduction
The following result known as Enestrom-Kakeya Theorem (for Reference see [1-3]) is well-known
in the theory of distribution of zeros of polynomials.

Theorem A. If P(z) = z a ij is a polynomial of degree n such that

j=0
(1) a,>a,,>...za,2a,>0,

then all the zeros of P(z) lie in |Z| <1.

Joyal, Labelle and Rahman [4] dropped the restriction on the hypothesis that all the
coefficients be positive and proved the following:

Theorem B. If P(z) = Z a jzj is a polynomial of degree n such that
=0
a,zda,  2...z2aq 2a,,
then all the zeros of P(z) lie in

|Z|<an—a0+|ao|
B a

n

More recently Aziz and Zargar [5] relaxed the hypothesis of Enestrom Kakeya theorem and proved

some interesting extensions of Theorem B. In fact they proved
THEOREM C. If P(z)=a,z" +a, z"" +..+a,z+aq,, is a polynomial of degree n such that for

some k >1,
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ka,>a, , >..2a, 2a, 2a,,
then all the zeros of P(z) lie in

PP b )
an

More recently, Shah and Liman [6] while assuming the coefficients of the polynomials to be complex
numbers among other things proved the following generalization of Theorem C.

Theorem D. Let P(Z)=Zajzj be a polynomial with complex coefficients. If Rea; =a; and
=0

Ima; = B, for j=0,1,2,...,n, a,#0 such that for some £ >1

ka,z2a,  2a, ,>..2q, 20{0,

B.=2p,=2.20=205>0,
then all the zeros of P (Z) lie in

a, Skan—a0+|a0|+ﬂn

zZ+

(k=1)

a

n

a

n

In this paper, we prove some Enstrom-Kakeya type results which besides generalizing some earlier
results proved in this direction, include Theorem B, Theorem C and Theorem D as special cases. We
start by proving the following:

2. Theorems and Proofs
Theorem 1: Let P(z) =Zajzj be a polynomial of degree n. If Rea;=a;,Ima, = p, for
=
j=0,1,2,...,n, a, #0 and if for some positive integer A <n and k =1
Ko >k a, 2k o, > 2k, 2a, > >0 2,

then all the zeros of P(z) lie in

an

j+2g‘ﬁj‘}

%a—%+p¢uk4{§]%+ugb—

(24

n

|z+k-1]<

If we take 4 =n we obtain the following :
Corollary 1.1: Let P(Z)=Zajzj be a polynomial of degree n with Rea, =«;, Ima, = ﬁj for
Jj=0
j=0,1,2,...,n, a, #0 and if for some k >1
ka,>2a,  z2a, ,>2..2a, 2a,
then all the zeros of P(z) lie in
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n
ka,-a, +|a0|+22‘,6’j‘
j=0

a

n

|z+k-1<

For A =n—1 and assuming all coefficients real and positive in Theorem 1, we obtain the following
Corollary 1.2: Let P(z)= Z ajzj be a polynomial of degree n and if for some & >1
=0
Ka,>ka, ,>a, ,>..>a >a,>0
then all the zeros of P(z) lie in
a
|z+k—1|<k+2(k-1)—L
aﬂ
or equivalently
|z+k -1 <k(2k-1)

Remark 1.1: Theorem C is a special case of Theorem 1, if we take all coefficients real and A =n.
Further for all coefficients real, A =#n and k =1 we obtain Theorem B.

Theorem 2: Let P(Z)=Zajzj be a polynomial of degree n. If Rea, =, and Ima, =ﬂj for

Jj=0

j=0,1,2,...,n, a, # 0 and if for some positive integer A <n and k >1
KB k"B k"B 2 2kB, 2B, > B> B

then all the zeros of P(z) lie in

{ﬂn - By +|B)] +(k—1)(2(/3,-+ 1B, D—
i=2

P,

B,

J+23ef
j=0

| ——

|lz+k-1|<

Next as a generalization of Therorem D, we prove

Theorem 3: Let P(Z)=Zajzj be a polynomial of degree n. If Rea; =, and Ima, = B, for
=0
j=0,1,2,...,n, a, # 0 and if for some positive integer A <n and k >1
K, >k a, 2K e, 22 ka2, > >0, > a,

B.2f 22> >0
4]

then all the zeros of P(z) lie in

an

{an —ay oy +(k_1)(zn:(aj +‘a./‘)_

a

n

<

2+ % k-1
a

n

Remark 3.1: If we take A =7 in above we obtain Theorem D.
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Theorem 4: Let P(Z)=Zajzj be a polynomial of degree n. If for some positive integer
=0

A<n,k>1and =1

K >k e, 2k e, 22 ka, >, > >0 >

anjﬂtﬂn}

/’lﬂnzﬂn—lz"'zﬂlzﬂ0>0

then all the zeros of P(z) lie in

{an -a, +|ao|+(k—1)(zn:(aj +‘a‘i‘)—

a

n

<

‘Hkan +inf,
a

n

If we take A =n in above we obtain the following:

Corollary 4.1: Let P(Z)=Za‘ jzj be a polynomial of degree n. If for some positive integer A <n
=0

,k>1and u>1

ka,za,  2..20, 20,
“p,zp, =2 p=p,>0
then all the zeros of P(z) lie in
kan +l/'llgn {ka a0+|a0|+luﬂn}
z+ -1 <
a, ja,|

Theorem 5: Let P(z)= Zn:ajzj be a polynomial of degree n. If for some positive integer 4 <n and
=0
k>1
K a, |2k a2 6 a, | 2 2 ka2 |a, | 2 2a | 2 a

and for some real [,

‘argaj —,B‘Sa S% , j=0,1L2,...

then all the zeros of lie in

n-1

{(k 1)cosa+(k+1)sma}2\ |+ k- 1)Z|a |+

i=A+1

2sin o

|z+k 1| < k(cosa+sma)+

n

Proof of Theorem 1: Consider a polynomial

F(z)=(1-2)P(2)
=-a,z"" +(a,—a, )z"+..+(a,—a,)z+a,
= {—oznz”+1 +(a, —a, )" +..+ (o, —a,)z + ao}

+i{=B,2" + (B, =B, )7+t (B~ B2+ By
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={-a,z'(z+k-D+(ka, -a, )" +(ka, , -a, ,)z"" +.+(ka,, —a,)z""
+(ka, —a, )z +..+(a,—a)z+a, — (k-1 e, 2" +a, 2"

tota, 2 v, 2+ i=B2" (B, - B,)2 e+ (B =)z + By}

={-a,"(z+k-D)+(ka,-a, )" +(ka, —a, )" +..+(ka,, —a,)z*"

+(ka, —a, )" +..+(a,—a)z+a,—(k=1)a, 2" +a, 2"

n
tota 2 v,z =B i +iY (B - )z}
j=1

=z" {—an(z+k—1)+(kan—an_1)+(kan_l—an_z)l+...+(kai+l—ai) ’11 -+ (ka, - al_l)%+
z z

o

+ot (g, —a) }_1+ ——(k 1){ oty Bz +---+O,f }—zﬂz+l +12(ﬂ -B.) ,,j}

Let|z|>lsothat| |1 <1,j=0,12,..
z

F(Z) > |Z|n { a, B |:|kan —a, | + |ka”1|Z_| a, ., |ka14;1_;_1a/1| |k6¥/1 :_?171|
4
|Ol1 B a0| | | an—Z |a,1+1| |0!/1|
+...+ P | | > Tt t—
|Z| z z

+|5,

|+ |||°| S5, 1+16, IH}

> |Z|n {|an||z +k _1| _|:|kan - . |ka,1+1 —06/1| +|ka/1 - a/l—1| +

an—l +|kan—l _an 2

n—1 n
ol e 1S | +181 48]+ 3208, 1415, @}
j=A Jj=1

||z+k—1| —[|kan —aH| +|l’coc,H —aH| +---+|k%+1 —05/1|+|k05/1 —aH| +

|+ Z(Iﬂ |+|ﬂ,1l)}}

=l {|an”2+k—1|_Ha” ~a, +|a0|+(k—l)(i(aj +‘a_i —|a, j}+2i| B @}

n
{la,

I
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>0,
if

— +|a0|+<k—1>fz<a_f+|a,, )-la, Ij+22|ﬁ, |
J=A Jj=0

o]

|Z+k—1|>

This shows that those zeros of F'(z) for which |Z| >1 lie in

a, —a, +|a0|+(k—1)(i(aj+|aj N-|ea, |j+2j|ﬂj |

j=A

|Z+k—1|£
a

n

But those zeros of F(z) for which |Z| <1 already satisfy the above equation. We conclude that all
the zeros of F'(z) and hence of P(z) lie in the disc

a,-a, +|a0|+<k—1>[z<a_,+|a_, -1 a, |j+22|ﬁ,. |
i=A j=0

o]

P+k—ﬂ£

This completes the proof.
Proof of Theorem 2: The proof follows on the same lines of Theorem 1.

Proof of Theorem 3: Consider a polynomial

F(z)=(1-2z)P(2)
=-a 7" +(a,—a, )z"+..+(a —a,)z+a,
={-az:"+(a, —a, )" +..+(a —a)z+a,

+i{(B, =B, )" +..+ (B~ B)z+ B}

={~az"-az(k-D)+(ka, -a, )" +(ka,  —a, )z +..+(ka,,, —a,)z""

+(ka, —a, )" +..+ (o, —ay)z+a, —(k—1)a,_z"" +a, 2"

tota, 2 v, 2 W+ i(B, - B e+ (B =Bz + By}

=z" {—anz—an(k—l)wL(kan -a, )+ (ka, , —an_2)1+...+(kam —al)%
zZ zZ

1 1 1 o o o
— At —a) 5+, — (k- + A+
zZ zZ zZ zZ Z zZ

+(ka, -, )

+i{(ﬁ,, =B, )+ + (B —ﬁo)%jLﬁo ZL}}
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1

n—A-1
z

=z" {—anz -a,(k-1)+(ka,-a, )+ (ka, - ozH)l +..+(ka,,, —a,)
z

+(kal—al1)%+...+(a1—ao)%+aoln—(k—l){a"‘+ 24+
zZ zZ zZ z z

+i{(ﬂn_ﬂnl)+“'+(ﬂl 5) nl+ﬂ0 n}}

Let|z|>lsothat —<1,j=0,L12,..

Zn{ n _{|kan _an—1|+
Ja—a| | s :
— + (k-1 —
[ | | " 7

gt )|

z+(k—1)ﬂ‘—{an - a, +|a0|+(k—1)[i(aj +a
an i=A

|kan—l B ar172| |ka/1 B a171|
n—-A4

|F(z)|2

g

- )]

>0,

if
{an -a, +|a0|+(k—l)(2(aj +‘aj -
i=A

a

n

2+ (-1 >

o]
This shows that the zeros of F'(z), for which |z| >1 liein

{an—a0+|a0|+(k—l)(2(a +‘a j+ﬂ”}

a,|

2+ (k-1 <

n

But those zeros of F(z) for which |Z| <1 already satisfy the above equation. We conclude that all
the zeros of F'(z) and hence of P(z) lie in the disc
a, j+ ﬂn}

{an -a, +|a0|+(k—l)(2(aj +‘05,- -
i=A

a

n

z+ (k-1 22| <

n
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Proof of Theorem 4: Consider a polynomial

F(z)=(1-2)P(2)
=(1-z)a,z"+a, 2" +..+az+a,)
=—a 7" +(a,—a, )z"+..+(a,—a,)z+a,
={-az"+(a,—a, )" +..+(a,—a,)z+a,}

VB, = B, )2+t (B = )z + i)

={-az:" -a " (k-)+(ka, -a, )" +(ka,  —a, )" +..+(ka,, —a,)z*"

+ka, —a, )" +..+(a,—a)z+a,— (k=) e, 2" +a, 2"

+, 2 )+ (B, + B, — 1B, = )"+ (B = )z + B}

+ota,,z

=z {(—anz—ank+an —iup, +if)+(ka, —a, )+ (ka, —an_2)1+...
V4

1 1 1
ket )+ ) oy —(k—l){a"‘l TS L }
zZ z zZ

n

+i{<uﬁn—ﬂnl>+u.+<ﬂl £ = ﬂi}}

=z" {(—anz —a k—iup, +a,)+ {((kan -a, ) +(ka, - 05,172)l +...
4

=
z z"

+(ka, — a“) ! —+..+(q 0() 1 j (k- 1)( n=1 0%72_’_ aij

+i((luﬁn_ﬁnl)+“'+(ﬁl 5) n1+'30 nj}

Let |Z| >1 so that 17/, <1,j=0,12,..

[
n ko, +iuf
|F(z)| 2|z| [|an| z+$—l —{|kan —an71|+|kan71 —an72|+...+|kal -a, |+
e - |+t e
+|uB, = B, |+ + 1B - 8| +|B)]}]

-1

e [|an| -

>0,

ka, +iup,
a

n

—{an —a0+|a0|+(k—1)(i(aj+|aj ) —

o]
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o]
Joa)

But those zeros of F'(z) for which|z| <1 already satisfy the above equation. We conclude that all the
zeros of F'(z) and hence of P(z) lie in the disc.
j +up, }

{an _a, +|ao|+(k—1)[i(aj+ a,|)-

a

n

an

{an —a0+|a0|+(k—1)(zn:(aj+|aj -

a

n

Z+kan+z,uﬂn s
a

n

This shows that the zeros of F'(z), for which|z| >1 lie in

an

{an -a, +|a0|+(k—l)[zn:(aj+ la; [)—-

a

n

1| <

ka +i
‘H a, +iup,
a

n

al’t

<

»
‘H ke, +iuf,
a

n

Proof of Theorem 5: Consider a polynomial
F(z)=(1-2)P(2)

=(1-2)a,z"+a, 2" +..+az+a,)
=-a,z" +(a,—a, )z"+..+(a,—a,)z+a,

=z" {—an (z+k-1)+(ka,—a, )+ (ka,  — aH)l+ vt (ka,,, — al)%
z z

1 1 1 a,_, a, a
+(ka, —a, )—+(a,—ay)—+a,— —(k—l){ Ly g+ }}
z 4 z zZ

z z

Let|Z| >1so that|;j<l,j =0,1,2,...
z

n
n{

+|ka/1 —aH|+...+|a1 —a0|+

|F(z)| >z

Z+k—1|—{|kan -a,

a, +|kaw1 _an72|+"'+|kal+l —al|

a0|+(k_1)(| anfl |+|an72 |++| a,{ |)}

Using the fact (for reference see [2]) that for any two complex numbers b, and b, such that

o] =[5

,and ‘argaj —ﬂ‘SaS% , j=0,1,2and g real

|6y =B < 1By | = 1B, Y cosa +(| by |+ b )sine.
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[F(2)]2

"lla, l|z+k=-1]-{k|a,

J|sina +|a,  |sina

sina +.. +k|ai|cosa

+ k|an_1 | cosa — |an_2 a, ,

—|a,\|cosa +kl|a,|sina +]a,_,|si

. |cosa —|ai_2|cosa +|al_1|sina

+|a472|sina+...+|al|cosa—|a0|cosa+|a1|sina+|a0|sina+...+|a0|+(k—1)§| a, |H
i=2

=|"[la, |z +k—-1|-{k|a,

+...+(k—1)|ai|cosa +(k+1)|al|sina +2|ai_1|sina +2|ai_2|sina+...

+2|a1|sina—|a0|cosa+|a0|sina+|a0|+(k 1)§| a |H

=|z["[|a, || z+k -1| —{k|a,|(cos @ + sina) + (k — 1)(005052 ‘a . +n§:|ai |j
=1

i=A+1 i

|
+(k+1)sm052‘ ‘+251na2‘ ‘ |a0|(s1na cosa)+|a0|}:|

= —{ka aj‘
i=A+1
+2s1na2‘ ‘ |a,|(1+sina —cos @) + (k - 1)Z|a |H
Jj=2-1 =
> |2 {|an||z+k 1|~ {[a a)
i=A+1
+2$1na2‘ ‘+(k 1)Z|a|}}
Jj=4-1
>0,
if
|2+ k- 1|>k(cosa+sma)+ (k- 1)cosa+(k+1)sma}2\ |+ 2Sinai‘a‘/‘+(k—l)§|ai|
n i=A+1 nl =il i=A

This shows that the zeros of F'(z), for which|z| >1 liein



A. Liman etal. / BIBECHANA 10 (2014) 71-81 : BMHSS, p.81 (Online Publication: Dec., 2013)

1

D vk- 1)cosa+(k+1)sma}2\ |+ ZSIHQZ‘_i‘+(k—1)§|ai|.

i=A+1

|Z+k 1| <k(cosa+sina)+—

n Vl

But those zeros of F'(z) for which |Z| <1 already satisfy the above equation the above
equation. We conclude that all the zeros of F'(z) and hence of P(z) lie in the disc

|z+ k1| < k(cosa +sina) +—

Lyk- 1)cosa+(k+1)sma}2\ |+ 2sina i\j\+(k—1)§|a,.|.

i=A+1 | n|

}'l

References

1. M. Marden, Geometry of Polynomials, Math. Surveys, No. 3; Amer. Math. Soc.
Providence R.1., (1966).

2. Q. 1. Rahman and G. Schmeisser, Analytic Theory of Polynomials. Oxford Univ. Press,
(2002).

3. W.M Shah and A. Liman, On Enestrém Kakeya Theorem and related Analytic Functions, Proc.
Indian Acad. Sci.( Math Sci.) vol.117,No. 3,(2007) 359-370.

4. A.lJoyal, G. Labelle and Q.I-Rahman, On the location of zeros of polynomials, Canad. Math.
Bull.,10(1967) 53-63.

5. A.Aziz and B.A Zargar, Some extension of Enestrom-Kakeya theorem,Glasnik Matematicki,
31(1996) 239-244.



